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ABSTRACT. Jensen—Mercer’s inequality for weights satisfying conditions
as for the reversed Jensen-Steffensen inequality is proved. Several inequal-
ities involving more than one monotonic function with reversed Jensen-
Steffensen conditions are proved. Furthermore, a couple of general com-
panion inequalities related to Mercer’s inequality with reversed Jensen-
Steffensen conditions are presented as well. Applications for the gen-
eralization of weighted Ky Fan’s inequality, classical Power Mean, and
classical Arithmetic—-Geometric—-Harmonic Mean inequalities are given as

well.
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1. INTRODUCTION AND PRELIMINARIES

One of the most important concepts in the theory of inequalities is the no-
tion of convex functions and note that the definition of a convex function is,
in fact, an inequality. The theory of convex functions has experienced a rapid
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development. This can be attributed to several causes: first, a great many
areas in modern analysis directly or indirectly involve the application of con-
vex functions; secondly, convex functions are closely related to the theory of
inequalities, and many important inequalities are consequences of the applica-
tions of convex functions.

Let us start with convex functions definition extracted from [26, p. 1](see
also [25, p. 1]). Throughout the article, we use T, J and [¢,0] to denote
intervals in R. Furthermore all over the chapter we assume that [e,0] C T and
e <.

Definition 1.1. J: T — R is named as convex—function if
JE¥AM + (1 —=¥)) <¥3I(\)+ (1 —¥)3(N\e) (1.1)
holds for each Aj, A2 € T and ¥ € [0, 1].

In order to eliminate confusion, here we define some notations. For the real
n—tuple w = (wy,...,w,), the following notations are valid.

Wi = Zwi, kEe{l,...,n}, Wk:ZWi, and T:L.

i€ icok Wa
Of course, W,, = Zi€®n Wi
As aforementioned that various powerful inequalities originated due to convex
functions, and Jensen inequality is one of the highly important inequalities.
Jensen inequality is established in the following proposition [26, p. 43] (see
also [25, p. 6]).

Proposition 1.2. If w is any nonnegative n—tuple such that W,, > 0, then
for any n—tuple x in T™ and for any function J convex on T we have

1€0, €O,

There are many versions, variants and generalization of Jensen inequality,
see for example [2], [5], [7], [8], and [10]—-[23].

It is acceptable to question that in Jensen inequality the supposition “w is
a nonnegative n—tuple” can be loosened at the surcharge of tightening x more
strictly [29]. Steffensen (see [29]) was the pioneer to address this issue, but in
the following proposition we stated a more generalized form (see also [26, p.
57]).

Proposition 1.3. If w is any real n—tuple satisfying
0<W,; <W,,, (1<j<n), W,>0, (1.3)

then for any monotonic n—tuple x in T™ such that T Zz’e®n w;x; € T, and for
any function 3 convex on T, (1.2) still holds.
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Under these supposition (1.2) is regarded as Jensen—Steffensen inequality.

Note that throughout the article, when we claim that n—tuple x is increasing
(decreasing) it indicate that x3 < xo < -+ < x,, (X1 > X2 > -+ > x,,). Vasi¢
and Pecarié in [30] state and prove the following result of reversed Jensen’s
inequality.

Proposition 1.4. If w is any real n—tuple such that such that W,, > 0, and
w1 >0, w; <0 for i€{2,...,n}, (1.4)

then for any n—tuple x in T™ such that T Zie@n w;x; € T, and for any function
3 convex on T the inequality

| (T > Wixi> > ) wid(x), (1.5)

€0, €O,
holds which is actually reversed of (1.2).

Remark 1.5. Popoviciu’s and Aczél’s inequalities can be obtained from reversed
Jensen—inequality (see [25, p. 192]).

In [27] Pecari¢ applied the Fuchs generalization of majorization theorem
[9] (see Section 2.2.6) to prove the necessary and sufficient condition for the
validity of following Reversed Jensen—Steffensen inequality. (see also [26, p.
83] and [25, p. 6]).

Proposition 1.6. If w is any real n—tuple with W,, >0, and 31 € {1,...,n}
such that

W; <0 for j<l and W;<0 for j>I, (1.6)

then for any monotonic n—tuple x in T™ such that T Zz‘e@n w;x; € T and for
any function 3 convex on T (1.5) holds.

Following Jensen inequality variant is given by Mercer in [23].

