[ Downloaded from ijmsi.com on 2026-06-24 ]

[ DOI: 10.7508/ijmsi.2015.02.004 ]

Iranian Journal of Mathematical Sciences and Informatics
Vol. 10, No. 2 (2015), pp 29-43
DOLI: 10.7508/ijmsi.2015.02.004

Free Extended BC K-Module

R. A. Borzooei®*, S. Saidi Goraghani®

Department of Mathematics, Shahid Beheshti University, Tehran, Iran.
*Department of Mathematics, Islamic Azad University of Central Tehran
Branch, Tehran, Iran.

E-mail: borzooei@sbu.ac.ir
E-mail: SiminSaidi@yahoo.com

ABSTRACT. In this paper, by considering the notion of extended BC'K-
module, we define the concepts of free extended BC K-module, free object
in category of extended BC'K-modules and we state and prove some re-
lated results. Specially, we define the notion of idempotent extended
BCK-module and we get some important results in free extended BC' K-
modules. In particular, in category of idempotent extended BC K-modules,
we give a method to make a free object on a nonempty set and in BCK-
algebra of order 2, we give a method to make a basis for unitary extended
BCK-modules. Finally, we define the notions of projective and produc-
tive modules and we investigate the relation between free modules and
projective modules. In special case, we state the relation between free

modules and productive modules.

Keywords: BC K-algebra, Extended BC'K-module, Free extended BCK-
module.
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1. INTRODUCTION

The notion of BC K-algebra was formulated first in 1966 by Imai and Iseki.
This notion is originated from two different ways. One of the motivations
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is based on set theory. Another motivation is from classical and non-classical
propositional calculus. As is well known, there is close relationship between the
notion of the set difference in set theory and the implication functor in logical
systems. Then the following problems arise from this relationship. What is
the most essential and fundamental common properties? Can we establish a
good theory of general algebra? To give answer to these problems, Y. Imai and
K. Iseki introduced a notion of a new class of general algebras, which is called
a BCK-algebra. This name is taken from BCK-system of C. A. Meredith.
BC K-algebras have been applied to many branches of mathematics, such as
group theory, functional analysis, probability theory and topology. The notion
of BCK-module was introduced in [3] as an action of a BC'K-algebra over a
commutative group by M. Aslam, A.B .Thaheem and H.A.S. Abujaabal. The
idea was further explored by F. Kopa and C. Vance in [9]. The concept of
BC K-module was extended by R. A. Borzooei, J. Shohani and M. Jafari in [6].
In following, this concept was extended in different way by R. A. Borzooei and
S. Saidi Goraghani in [5]. In groups category and modules category, the study
of free objects is important and interesting. In particular, free modules have
numerous applications in mathematics. Now, since the notions of free module
and projective module are fundamental notions in modules theory, then in this
paper, we introduce and investigate them on BC'K-modules. In studying of
BC K-modules, founding a basis for a BC K-module is important. In general,
founding a method to make a free object in category of BC'K-modules can be
interesting and important. So we start off this long way and we obtain some
results as mentioned in the abstract.

2. PRELIMINARIES

Definition 2.1. [10] A BC K-algebra is a structure X = (X, x,0) of type (2,0)
such that:

)
)

BCK4) 0+ = 0,
)

Let (X,#,0) be a BCK-algebra. The relation z < y, which is defined by
x *y = 0, is a partial order with 0 as the least element. In BC K-algebra X,
for any z,y,z € X, we have

(BOKG) (zxy)*2z=(xx2)*y,

(BCKT) z+0=z.

