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ABSTRACT. The purpose of this paper is to obtain the common fixed
point results for two pair of weakly compatible mapping by using common
(CLR) property in partial metric space. Also we extend the very recent
results which are presented in [19] with proofing a new version of the

continuity of partial metric.
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1. INTRODUCTION AND PRELIMINARIES

The partial metric space (briefly PM S), which is published for the first time
in 1992 by Mattews [16], is an extension of the usual metric space in which
d(z, ) is no necessarily zero. The existence of fixed point for mapping defined
on complete metric spaces (X, d) satisfying a general contractive inequality of
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integral type was established by Branciari [6]. This result which involves more
general contractive condition of integral type, was used by many authors to
obtain some fixed point and common fixed point theorems on various spaces
[2,4,7,8,9,10, 13, 14, 15, 18, 22]. Most of the common fixed point theorems
require compatibility conditions (introduced by Junck [12]) and completeness
assumption of the space or subspace or continuity of mappings involved besides
some contractive condition. Afterward the notion of compability was extended
to PM S spaces by Mishra [17]. In the general setting, the notion of (E.A) and
common (E.A) properties which require the closedness of the subspace was
introduced by Aamri, Moutawakil [1]. The CLR and common C LR properties
which is an analogue to (E.A) property which never requires any condition on
closedness of the space or subspace, are obtained by Sintunavarat and Kumam
[21] and Imdad et.al [11].

This paper mainly aims to employ the common C'LR property to obtain
common fixed point results for two pair of weakly compatible mappings satis-
fying contractive condition of integral type on the partial metric space.

Definition 1.1. [16], [20, Definition 1.1] A partial metric space (briefly PMS)
is a pair (X,p) where p : X x X — R* is continuous map and R* = [0, 00)
such that for all x,y,z € X:

(p1) p(z,2) =p(y,y) = plr,y) <= ==y,
(p2) p(z,z) < p(z,9),

(P3) p(z,y) =p(y, ),

(p4) p(z,y) < p(,2) +p(2,y) — p(2,2).

Each partial metric p on X generates a Ty topology 7, on X which has the
family of open p-balls
{By(z,¢):z € X,e > 0},

as a base, where
By(w,e) ={y € X :p(z,y) <plz,z)+e}
forall z € X and € > 0.

Definition 1.2. (1) A sequence {z,} in a PMS, (X,p), converges to a
point xz € X if and only if p(x, z) = lim, o p(z, z,,).
(2) A sequence {z,} in a PMS, (X,p), is called a Cauchy sequence if
limy, o0 P(Tm, Tp). exists and is finite.
(3) A PMS (X,p) is said to be complete if every Cauchy sequence {z,} in
X converges, with respect to 7,, to a point x € X such that

p(z,z) = lm  p(Tm,xn).

m,n— oo

The following lemma states a new version of the continuity of partial metric.
And we present two proof, at first directly and second very short proof.
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Lemma 1.3. Assume that x,, — x and y, — y in PMS (X,p). Then

im (p(2n, Yn) — min{p(2n, 2n), P(Yn, Yn)}) = p(x,y) — min{p(z, z),p(y, y)}).

n—o0

(1.1)
Proof. Put
Gp @ = Inin{p(xn,xn),p(ymyn)}’
a: = maX{p(x; x)vp(y7y)}
p(z,z) +p(y, y)
b,: = p(xn,xn) +p(yn7yn)
‘We note that
b—a = min{p(z,z),p(y,y)}
a < b
an, < b,.

Now we show that limsup,,_, ., p(@n, zn) = p(z, z). Since p(x,,z) = p(z,z) as
n — oo therefore

Ve>0 3Ny VYn (n> Ny = |p(zp,z) —plz,z)| <e).
So we get
p(Tn, xn) < plen, ) <plz,x)+e, Vn> Ny, (1.2)
likewise
P(YnsYn) < D(yn,y) <Py, y) +€ Yn = Ny, (1.3)

means Hmsup, . p(en, #) = p(z, 2) and limsup, o p(yns yn) = Py, ).
Also by (1.2) and (1.3)

ap, <b—a+2, Vn>N, (1.4)

where N = max{Ny, N2}.
Put

Ap = an — by, — (b - a) = 7maX{p(xnaxn)ap(yna yn)} - min{p(l’,x),p(y,y)},

(1.5)

now if p(zn, xn) < P(Yn,yn), then by taking upper limit p(x,z) < p(y,y) so

Ay = =p(Yn, yn) — p(z,x) and if p(Yn,yn) < p(Tn, zn), then p(y,y) < p(z, )
which implies A,, = —p(z,, ) — p(y,y). Therefore

liminf(p(z, z,) + p(yn, y) + An) = 0. (1.6)

n—oo
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Thus by (1.4)