Proposition 1.7. If w is any nonnegative n—tuple such that W,, > 0, then
for any n—tuple x in [,0]™ and for any function 3 convex on T we have

| <5 +O-1 > Wixi> <3 +30) -7 Y wiax). (1.7)
1€, €O,
Inequality (1.7) is named as Jensen—Mercer inequality.
By applying some specific conditions on weights w; for i € {1,...,n}, we
obtain different variants of Proposition 1.7.
Particularly in [1] Abramovich et. al. gave the following generalization of
Proposition 1.7.

Proposition 1.8. If w is any real n—tuple satisfying (1.3), then for any mono-
tonic n—tuple x in [e,0]" such that T ;.o Wix; € [g,0], and for any function
3 convex on T, the inequality (1.7) still holds.
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In [22] Matkovi¢ and Pecarié gave the following impressive characteristic of
Jensen—Mercer inequality a kind of powerful feature concerning weights.

Proposition 1.9. If n—tuple w satisfy (1.4), then for any n—tuple x in [, 0]"
such that T ,co wix; € [g,0] and for any function 3 convex on T the in-
equality (1.7) still holds.

In current article our prime goal is to treat discrete reversed Jensen —
Steffensen type inequality in a variety of ways. The article contains five sections.
In Section 1, introduction and preliminaries are provided. In Section 2, we
prove Jensen—Mercer inequality under reversed Jensen—Steffensen conditions

In Section 3, further generalization of Jensen—Mercer inequality involving
two or more functions are given. In Section 4, we prove a couple of general
companion inequalities. The last section covers our proven results applications.

For interested reader, here we mention that integral version results are pub-
lished in our article [12].

2. MERCER’S INEQUALITY WITH REVERSED JENSEN—STEFFENSEN
CONDITIONS

Before we further proceed here we need an important property of convex

function proved by Mercer in [23] (see also [4, Theorem 1]).

Lemma 2.1. If3: [,0] = R is convex function, then V x € [g,0] we have

e +6—x) <) +3(0) - Ix). (2.1)

Following the proof of Proposition 1.9 we state and prove Jensen—Mercer’s
inequality for real weights satisfying conditions as for the reversed Jensen—
Steffensen inequality.

Theorem 2.2. Let monotonic n — tuple x is such that x; € [e,0], and real

n — tuple w is such that W, > 0 and T Z wix; € [g,0]. We additionally
1€EO,

choose 1 € {1,...,n} in such a way that condition (1.6) holds. Then for any

convex function 3 : [e,0] — R, the inequality (1.7) still holds.

Proof. From Lemma 2.1, V x € [, 8] we have

(e +6 - x) < 3(e) +3(0) — A(x).
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Further for T Z w;X; € [e, 0] we have
€O,

3<€+9—T ZW,’X,L'

€0,
<3(e) +3(0) - 3 <T > wz»xi)
€O,
<Je)+32O) - T Y wid(x),

€O,

last inequality is a consequence of Proposition 1.6. O

3. REVERSED JENSEN—STEFFENSEN AND JENSEN-MERCER TYPE
INEQUALITIES INVOLVING TWO OR MORE FUNCTIONS

In paper [1], Abramovich et. al. proved Jensen—Steffensen type inequality
for a sequence of functions v, ¥1,...,%q, 4 € N where each v; is either convex
or concave for i € {0,1,...,q} and v; is monotonic for ¢ € N. In current
section, we would prove analogous results for reversed Jensen—Steffensen type
inequality. Here, we need an important result for the convexity and concavity
of composite functions which we would use repeatedly in our proofs, see [28, p.
16 and p. 20].

Lemma 3.1. Let 3: T — R and ¢ : J — R where range(3) C J.

(a) If either 3 is conver on T and v is increasing conver on J , or 3 is
concave on T and v is decreasing convez, then the composite function
1 o 3 is convex on T.

(b) If either 3 is convex on T and 1) is decreasing concave on J, or 3 is
concave on T and v is increasing concave on J, then the composite
function v o 1 is concave on T.

Here we present a theorem concerning composite functions.