Moreover, ) # Xy C X is called a subalgebra of X, if for any =,y € Xo,
x*xy € Xg, i.e., X is closed under the binary operation “*” of X. X is called
bounded, if there exists 1 € X such that x < 1, for any z € X and in this case,
we set Nz = 1*z. X is said to be commutative, if y * (y *xz) = z * (x * y), for
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all x,y € X. X is said to be implicative, if x x (yxx) =z, for all z,y € X. In
a BCK-algebra X, we let x Ay = y * (y * ) and in a bounded BCK-algebra
X, welet £ Vy = N(Nz A Ny), for all z,y € X. In bounded commutative
BCK-algebra X, V is the least upper bound and A is the greatest lower bound
of X and so (X, V,A) is a bounded lattice. ) # A C X is called an ideal of X,
if 0 € A and for any z,y € X, xxy € A and y € A imply that x € A. If X is
commutative and A be a proper ideal of X, then A is called a prime ideal of X,
ifaAb € Aimplies that a € Aor b € A, for any a,b € X. Suppose A is an ideal
of BC'K-algebra X. Then we denote  ~ y if and only if xxy € A and yxx € A,
for any z,y € X. So ~ is an equivalence relation on X. Denote the equivalence
class containing z by C, and % = {C, : € X}. Moreover, (X,* Cp) is
a BCK-algebra, where Cy = A and Cy x Oy = Cyyy, for all z,y € X. The
relation “ <7 which is defined by C, < Cy, if and only if x xy € A, is a partial
order relation on %. If X is bounded and commutative, then % is bounded
and commutative, too. In addition Cy is unit of %. Let (X, ,0) and (Y,+',0’)
be two BCK-algebras. A mapping f : X — Y is called a homomorphism if
f(0) =0 and f(zxy) = f(z)* f(y), for any z,y € X. If f is one to one (onto),
then f is called monomorphism (epimorphism) and if f is onto and one to one,
then f is called an isomorphism. Let f : X — Y be a BCK-epimorphism.

Then K)e(rf =Y.

Lemma 2.2. [10] Let X be a bounded implicative BCK -algebra . Then for all
r,y, 2 € X,

(i) x ANy =xzx* Ny,

i) cx (T Ay) =z *y,

i) x A (y*z)=(xAy)*(zAz),

w) (xxy)+(yxx)=xz+y, wherex+y = (xxy)V (y*x),

v) (+y)Az=(zA2)+ (yAz),

vi) x+x =0 and so x = —z,

vii) t+0=04+2z ==.

(
(
(
(
(
(

Definition 2.3. [5] Let X be a BCK-algebra, M be an abelian group and
operation . : X x M — M be defined by (x,m) — x.m, which satisfies the
following axioms:

(XM1) (x Ay).m = z.(y.m),

(XM2) z.(m +n) =z.m+ z.n,

(XM3) 0.m =0,

(XM4) (z xy).m = x.m — y.m, where z xy # 0, for z # y,

for all z,y € X and m,n € M. Then M is called an extended BC K-module or
briefly X¥-module. If X is bounded and 1.m = m, for any m € M, then M is
called a unitary X¥-module.

Proposition 2.4. [5] Let X be a bounded implicative BCK -algebra such that
<7 is totally ordered and operations "+,.”: X x X — X be defined by
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x4y = (xxy)V(y=*xz), zy = x Ay, for all xz;y € X. Then X is an
XF_-module.

Proposition 2.5. [5] Let X be a bounded commutative BCK -algebra such that
X is an XP-module and A be an ideal of X. Then (%, +') is an abelian group,
where Cy +' Cy = Cyyy and x +y =xxyVyx*zx, for any z,y € X. Moreover,
if operation e : X X % — % is defined by x  Cy = Cy ., for any =,y € X,
then % is an X ¥ -module.

Definition 2.6. [5] A map f: M — N, where M and N are XZ-modules, is
called an X ¥ -homomorphism, if the following hold:

(1) f(m +n) = f(m) + f(n),

(i) f(z.m) = z.f(m), for all m,n € M and = € X.

Theorem 2.7. [5] Let X be a bounded implicative BCK -algebra. Then
([Licr X, +') is an abelian group, where {x;}icr +' {yi}tier = {wi + yi}ier, for
any {xitier, {yitier € [1;c; X. Moreover, if operation

X X [Lier X — Tlies X is defined by x{xi}ier = {x A xi}ier, for any

z,x; € X, then [[,c; X is an X F -module.

Definition 2.8. [5] A subgroup N of XZ-module M is a submodule of M, if
forany x € X and any n € N, x.n € N. N is called a prime submodule of M,
if N # M and for any z € X, z.m € N implies that m € N or z € (N : M).
Note that, for XF-module M, Y C X and submodule N of M, we consider

YM=YM={am:ze€YmeM}, (N:M)={zeX:a2.M C N}
Proposition 2.9. [5] Let M be an X¥-module and N be a submodule of M.
Then (N : M) is an ideal of X. Moreover, 5 is an X *-module.