P(@n,Yn) < plan, @)+ p(@,yn) — p(z, x)
< p(n, ) +p(z,y) + (Y yn) — p(y,y) — p(2,7)
an + an, — (b—a)+ (b—a)
P(Tn,yn) —an < (p(z,y) — (b—a)) +p(xn, 2) — p(z,2) + (Y, yn) — P(Y y)
— ap+(b—a)
P(Tn,yn) —an < (p(z,y) — (b—a)) +p(xn, 2) — p(z,2) + (Y, yn)
p(y,y) + 2,

for n > N. On the other hand, by (1.6)

p(z,y) < pla,zn) +p(@n,y) — p(Tn, Tn)
< p(@,xn) +p(Tn, Yn) + PWnsY) — P(WUn, Yn) — P(XTn, Tn)
p(z,y) —(b—a) < pl@,2n) +p(Tn, Yn) +PWn,y) —bn — (b —a) —an +an

(P(Tnsyn) — an) + p(x,20) + P(Yn, y) + an — b — (b—a)

IA A

Now by above inequalities we get

lim sup(p(n, yn) — an) < p(z,y) — (b — a), (1.7)
n—oo
p(z,y) = (b—a) <Hminfp(z,, yu) — an). (1.8)
By equations (1.7) and (1.8) assertion is clear. O

ExaMPLE 1.4. Let X = {1,2,3},
p(]-a 1) =1, p(232) =2, p(373) =3,
p(172) =2, p(233) =3, p(173) =3,
p(z,y) =ply, ) x=#y,
for every z,y € X. (X,p) is PMS. Assume 2, = 1, © = 2, y, = 2 and
y =3 Soz, = zand y, = y in PMS. p(an,yn) = 2, p(@n,z,) = 1,

PWn,yn) = 2, p(z,x) = 2, p(y,y) = 3 and p(z,y) = 3. So Lemma 1.3 holds,
but p(zn,yn) # p(z,y).

Remark 1.5. If we consider the following definition, then Lemma 1.3 has simple
and short proof, since every partial metric p is m-metric by [5, Lemma 1.1] and
assertion obtain by [5, Lemma 2.2].

Definition 1.6. ([5]) Let X be a non empty set. A function m : X x X — R*
is called M-metric if the following conditions are satisfied:

(m1) m(z,z) =m(y,y) = m(z,y) <= ==y,

(m2) myy <m(z,y),

(m3) m(z,y) =m(y,z),
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(md) (m(z,y) — may) < (m(x,2) — Maz) + (M2, y) — mzy) .
Where
Mgy = min{m(z, ), m(y,y)} = m(z,z) V. m(y,y),
Then the pair (X, m) is called a M-metric space.

Remark 1.7. Let

p*(z,y) = p(z,y) — min{p(z,z),p(y,y)} Vo,ye X. (1.9)

Therefore by Lemma 1.3

lim p* (l'n, yn) = p* (.’t, y),

n— oo

when z,, — = and y,, — y in PMS.

Let £L(R™) denote the Lebesgue integrable functions with finite integral and
USC(R™) denote the upper semi-continuous functions.

D= {LPZR+—>R+ZLPEC(R+), /Ecp(t)dt>0,€>0}
0
and
U= {¢:RT - R" : ¢ € USC(R"),9(0) =0 and 9(t) < t; Vt >0} .

Definition 1.8. A pair of self-mappings F and G on X is weakly compatible
if there exists a point * € X such that Fx = Gz implies FGx = GF'x i.e., they
commute at their coincidence points.

The following definitions are partial metric version of metric ones in ([1, 11,
21]).

Definition 1.9. Let (X,p) be a partial metric space for the self mappings
F,G,S;T: X — X. If there exist two sequences {z,,} and {y,} in X such that

lim Fz, = lim Gz, = lim Sy, = lim Ty, =t € X,
n—oo n—oo n—oo n—o00

then the pairs (F,G) and (S, T) satisfy the common (E.A) property.

Definition 1.10. Let (X,p) be a partial metric space for the self mappings
F,G,S;T: X — X. If there exist two sequences {z,} and {y,} in X such that

lim Fz, = lim Gz, = 1Lm Syn = ILm Ty, =t € GX)NT(X),

n—oo n—roo

then pairs (F,G) and (S,T) satisfy the common limit range property with
respect to the mappings G and T, denoted by (CLRgT).
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2. CoMMON FIXED POINT THEOREMS

In this section, we study common fixed point theorems for weakly compati-
ble mappings using common (CLR) and common (E.A) properties.