Theorem 3.2. Let 3 : T — J be a monotonic function and v : J — R be a
function. Let monotonic n — tuple x is such that x; € T and real n — tuple w
is such that W,, > 0, and T Z w;x; € T. We further choose 1l € {1,...,n}
€O,

such that condition (1.6) hold::

(1) If either 3 is convex on T and 1) is increasing conver on J with

T Z w;(x;) € J, or 3 is concave on T and ¢ is decreasing convex on J with

1€0,
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T Z w;3(x;) € J, then following inequalities hold.
1€EO,

Yol <T Z WZ‘X,L‘> > (T Z Wi:<Xi)> >7T Z wi(¥od)(x;). (3.1)
i€O, €0, i€O,
(#3) If either 3 is conver on T and v is decreasing concave on J with
T Z w;(x;) € J, or 3 is concave on T and v is increasing concave on J
1€0,
with T Z w;3(x;) € J, then inequalities in (3.1) hold in reversed direction.
1€0,

Proof. By Proposition 1.6, convexity of 3 yields

€O, €6y,

Since 3 (T Z Wz‘Xi> cJand T Z w;J(x;) € J. If ¢ is increasing, then we
i€O, i€,
have

€O, i€,
Further 3 is taken as monotonic function on T, 3(x) = (3(x1),...,I(xy)) be
monotonic n — tuple in J7, i.e., I(x1) < --- < I(xy) or I(x1) > -+ > I(xp)-
Since T Z w;3(x;) € J, and 1 € {1,...,n} which satisfies condition (1.6),
€O,
thus, by applying Proposition 1.6 for convex function ¢ we have

1o <T Z Wi:(xi)> >7T Z wi (1 0 3)(x;).
i€, €O,

We will obtain the desired outcome by applying the transitive property of

inequalities.

The left hand inequality of (3.1) still follows by the fact that 1) is decreasing
when 3 is concave and then the right hand inequality (3.1) follows by the fact
that 1) is convex.

On the contrary, similar arguments provide the reversed of the inequality
(3.1), i.e., either the reversed of left hand inequality of (3.1) follows by the fact
that 9 is decreasing when 3 is convex and the reversed of right hand inequality
of (3.1) follows by the concavity of 1, or the reversed of left hand inequality of
(3.1) follows by the fact that ¢ is increasing when 3 is concave and the reversed
of right hand inequality of (3.1) follows by the concavity of 1. d

In order to give analogous result for Jensen—Mercer inequality we assume

that €1 = min[3(e),3(0)], 61 = max[3(e), 3(F)] where [e1,61] C J.
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Theorem 3.3. Let 3 : [¢,0] — [e1,601] be a monotonic function and 3 :
[e1,01] — R be a function. Let monotonic n — tuple x is such that x; € [e, 0]
and real n — tuple w is such that W,, > 0 and Y Z w;x; € [e,0]. We further

i€EO,
choose 1 € {1,...,n} such that condition (1.6) holds:

(1)If either 3 is convez on [e,0] and ¢ is increasing convex on [e1,01] with
T Z w;3(x;) € [e1,01], or 3 is concave on [e,0] and v is decreasing convex
1€EO,
on [e1,01] with T Z w;3(x;) € [e1,61], then
1€O,

1/JO:<6+9—T Z WiXi>

i€EO,

< (:1(5) +30) -1 Y wi:l(x»)
1€EO,

S@o)(e) + (oI)(O) =T Y wilvoI)(x). (3.2)

1€0,

(i2)If either 3 is convex on [g,0] and v is decreasing concave on [y, 61] with

T Z w;A(x;) € [e1,01], or 3 is concave on [g,0] and v is increasing concave
€O,

on [e1,01] with T Z w;(x;) € [e1,01], then reversed direction of inequalities

1€EO,
in (3.2) hold.

Proof. Follow “Theorem 3.2” proof but rather using “Proposition 1.6” use
“Theorem 2.2”. ]

It is stimulating that previous results related to two functions, which are
either concave or convex, could be extended by induction to any set which
consists of more than two functions fulfilling some conditions. Now we consider
a set which consists of q + 1 functions where q € N,

J3:T—R, ¢:T1—R, ..., ¥q:Tq — R,
here T, Ty, ...,Tq are intervals in real line such that
:<T) ng, ¢k(Tk) ng+la ke {17aq_1} (33)
Now auxiliary functions Fy : T — R, Gy : Ty — R, ke {1,...,q}, are well
defined as
Fr: T—R, Fx =¢rotg_10---01 03, (3.4)
Gk:Tk—>R, Gk=¢q0¢q—10'--0¢k, (35)
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and V k € {1,...,q}, [ex, 0k] C Tk, where ex = min [¢)x_1(g), ¥x—_1(0)],
O = max [thx_1(g), Yx_1(0)] with ¢y = 3, and

:([{—:,0]) - [51791]7 and wk([skvek]) - [5k+170k+1]7 Vke {la e q— 1} .