Lemma 2.10. [5] Let X be a commutative BCK -algebra, M be an X ¥ -module,
N be a submodule of M and A be an ideal of X. Then
AM+N={3" tim;+n:t€ A mée Mne N} is a submodule of M.

Theorem 2.11. [5] Let X be a bounded BCK -algebra, A be a proper ideal of
X and M be an X¥-module. Then M- is an (X)F-module.

Theorem 2.12. [5] Let M and M’ be two X*-modules and ¢ : M —s M’ be

an XE-homomorphism. Then Kqus ~ I'mgao.

Note. From now on, in this paper, M is an abelian group and X is a
BCK-algebra.

3. FREE EXTENDED BC K-MODULE

Definition 3.1. Let M be an XE—module, 0 #T C M and
M = {>,c;xiti s x; € X,t; € T} Then we say M is generated by T and we
set M =< T . If |T| < oo, then M is called finitely generated X ”-module.
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ExAMPLE 3.2. (i) Let X = {0,1,2} and operation “*” is defined by

0 1 2
0]lo 0 o0
111 0o o
212 2 0

Then (X, *,0) is a BC K-algebra. Now, let operation . : X XxZ — Z be defined
by 2.n =mn, 1.n = 0.n = 0, for any n € Z. Then Z is an X ¥-module. For any
0#neZ,n=1+---41=21+---4+21andsoZ =<1 .

—_——

n times

(#3) Let M ={0,1,2,3}, X = {0,a} and the operations “x;”, “x3” be defined
by

2 |0 1 2 3
0 0 O 0 0 *g 0 a
1 /1 0 1 0 00 0
212 2 0 o0 a |a 0
313 2 1 0

Then (M, %1, 0) is a bounded implicative BC' K-algebra with unit 3 and (X, *, 0)

is a BC' K-algebra, too. It is easy to show that (M, +) is an abelian group, where

m+n = (mx*yn)V (n*; m), for any m,n € M. Let operation . : X x M — M

be defined by a.m = m and 0.m = 0, for any m € M. Then M is an XF-

module. Since 1 =a.1,2=a.2 and 3 =a.1 +a.2, M =< {1,2} ».

(iii) Let D = {0, 5,1}, X1 = {a,b} and 0, f, I be functions from X; to D such

that 0(z) = 0, f(z) = % and I(z) = 1, for any z € X;. We define operation
7 by (g*h)(x) = g(x) —min{g(x), h(x)}, for any g,h € {0, f,I} = X. Then

it is easy to show that (X, *,0) is a BC' K-algebra. Consider the abelian group

A={F mEZ n € NU{0}}. Let operation . : X x A — A be defined by

95w = 2” , forany g € X, 5% € A. Then A is an X F-module. because, for

any g, gut, sne € A and x € Xy,

(XM1): (f AD)22 = min{f,[}.22 = f.o = JOm _ m_— ¢ (1. Gimj-

larly, (9 A h).5% = g. (h.f(;;)bm) for any g,h € X.

(XM2): g.(35 + 55) = 9(@) (o + 55) = L35 + U352) = 9.5 + 9.5,

for any g € X.

(XM3): Tt is clear.

(XM4): We have I * f # 0. Then

m) B fﬁif(x)mi m_ _m _m 7I(ac)mif(:£)m
on - 2n - on - on+1 - on on+1 - on on

- I.ﬁn - fﬂn.

(I f).(

Moreover, we claim that 7 = {1, 5 22, . an ,o

€ A, where m € Z and n € NU {0}. We have

-} is a generator for A. Let

on
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o1 1
27:274—--- 27:[(,73).2%—1—---—1—1(3:).%. Then A =<T ».
—_—
m time

(iv): Let X be the BC K-algebra which is defined in (4i). Consider the abelian
group,

M= {2% +Z:m € Z,n € NU{0}, where 2% + Z has uniquely represent}.

If operation . : X x A — A is defined by g.57 +7Z = g(;”% + 7Z, then it is not
difficult to prove that M is an XF-module.

UT ={Z,5+Z,55+Z,-+ , 53 +Z,---}, then M =< T

Theorem 3.3. Let X be bounded and commutative and A be an ideal of X. If
X is an XF-module such that X =< T >, where T C X, then
4 ==<{C;:t €T} as an XF-module.