Theorem 2.1. Let (X,p) be a partial metric space and F,G,S and T be four
self-mappings on X satisfying in the following conditions:

(1) The pair (F,G) and (S,T) share (CLRgr) property;

2)

p(Fz,Sy) Cr.c.s7@Y)
/ (1)t < / p(t)dt)  Vaye X,
0 0

where (p,1) € & x ¥ and

C}T,G,S,T(xvy) = max {p(GxaTy)vp(vaFx)ap*(TyvSy)7

5 I0°(F, Ty) + p(Sy, G

p(F'z, Gz)p*(Sy, Ty)
1+ p(Gx, Ty)
p*(Fz, Ty)p(Sy, Gz) + p* (Fz, Sy)
1+ p(Gz,Ty) ’
1+ p(Gz, Sy) + p*(Ty, Fx)
1+ p(Gz, Fz) + p*(Ty, Sy) }

p(Fzx,Gx)

If the pairs (F,G) and (S,T) are weakly compatible, then F,S,T and G have a
unique common fized point in X.

Proof. By (CLRgr) property for (F,G) and (S,T), there exist two sequences
{zn} and {y,} in X such that

lim Fz, = lim Gz, = lim Sy, = lim Ty, = z, (2.1)
n—oo n—oo n—oo n—oo
for some z € T(X) [ G(X).
Since z € G(X), then there exists a point u € X such that Gu = z.
Now we claim that Fu = Gu. To prove the claim, let F'u # Gu.
By putting £ = u and y = y,, in condition (2) of Theorem 2.1 we have

p(Fu,Syn) C;’,G,S,T(uvyn)
/ p(t)dt < / p(t)dt | . (2.2)
0 0
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We have
i Chasalum) = max{ple.2)p(e a2
1
5@*(1:‘“’2) er(Z,Z)],O,
. 1+ p(z,2),p*(Fu,z)
F F
P (Fu, 2), p(z, Fu) 1+ p(Fu,2z)+0
= p(FU7Z),
because
(Gu Fu) = p(z Fu),
p(SYn,Gu) = p(Syn,z) = p(2,2),
(Tyna‘gyn) - p*(z,z) =0,
p*(Fu,Ty,) — p*"(Fu,z)<p(Fu,z),
p*(Fu,Sy,) — p*(Fu,z) <p(Fu,z),
p*(Fu,Ty,) — p"(Fu,z)<p(Fu,z),
also

p*(Fu,Tyn) = p*(Fu, z) = p(Fu, z) — min{p(z, ), p(Fu, Fu)}.
If p(z,2) < p(Fu, Fu) then p*(Fu, z) = p(Fu, z) — p(z, z) which implies that

1 +p(z,2) +p*(Fu,z)

F =p(F
p(Fu,2) = S = p( ),

and if p(Fu, Fu) < p(z, z), then

p*(Fu, 2) = p(Fu, z) — p(Fu, Fu) < p(Fu, 2) — p(z, 2),

which implies that

1+ p(z,2) 4+ p*(Fu, z)

F

< p(Fu, z2).
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So

p(Fu,z) p(Fu,Syn)
/ pt)dt = lim sup/ p(t)dt
0 0

n—oo

C}T,G,S,T(u:yn)
< limsup® / o(t)dt
n—o00 0
Cr.c,s,1WYn)
< % limsup/ w(t)dt
n—oo Jo
p(Fu,z)
= o[ et
0
p(Fu,z)
< [T et
0

which is a contradiction, thus Fu = Gu and hence,
Fu=Gu=z. (2.3)
Similarly, it can be shown that Sv = T'v and hence
Sv=Gv = z. (2.4)
Therefore from (2.3) and (2.4) one can write
Fu=Gu=Sv=Tv =z (2.5)

Next, we show that z is a common fixed point of F,S,T and G. For this, since
the pairs (F,G) and (S,T) are weakly compatible, then using (2.5) we have

Fu=Gu = GFu=FGu = Fz=Gz, (2.6)
and
Sv=Tv = TSv=STv = Sz=T=z (2.7)

We will show next that Fz = z. Otherwise, if F'z # z, using condition (2) of
Theorem 2.1 with x = z and y = v, we have

(FZ7SU) C}”‘,G,S,T(Zﬂj)
/ ()t < / Pyt | .
0 0
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In the light of (2.5) and (2.6), we get
0}77G7S,T(z, v) = max {p(Fz, 2),p(Fz,Fz),p(z, 2),