(3.6)
Now, we are assuming that each of the investigated functions of the set
{3,41,...,1q} is either concave or convex and also we assume that the follow-

ing monotonicity condition is fulfilled. The following condition is taken from
[1].
Monotonicity Condition(MC).

Indicate ¥ = 3. We consider that Monotonicity condition MC is satisfied
by any set of functions g, %1, ...,%q, q € N, if following condition is satisfied
by all pairs (¢, ¥xy1) where for all k € {0,1,...,q—1}:

(1) when both functions ¢ and 11 are either convex or concave, then
Px41 1s increasing;

(2) when either vy is convex and 41 is concave, or 141 is convex and
1k is concave, then vy is decreasing.

Observe that in case MC is satisfied by the functions 1, 91, ... ,%q , in that case
all functions except could be 1y are monotonic. Now, we state the following
proposition, for proof see [12].

Proposition 3.4. Let the functions 3,11, ...19q be as above and satisfy MC.
Let Fy, k=1,...,q be defined by (3.4). Then for allk € {1,...,q}, we have:
(1) If ¢y is convex on Ty, then Fy is convex on T;

(#i) If Yy is concave on Ty, then Fy is concave on T.

Now we extend Theorem 3.2 to the following general result.

Theorem 3.5. Let 3: T — R and ¢ : Tx = R, k € {1,...,q}, (q € N)
be either concave or convex , satisfying (3.3) and MC. Additionally assume
that 3 to be monotonic. Let monotonic n — tuple X is such that for all i €
0, x; € T and real n — tuple w is such that W,, > 0, T Z w;ix; € T,
and T Z w;3(x;) € T1. We additionally choose 1 € {1,...,n} such that
1€0,,
condition (1.6) holds. The auziliary functions Fy be as defined in (3.4) and
T Z WiFk(Xi) S Tk+1 fOT’ k e {1, R 1}
1€0,
() If ¢q is convex on T, then

Fq (T Z Wixi> Z G1 (T Z Wl:(Xl)> Z G2 (T Z WiFl(Xi)>

1€, 1€O, €O,
> Gy (T > win_l(Xi)> >T ) wiFg(xi), (3.7)
€0, €Oy,
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where Gy, Vk € {1,...,q} be defined by (3.5).
(13) If 1q is concave on Ty, then inequalities in (3.7) hold in reversed direction.

Proof. We prove this theorem by mathematical induction. For q = 1 we set
1 = 11 and it is seen with ease that the considered statement is actually
Theorem 3.2 statement. By the induction hypothesis result is true for q — 1,
thus for the convexity of 1q_; we have

Fq—l (T Z WiX,L'> Z G1 (T Z W1:(XZ)> Z G2 <T Z WZFl(Xz)>

€0, €O, 1€60,
> > Ggo1 (T > Win2(Xi)> >T Y wiFgi(x), (3.8)
€O, €O,

and the reversed inequalities hold in (3.8) if ¥q—1 is concave. Now we claim
that each term in (3.8) belongs to T.
Firstly, we claim

Fq_1 <T Z WiXi> S Tq.

€O,
Given that
T Z w;x; € T.
1€EO,
Using (3.3) we have
3 <T Z WiXi> S T1
iE@n
and
’L/Jl o3 (T Z WZ‘XZ'> e Ty,
€O,

by advancing in a similar way we get

Yg-1019q-20-- 09 03<T > Wﬁ%)

€0,
= Fq_l <T Z WiX¢> € Tq.
€O,
Secondly, we claim

G <T Z WZ:(XZ)> S Tq.

i€EO,
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Given that
T Z WZD(XZ) € Tl.
€O,
Using (3.3) we have
’(/)1 <T Z W,’j(XO) €Ty
1€O,
and
o 01 (T Z Wi:(xi)> € Ts,
€O,

by advancing in a similar way we have

Pq—10YPg—20--- 01 (T > Wz'J(Xz‘))