Proof. By Proposition 2.5, (£, +/) is an X-module. Let T = {t; : i € I} such
that X =< T . Then for any x € X, z = Zz‘elo xz;.t;, where Iy C I and so
C, = CZiEIU vty = Zielo Crit, = ZiGIU x; o Cy,. Hence,

X ==<{C:iel}~. O

Definition 3.4. Let M be an X-module and () # T C M . We say that T is
a basis for M if

(1) M =<T >,

(id) If 3, ey wit; = 0, for any z; € X and t; € T, then 2; = 0, for any i € I.
(In this case, we say that T is a linearly independent set).

Definition 3.5. Let M be an XF-module. Then M is called a free X%-
module, if M has a nonempty basis. Specially, if M =< m >, where m € M,
then M is a called a cyclic XF-module.

EXAMPLE 3.6. (i) Let X = {0,2} and operation “*” on X be defined by

Then (X, *,0) is a BCK-algebra. Now, let operation . : X x Z — Z is defined
by .n = n and 0.n = 0, for any n € Z. It is easy to show that Z is an
XF-module. Now, we show that Z is a free XP-module. For any n € Z,
n=14+---4+1=2z1+---+z1. SoZ =<1 on X. Moreover, if t.1 = 0,
then t = 0, for any t € X. Therefore, Z is a free X ®-module.

(#4) In Example 3.2 (i), if 2.1 +y.2 = 0, for any x,y € X, then z = y = 0.
Hence, M =< {1,2} = is a free XZ-module.

(#i1) In Example 3.2 (iii), we have A =< T ». If Zg%n =0, for any g € X
and n € NU {0}, then g = 0. Therefore, A is a free XZ-module.
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(iv) In Example 3.2 (iv), T is not a basis for M. Since

1 1 1 1
IZA1(5+ D)+ +1(g + D)+ = Lk g+ Lt t g + L+
1 1
= (14+ =4 i — ... 7
(+2+ tont )+
= 2+47Z
= Z

9

T is not a linearly independent set.

Proposition 3.7. Let X be of order 2. Then every unitary X ¥ -module is a
free XE-module.

Proof. Let X = {0,1} be a BCK-algebra of order 2. Then X is a bounded
BC K-algebra with unit 1. Let M be a unitary X*-module and

K ={T C M : T is linear independent}. Since M is a unitary X F-module,
l.a =a # 0, for any 0 # a € M. So {a} is linear independent. It means
that {a} € K and so K # (. Let Y = {T; : i € I} be a chain of elements
in K. We claim that U = J,;.; T; is an upper bound for Y, with respect to
“ C 7. Since we have a chain, there exists 7; € K such that U C T} and so
U € K. Hence, by Zorn Lemma, K has a maximal element 7;. We claim that
M =<T, . Let M #< Ty . Then < T7 »=C M and so there exists m € M
such that m ¢< T7 >. We show that 77 U {m} is linear independent. Let
r.m+x1.ty +xoto+---=0,forany z,z; € X and i € I. If x # 0, then x = 1.
Som = —(x1.t; + xa.ta + --+) and so m €< Ty >, which is a contradiction.
Hence, z = 0 and so 77 U {m} is a linear independent set. Therefore, M is a
free X ¥-module. O

Theorem 3.8. Let X be of order 2 and M be a unitary XF-module. Then
every W C M such that M =< W =, contains a basis for M.

Proof. The proof is similar to the proof of Proposition 3.7. (]

Lemma 3.9. Let X be bounded and commutative, X be an X¥-module and A
be an ideal of X. Then % s an (%)E—module.

Proof. By Proposition 2.5, (%,-i—') is an abelian group. Now, let operation

o % X % — % be defined by C, @ Cy = C .y, for any =,y € X. Then it is
easy to prove that & is an ()”-module. O

Theorem 3.10. Let X be bounded and commutative, P be a prime ideal in
X,te X —Pand X =<t > be a free XF-module, where x.y = x Ay, for any
z,y € X. Then % is a free (3)F-module.

Proof. By Lemma 3.9, % is an (%)E—module. Let C, € %, for any y € X.