1
i[p* (Fz,z)+p(z,Fz)],0,p"(Fz, 2),

1+ p(z, Fz) 4+ p*(z, Fz)
1+p(Fz,Fz)+0

p(Fz, Fz)

= p(FZ, Z)

p(Fz,2) p(Fz,z) p(Fz,z)
[ emdese ([ ear) < [ e
0 0 0

which is a contradiction. Thus Fz = z and from (2.6), we can write

Fz=Gz=z (2.8)

and

Similarly, setting * = u and y = z in condition (2) of theorem 2.1 and using
(2.5), (2.6), one can get

Sz=Tz =z (2.9)
Therefore from (2.8) and (2.9), it follows that
Fz=82=T2=Gz=z, (2.10)

that is, z is a common fixed point of F, S, T and G.

Finally, we prove the uniqueness of the common fixed point of F,.S,T and G.
Assume that z; and zy are two distinct common fixed points of F, .S, T and G.
Then replacing x by z; and y by 29 in condition (2) of Theorem 2.1, we have

p(21,22) p(Fz1,5%2) Cr.c.s1(21,22)
[ ewi= | s [ p(t)dt )
0 0 0

Since C’}V’G’S}T(zl, z9) = p(z1,22) So

p(z1,22) p(21,22) p(21,22)
[ ewasu ([T s ) < [T par
0 0 0

which is a contradiction and thus z; = z9. Hence F,S,T and G have a unique
common fixed point in X. O

EXAMPLE 2.2. Suppose X = RT and p(z,y) = max{z,y}; then (X,p) is a

PMS (See e.g.[3]). Define four self mappings F, S,T and G on X by
z 1 9 2
F($)7§+§’ G(z) =27, S(z) ==, T(x)iac—i—l

Let z, = {1+ %}nEN and ¥, = {nLH}neN be two sequences, so we have

g, o) = lig Glaw) = lig Slyn) = Jig Tlyn) =1
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Also

1eT(X)NG(X) = (0,2]NRT,
Hence (F,G) and (S,T) satisfy CLRgr property. It is easy to check that the
pair (F,G) and (S,T) is weakly compatible at = 1 as a coincidence point.
To verify condition (2) of theorem 2.1, let us define ¢, 1 : RT — RT by ¢(t) = ¢

and (t) = £.
50 3 1 1 1 4
P(F(2),5(3)) 3 9 1
/ p(t)dt = / tdt = - and C1(2,2)=4.
0 0 8 2

Thus we obtain

(0 (/001(2’%) ga(t)dt) =1 </O4 tdt) = (8) = 4.

Hence from above we have

p(F(2),5(3)) C1(2,3)
/ pdr<ul [ elar).
0 0

So according to theorem 2.1 F,S,;T and G have a common fixed point.
From Theorem 2.1, we easily deduce the following corollaries.

Corollary 2.3. Let (X,p) be a partial metric space and F,G and T be three
self-mappings on X satisfying the following condition:
(1) The pair (F,G) and (F,T) share (CLRgT) property.

(2)
p(Fz,Fy) C%?,G,F,T(aivy)
/ p(t)dt < / pt)dt ], Vr,yeX
0 0

where (p, 1) € D x V.

If the pairs (F,G) and (F,T) are weakly compatible, then F,G and T have a
unique common fixed point in X.

Corollary 2.4. Let (X,p) be a partial metric space and F,T be two self-
mappings on X satisfying the following condition:
(1) The pair (F,T) share (CLRT) property.

(2)
p(Fa,Fy) C;"T‘F,T(zvy)
/ ca=( [ o)t , VryeX,
0 0

where (p,) € & x V.

If the pairs (F,T) are weakly compatible, then F' and T have a unique common
fixed point in X.
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In a similar method as in Theorem 2.1 the following result can be concluded
and proved.

Theorem 2.5. Let (X,p) be a partial metric space and F,S,T and G be for
self-mappings on X satisfying in following conditions:
(1) The pair (F,G) and (S,T) share (CLRgr) property.