€O,
=G <T > Wi:l(xi)> €T,
1€0,
Finally, From the given condition we have

T Z Win_l(Xi) S Tq.
€0,

164

Thus we conclude that each term in (3.8) belongs to T,. Now let 1, is convex

and by induction hypothesis 14— is also convex, so by MC 9 : Tq — R is

increasing, i.e.,

% OFq,1 (T Z WiXi> Z ’(/Jq o G1 (T Z le(Xl)>

1€0, €60,

> 1hq 0 Ga <T Z WiFl(Xi)>

€O,

> 2 9Pq0Gg1 (T Z Win—Q(Xi)> > thq 0 <T Z wiFq-1(x:)

€O, €O,

(3.9)

By using MC, (3.3), (3.4) and (3.5) we have (Fq_1(x1),...Fq—1(x,)) be mono-

tonic n — tuple in Tg. i.e., Fooi(x1) < -+ < Fqoi(xn) or Faoi(xq) > -+

Fq,1 (Xn)

>

Since Y Z w;Fq_1(x;) € Ty, and 1 € {1,...,n} which satisfies condition

i€,
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(1.6), thus, by using Proposition 1.6 for convex function 4 we have

Fq <T Z WiXi> Z G1 <T Z le(Xz)> Z GQ <T Z W,‘F1(Xi)>

i€0, €0, 1€EOQ,
Gq <T Z wiFqo1(x;) ) >7 Z w;Fq(x;). (3.10)

I€EO, €O,
O

Also it is clear that Theorem 3.3 can be extended to the underlaying general
result.

Theorem 3.6. Let J: [g,0] > R, ¢y : e, 0] > R, ke {1,...,q}, (q € N) be
either concave or convex satisfying (3.6). Assume that 3 and ¥y, k € {1,...,q}
satisfies MC and also assume 2 to be monotonic function. Let monotonic
n — tuple x is such that x; € [e,0] and real n — tuple w is such that W,, >

0, T Z wix; € [e,0] and T Z w;(x;) € [e1,61]. We further choose 1 €

1€0, €O,
{1,...,n} such that condition (1.6) holds. Define the auxiliary functions Fy :

[£,0] = R by (3.4) and Gy : [ex, 0] — R by (3.5) such that T Z w;Fk(x;) €
1€EO,
[ext1,0kt1] forke {1,...,q—1}.
(i) If 1q is convex on [eq, 04|, then

Fy <s +O-1 > Wixl-> <Gy (J(s) +300) -1 ) wi:(xl-)>

1€0, SO

< Gy <F1(€) +Fi(0) - T Z WiFl(Xi))

i€O,

< <Gy (Fql(g) +F1(0) =T ) Wz'Fql(Xz')>

1€0,
<Fq(e) +Fq(0) =T > wiFq(x;), (3.11)
€O,

where Gy, V k € {1,...,q} be defined by (3.5).
(2) If 1q is concave on [eq,04], then reversed of (3.11) inequalities hold.

Proof. Simply follow proof of Theorem 3.5 but rather using “Proposition 1.6”
and “Theorem 3.2” use “Theorem 2.2” and “Theorem 3.3” respectively. ]

4. COMPANION INEQUALITIES RELATED TO THE JENSEN—MERCER
INEQUALITY

A key feature of the function which is convex is the right and left derivatives
existence on T [28, pp. 4-12]. If Jis convex on T, then for any x € T? the
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right derivative J/, (x) and the left derivative 3’ (x) are increasing on T° and
2 (x) < T (x) forallx e T

It can also be shown that for any convex function 3 the inequalities

3(9) + ¢7(0)(k - 9) < 3(k), ¢"(9) € [3_(9), 2, (9)] (4.1)
k) <30) + ¢"(k)(k - 9), ¢"(k) € [3_(3), 2, (9)]

hold for all k,d € T.

One output of (4.1) and (4.2) is that 3: T — R is convex function if and only
if there is at least one line of support for J at each x, € T?. Additionally, 3 is
differentiable function if and only if the line of support at x, € T is unique.
In such a case, the support line is

A(x) = 3(x%0) + 3 (%) (x — %0).

In [3] a couple of companion inequalities to Mercer’s inequality were proved
under Jensen and Jensen—Steffensen condition. In the following theorem, we
give companion inequalities to Mercer’s inequality under reversed Jensen— Stef-
fensen condition. For this purpose, we need following prerequisite construc-
tions. Let the function 3 : T — R is convex. For 2'(x), where x € T, we
may take any element of [’ (x),2, (x)], however without loss of generality
we can take J'(x) = 2/ (x)(for the differentiability of J we have of course
2 (x) =2 (x) =T (x).