Then there exists * € X such that C, = C,, = C, ¢ C; and so % =< C; =.
Now, let C, @ C; = Cy, for any x € X. Then Cy = C, ¢ C; = Cypy = Cyupe
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and so by (BCKT7), x ANt = (x At)*x0 € P. Since ¢t ¢ P, then € P and so
C, = Cy. Therefore, {C,} is a basis for . O

Definition 3.11. Let M be an X ®-module such that 2m = m 4+ m = 0, for
any m € M. Then M is called an idempotent X*-module.

EXAMPLE 3.12. (i) In Example 3.2 (ii), M is an idempotent X Z-module.

(#i) If bounded implicative BC' K-algebra X be totally ordered, then by Propo-
sition 2.4, X is an idempotent X F-module.

(#7i) Let X ={0,1,2,3,4} and the operation ” x” is defined by

=~ W NN = O %
=~ Ww N = OO
= w N @ ol
ww o o ol
N O NN O O w
NN oNoR=1NY

Then (X,*,0) is a bounded BCK-algebra with unit 4. Let ¥ = {0,1,4}
and M = {0,2,3,4}. It is clear that Y is a subalgebra of X and so it is
a BCK-algebra. It is easy to show that (M, +) is an abelian group, where
x+y = (xxy)V(yx*x), for any z,y € M. Now, we define the operation
Y XM — Mbyym=yAm,forany y € Y and m € M. Then M is an
idempotent Y F-module.

Theorem 3.13. Let X be bounded implicative and totally ordered, operations
“,7 X XX — X be defined by x+y = (xxy)V (y*z), vy = c Ay, for any
x,y € X and M be an idempotent XF-module. Then M is a free X*-module

if and only if M ~[],.; X, where I is a nonempty set.

Proof. (=) Let M =< T = be a free idempotent X ¥-module, where

T = {t; : i € I}. By Theorem 2.7, ([],c; X,+') is an X*-module, where
{zi}ier ¥ {yitier = {xi + yi}ier and x{x;}icr = {x A 2i}icr, for any
{@i}tier, {yitier € [l;e; X and 2 € X. We define ¢ : [[,.; Xi — M, by
¢({witicr) = D ;e wi-ti, for any t; € T and x; € X. We show that ¢ is an X -
homomorphism. It is clear that ¢ is well defined. Now, since M is idempotent,
xt—y.t =x.t4y.t, forany z,y € X andt € T. On the other hand, x;*y; = 0 or
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yi*xx; = 0, for any i € I. Hence, by (XM4), for any {x;}icr, {yi bier € [Lic; X,
o({@itier +' {yitier) = o({@i+yitier) = Z(Ii +yi)-ti
iel
= Z(% *Yi V Yk x). 4
iel
= Z(xj *y;).t; + Z(yk * Xk )bk

jeJ keK

= ij.tj + Zyj.tj + Z Yp-tx + Z Tr.lk

jeJ jeJ keK keK

= sztz + Zyi.ti

iel icl
= o(zitier) + ¢({yi}ier), where, JUK =1I.
Moreover, for any x € X, by (XM1) and (XM?2),

(ﬁ(fL‘.{fEi}ie]) = (b({.’l? A xi}iel) = Z(.’E A l‘i).ti = Zx(azztl) = X. sztz

i€l el el
= wo({a).

Then ¢ is an X P-homomorphism. It is clear that ¢ is an epimorphism. Now,
let ¢({zi}icr) = > ;cr @i-ts = 0. Since T is linear independent, z; = 0, for any
i € I and so Ker¢ = {0}. On the other hand, by Theorem 2.12, H&i;f ~ M
and so [[;c; X ~ M.

(<) Let M ~ [],. X, where T' is a nonempty set. We construct a basis for
[I;er X. Let 0; = {u;}ies such that

Uz‘:{ 0 ifi#t¢

1 ifi=t
We show that K = {0; :t € T'} is a basis for [[,c; X. Let {@;}ier € [[er X
We have
{xi}iel e {O,"',Il,o,"'}+/{07"',IQ,O,"'}+,"'
{0,...75(;1/\170’...}4'_’{07...75(;2/\170’...},4'_’...
= zl.{()’...,1’...}+’x2_{0’...’1,07...}+’...
= 1.0 +/.T2.9t2 +
Then [[,c. X =< K . Now, let ), ; z;.0;, = 0. Then
OZZmi.Qti = 21.{0,0,---,1,0,--- } 4+ 22.{0,0,--- ,1,0,---} +"---
icl
= {0’...7;31/\17()7...}+/{0,...7x2/\1707...}+/...
{0,...951)07...}4_’{0’...7362707...}4_’...