@)
P(Fz,Sy) Cr.c,57(®Y)
/ o(t)dt < / pdt)]  VeyeX,
0 0

where (p, ) € ® x ¥ and
Chasr(r,y) = max {p(Gx,Ty)m(Gm,Fw),p(Gy, Sy),

%[p*(F% Ty) + p(Sy, Gz)],

p(Fz, Gx)p*(Sy, Ty)
1+ p(Fz,Sy)
p*(Fz,Ty)p(Sy, Gz) + P*(Fz, Sy)
1+ p(Fz, Sy) ’
1+ p(Gz, Sy) + p*(Ty, Fx)
1+ p(Gzx, Fx) + p*(Ty, Sy) }
If the pairs (F,G) and (S,T) are weakly compatible, then F,S, T and G have a
unique common fixed point in X .

p(Gz, Fx)

Obviously, (CLRgr) property implies the common property (E.A) but the
converse is not true in general. So replacing (CLRgr) property by common
property (E.A) in Theorem 2.1 and Theorem 2.5, we get the following results,
the proofs of which can be easily done by following the lines of the proof of
Theorem 2.1, because the (E.A) property together with the closedness property
of a suitable subspace gives rise to the closed range property.

Corollary 2.6. Let (X,p) be a partial metric space and F,S,T and G be for
self-mappings on X satisfying:
(1) The pair (F,G) and (S,T) share (E.A) property such that T(X) (or
G(X)) is closed subspace of X;

(2)
p(Fz,Sy) Cr.a,s,7(y)
/ ()t < / pt)dt]  vayex
0 0

where (p,1) € & x U,

If the pairs (F,G) and (S,T) are weakly compatible, then F,S,T and G have a
unique common fixed point in X.
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Corollary 2.7. Let (X,p) be a partial metric space and F,S,T and G be for
self-mappings on X satisfying:

(1) The pair (F,G) and (S,T) share common (E.A) property such that
T(X) (or G(X)) is closed subspace of X.

@)
p(Fz,Sy) Ch.a.s,7(xy)
/ (1)t < / o(t)dt)  Vaye X,
0 0

where (p,1) € & x V.

If the pairs (F,G) and (S,T) are weakly compatible, then F,S,T and G have a
unique common fixed point in X.

One can obtained other consequences from Theorem 2.5 and Corollaries 2.6
and 2.7 in a similar way as obtained from Theorem 2.1.

Remark 2.8. Theorem 2.1 and 2.6 are still valid, if we replace C}aG’S’T(x,y)
by C})’;’G’S,T(Ly). Similarly, Theorem 2.5 and Corollary 2.7 are still valid, if
we replace C%7G7S7T(x, y) by C?,,G7S7T(x,y), where

Chosm(ty) = max {za(Gw, Ty),p(Ge, Fa), p(Ty, Sy),

[p*(Fz,Ty) + p(Sy, Gz)],
min{p(Fx, Gz)p*(Sy,Ty) p*(Fz,Ty)p(Sy, Gzx) + p*(Fz, Sy)
1+ p(Gz, Ty) 1+ p(Gz, Ty) ’

1+ p(Gz, Sy) + p*(Ty, Fx) }
1+ p(Gz, Fx) + p*(Ty, Sy)

N | —

p(Gzx, Fx)
and
Crasr(@y) = maX{p(G%Ty),p(Gx,ch),p(Ty,Sy),

[p*(Fz,Ty) + p(Sy, Gz)],
min{p(Fx, Gx)p*(Sy, Ty) p*(Fz,Ty)p(Sy, Gzx) + p*(Fz, Sy)
1+ p(Fz,Sy) 1+ p(Fz, Sy) ’

1+ p(Gx, Sy) + p*(Ty, Fx) }}
1+ p(Gx, Fx) +p*(Ty, Sy)” |

N =

p(Gz, Fx)

Finally, by choosing F' = S and G and T as identity mappings, we conclude
some fixed point theorems for integral type contraction from our main Theorem
2.1 which can be listed as follows:
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Corollary 2.9. Let (X,p) be a partial metric space and F : X — Xbe a self
mapping satisfying:

p(Fz,Fy) Cllr,z‘d,F,z‘d(m»y)
[ ewaeso | p()dt) VayeXx
0 0

where (p,1) € & x U. Then F has a unique fized point in X.

Corollary 2.10. Let (X,p) be a partial metric space and F : X — X be a self
mapping satisfying:

p(Fz,Fy) C?P,id,F,qzd(zvy)
/ o< v [ pydt) Voye X
0 0

Where (@,1) € ® x U. Then F has a unique fixed point in X.

Remark 2.11. Replacing the partial metric p in (X, p) by metric d we can get
the similar results which are given in [19].

Remark 2.12. Notice that several fixed point theorems such as the celebrated
Banach fixed point theorem, fixed point theorems for Kannan, Chatterjee and
Reich type mappings and others can be deduced as particular cases of Corollary
2.9.
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