= A{witier
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Hence, x; = 0, for any i € I and so K is a basis for [[,., X. Finally, let
¢ : [T,er X — M be an XF-isomorphism. Then ¢(K) is a basis for M. O

Definition 3.14. Let Y be a nonempty set, F' be an X ”-module and i : ¥ —
F be a map. If for any mapping f : Y — A, where A is an X ®-module, there
exists a unique X *-homomorphism f : F — A such that f oi = f, then F is
called a free object on Y.

Proposition 3.15. Let Fy and F» be two XF-modules and Fy and F» be two
free objects on Y1 and Ya, respectively. If |Y1| = |Ya|, then Fy = Fs.

Proof. The proof is straitforward. O

Theorem 3.16. By assumptions of Theorem 3.13, every free object in the
icr X, where I is
a nonempty set. (In this category, objects are idempotent X¥-modules and
morphisms are X -homomorphisms.)

category of idempotent X¥-modules is isomorphic with [

Proof. Let F be a free object on T', where T is a nonempty set. Similar to the
proof of Theorem 3.13, K = {0, : t € T} is a basis for [],. X, as an XZ-
module. We show that [[,., X is a free object on K. Let G be an idempotent
XP-module and i : K — [I;er X, f : K — G be two maps. We define
h:llier X — G by h(D ,crye0) = > e ye-f(0:), where y; € X, for any
teT. Let 30 cqye-br =3 cp yp-0r, for any ye,y; € X. So {ytheer = {yiher
and s0 ), ye-f(0:) = Dy vi-f(0:). It means that h is well defined. Since
(X, <) is totally ordered, y; *xy, = 0 or y; x y: = 0, for any v+, y; € X. Also,
since G is idempotent, for any Y7, 7 y:-01, Y, vi-0t € [1,er X, by (XM4),

WO b+ D ui0) = W (yy+y))0;+ > (Uh % yr)-04)

teT teT JjEJ keK

= > y)-F0) + D W+ ur)-F(0k)

jeJ kEK

= Zyj'f(9j> +' Z?J;f(ej)

jeJ jeJ

Y v fOR) Dy S (0k)

keK keK

= S et 00+ i f0)

teT teT

= B yeb) + b yib),

teT teT
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where T'= J U K. Now, for any z € X, by (XM1) and (XM2),

h(.Y yeb) = hO x.(yr.6:) = h(>_(x Ay).0y)

teT teT teT
= D (@Ay)-f0) =D (ye-f(6:)
teT teT
= 2. yef(0) = xh(D>_ ys.6r).
teT teT

Then h is an X F-homomorphism. On the other hand, by definition A,

hoi(0) = h(0:) = f(6), for any t € T. It is easy to show that h is a unique
X*%-homomorphism. Hence, [],. X is a free object on K. Since |K| = [T,
then by Proposition 3.15, [[,., X ~ F. O

Notation: If X is totally ordered and bounded implicative, then by the
proof of Theorem 3.13, we obtain a method to make a free object on a nonempty
set in the category of idempotent X ”-modules. If A is a nonempty set, then
K ={6,:a € A} is a basis for [[ .4 X. By Theorem 3.16, []
object on K.

X is a free

a€cA acA

Theorem 3.17. By assumptions of Theorem 3.13, every XF-module in the
category of idempotent X F-modules is homomorphic image of a free X¥-module.

Proof. Let M be an idempotent X F-module such that M =< A =, where A is
a nonempty set. By the above notation, [],. 4, X is a free object on

K = {0, : a € A}. Then there exists a unique X”-homomorphism ¢ :
[[,ca X — M such that ¢ oi = f, where i : K — [] .4 X is an inclu-
sion map and f : K — M is defined by f(6,) = a. Now, let m € M. We
have

m = Zwi.ai = lef(ea) = in.qﬁoz'(eai) = Zmi.qﬁ(ﬁai)

il il iel il
= Z(b(gjlo(l;) = ¢(Z xi'oai)7
i€l i€l
where z; € X, for any i € I. Therefore, ¢ is an X -epimorphism. O

Lemma 3.18. Let M and N be two X -modules. Then
M x N ={(m,n) :m € M,n € N} is an XZ-module.

Proof. Let @ : X x (M,N) — (M, N) is defined by z e (m,n) = (x.m,z.n),
for any m € M, n € N and z € X. It is easy to show that M x N is an
XE_module. |

Theorem 3.19. Let M and N be free X¥-modules. Then M x N is a free
X -module.
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Proof. Let M =< T > and N =< K >, where T'= {t; : 1 € I} and
K ={k; : j € J} are basises of M, N, respectively. It is easy to show that
M x N =< {(t;,0) :i € I} U{(0,k;) : j € J} = is a free XF-module. O

Theorem 3.20. Let X be bounded and implicative, A be a proper ideal of X
and M be a free X¥-module with basis Y. Then % is a free (%)E—module.

Moreover, the cardinality of Y is equal to cardinality of the basis of %.

Proof. By Lemma 2.11, % is an (%)E—module. Let : M — % be canonical

epimorphism. We show that 'L is a free (5 )”-module by basis B(Y). For

any m+ AM € %, there exists x1,--- ,x, € X such that

m+AM = in.yi—l—AM: (x1.91 + AM) + - + (zp.yn + AM)
i=1

Cyy @ (y1 + AM) + -+ + Cy, 0 (y, + AM)
= O o(B(yn))+- -+ Cr, o (B(yn))-

Then 44 =< B(Y) »= . Now, let 3" | Cy, @ (y; + AM) = AM. Hence,
S wiy; + AM = AM and so Y., x;.y; € AM. This means that
S Ty = o, s;.m;, where s; € Am; € M,m € Z, 1 < i < m. For any

m; € M, we have m; = Z;;l tij-y;, where t;; € X,1 < j <n,l; € Z. Then

n m

l;
E Ty = E 3.2 tij.y;
i=1 i=1

= 51~Eé‘1:1t1j-yj + o4 sm.Eé’gltmj.yj

151 Im
= Z 81.(t1j.yj) + -+ Z Sm'(tmjyj)
j=1 Jj=1

15

lm
= Z(Sl A tlj).yj + -+ Z(Sm A tmj).yj.
j=1 j=1

Therefore, >0 | z;.y; — (231:1(51 ANtj)y;+-+ Zéf;l(sm Atmj)y;) = 0.
If y; be only in the first summation, then we have z; =0 andso C,, =Cp = A
and similarly for other z;, where 1 < i < n. If y; be in two summation, then
x1.y1—(s1At11).y1+ - = 0. If 2y % (s1At11) # 0, where 1 # (s1At11), then by
(XM4), (z1 % (s1 At11)).y1 + - =0. Since Y is a basis of M, z1 * (s1 At11) =
0, which is a contradiction. Hence, x1 * (s1 A t11) = 0. By lemma 2.2 (i),
21 % (s1 % Nt11) = 0. It results that Cp, * (Cs; * Cnyy,) = Cxl*(sl*Nm) = Cp.
Since Csl = Co, Cy = Czl * (Csl *Cl*tu) = Ozl * CO*I*tu = Ugx0 = Ca:l
and so Cy, = Cy = A. Similarly, C;, = A, for any 1 < i < n. Therefore,
B(Y) is a basis of 4. Now, we show that [3(Y)| = |Y|. We define ¢ :
Y — B(Y) by ¢(y) = B(y). It is clear that ¢ is well defined and onto. Let
B(y) = B(z), for some y,z € Y and y # z. Hence, C; o 5(y) = C1 @ 3(z) and so
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C1 e B(y) — Cy e B(z) = AM. Since B(Y) is a basis of ., C; = Cp, which is
a contradiction. Therefore, ¢ is one to one and |¢p(Y)| = |Y]. O

Theorem 3.21. Let f : X — Y be an epimorphism of bounded implicative
BCK -algebras, Y # {0} and every two basises of any Y ¥-module have equal
cardinality. Then every two basises of any XF-module have equal cardinality,
too.

Proof. Let M be an arbitrary free X*-module with basises K and U. We
must show that |K| = |U|. Let A = Kerf. If A = X, then f(X) = 0.
Since f is an epimorphism, f(X) = {0} = Y, which is a contradiction and so
A # X. By Theorem 3.20, - is a free (£ )”-module with basis of 3(K) such
that |B(K)| = |K| and 44 is a free (£)F-module with basis of 3(U) such
that [B3(U)| = |U|. Since Y ~ £, M is a free YF-module. It results that
[B(K)| = [B(U)] and so |K| = |U. O

4. PRODUCTIVE AND PROJECTIVE XZ-MODULE

Definition 4.1. Let M be an XP-module. If for any submodule N of M,
there exists an ideal A of X such that N = AM, then M is called a productive
XF-module.

Theorem 4.2. Let X be commutative. Then every cyclic X¥-module is a
productive X -module.

Proof. Since M is a cyclic X -module, there exists m € M such that

M =< m . Let N be a submodule of M. By Proposition 2.9, (N : M) is
an ideal of X and by Lemma 2.10, (N : M)M is a submodule of M. We show
that N = (N : M)M. It is clear that (N : M)M C N. Now, let n € N. Then
there exists x € X such that n = x.m. Since

e M = z.<m>=={z.(x;m):z, e X} ={(xAz;)m:2; € X}
= {zi.(laem):z; e X} ={x;m:2, € X} CN,
x € (N:M)and son € (N : M)M. Hence, N C (N : M)M. Therefore,
N=(N:M)M. O

Definition 4.3. Let A, B, P be three X ¥-modules. Then P is called a projec-
tive X ¥-module if for any X ¥-homomorphism g : P — B and X P-epimorphism
f: A — B, there exists X ”-homomorphism h : P — A such that foh = g.

Theorem 4.4. Let M be an idempotent X -module with basis O #Y and for
any x,y € X and 0 # x, v xy = 0 implies that x = y. Then M is a free object
on Y. Moreover, if M is free X¥-module, then M is a projective X -module.

Proof. Let i : Y — M be a map. We will show that for any mapping f :
Y — G, where G is an idempotent X F-module, there exists a unique XF-
homomorphism h : M — G such that hoi = f. We have
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M ={>c;viyi v € X,y; € Y,i € I}. We define

(Y icr @i-yi) = D ser Tiof (yi)- Let Y e wiys = Y i T3-yi, where z, 2} € X.
Hence, x1.y1 — 2f.y1 + ©2.y2 — xh.ya + - = 0. If z; x 2} # 0, where x; # z,
then by (XM4), we have (21 *x}).y1 + (x2*xh).ya+--- = 0. Since Y is a basis
of M, x; *x &} = 0, which is a contradiction. So z; * 2} = 0 and so x; = af, for
any ¢ € I. It results that h is well defined. Now,

WY @iy + D ahys) = @rf) + i fyn) + 2o f(ye) + 2hf(y2) + -
icl el
= N wifl) + > whfy)

il il
= h(z zi.y;) + h(z 3Yi)s
il il

where, z;,z; € X and ¢ € I. On the other hand, for any € X, by (XM1),
(XM2), we have

WY wiy) = b w(wiy) =h (@ Az)y) =D (xAwi).f(y)

icl icl icl icl
el i€l icl

Then h is an X F-homomorphism. By definition h, hoi(y) = h(y) = f(y) for
any y € Y and so hoi = f. Finally, h is unique, because if there exists an
X F-homomorphism A’ : M — G such that k' oi = f, then we have

W(y) =h oi(y) = f(y) = hoi(y) = h(y), for any y € Y. Therefore, M is a
free object on Y.

Now, we prove that the second part of theorem. Let M be a free XF-module
with basis Y, f : A = B be an X%-epimorphism and g : M — B be an X%-
homomorphism. Let y € Y. Then i(y) € M, where ¢ : Y — M is inclusion
map. It results that g(i(y)) € B. Since f is an X ¥-epimorphism, there exists
a, € A such that f(a,) = g(i(y)). Since choosing 6 is at the discretion of
us, W. O. L. G, suppose that a, is unique. Hence, we can define 6 : ¥ — A
by 6(y) = ay. Since M is a free object on Y, there exists h : M — A such
that h ot = 0. It is easy to show that fohoi(y) = f(ay) = goi(y) and so
fohoi=goi:Y — B. Since M is a free object on Y, foh =g. ]
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