Theorem 4.1. Let the monotonic n — tuple x is such that x; € [e,0] and real

n — tuple w is such that W, > 0 and T z w;x; € [e,0]. We further choose
1€O,
le {1,...,n} such that condition (1.6) holds. Then for any functiond: T — R

which is convex the following inequalities

€0,
i€0,,
<)+ (e)(e—d) -2 (T > Wixl) (T > wixi — d) +2(0) (6 — d)
€O, 1€,
1€EO, €O,

hold, for all h,d € [e, §].
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Proof. Ifin (4.1) weput 0=handk=ec+60—-T>, o w;X;, then we have

1€EOQ,
§3<5+9—T Z WiXi>
1€0,

<2 +30) -1 D widlx). (4.4)

€0,

The second inequality in (4.4) is due to Theorem 2.2. Now we prove the right
hand inequality of (4.3). Let T Z wix;, d € [g,0)].

€O,
We consider two cases.

Casel. T Z w;x; > d. From (4.2) we have
i€EO,

J(e) — () < T (e)(e — d)

J(6) -3 <T > wl-xz) < 2'(0) (e -1y wixi> .

1€0, 1€0,

Consider

Je)+20) -1 > widlx:) (4.5)

1€0,

=3(d) +3(e) = D) +3(0) - T Y wid(xs)

1€EO,

<3(d) + () (e —d) + () (e -ry Wixi>

€O,

+3 (T Z Wixi> -7 Z Wi:(xi)

€60, €0,

= 3(d) +2(e)(e — d) + T(0)(0 — d) — T (6) <r 3 wix — d)

1€0,

1€O, 1€0,
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Since T E w;x; < 6, and derivative 2’ is nondecreasing due to convexity of

1€,
3, s0 we have ' (T Y, .o wix;) < 2'(6), thus (4.5) implies

) +20) -1 Y wid(x)

€0,
<)+ () (e—d)+T(O)O—d) -2 <T > wixi> (r > wixi — d)
1€0, 1€0,
1€0, €0,
Case2. T Z wix; < d.
1€EO,
) +30) -1 > wid(x)
€O,
=2(d)+32() +3(0) - 2D) - T D wid(x,)
I€EO,
< 2(d) +2'(e) (5 -1y Wixi) +2(0)(0 — d))
1€0,
1€0,, €0,

=3(d) +T(e) (e — d) + T(0) (6 — d) + X' (e) (d -ry Wi)

i€EO,

+3 (T Z WiXZ'> -7 Z w;A(x;).  (4.7)

€O, 1€0,
Since e < T E w;X;, and derivative 2’ is nondecreasing due to convexity of

ie@’n
3, so we have J'(e) <2 (T Yico, WiXi), thus (4.7) implies

1€,
<Id)+2(E)(e—d)+T(O)(O—d) — T (T 3 wixi> (T 3 wixi - d)
€O, €0,
€O, €O,
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thus (4.6) is obtained again.
That is for any d, T Z w;X; € [g,0] the inequality in (4.8) holds. O
1€0,

Corollary 4.2. Following the assumptions of Theorem 4.1 we have

0<3(E)+20) -1 ) wdxi) — I

€O,
<D(E)(e—-0)+T(O)(O—¢)+D (T > wiX,-) 1> widlx)  (4.9)
€O, i€O,
where x=e¢+60 -1 Zz‘een WiX; .
Proof. Directly follows by putting for h =d = % in (4.3). O

Remark 4.3. It is note worthy that all the results presented in Section 3 and
Section 4 can also be obtained for Proposition 1.4 and Proposition 1.9 under
specific assumptions.

5. APPLICATIONS

Generalized Arithmetic Mean
Ax:€+9—T Z W;X;
1€EO,
Al =1-A,.
Generalized Geometric Mean
el
Gx= =
(ITizy xive )Y/ W
G/ — (1_5)(1_9)
(T (= xg) ™)/ W

Generalized Harmonic Mean

—1
1 1 1

i€O,

H. =1 - H,.
Generalized Power Mean
1
M)[f]:<5r+9r—’f2wix§> ,  reR\{0}.
€0,

Theorem 5.1. Following the suppositions of Theorem 3.3, additionally accom-
panying 3: (0,1) — R , ¢ :R— R and ¥ 03 : (0,1) — R we obtain,
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(1) For0<r<1,

1 1 ) T
()G gy
i€O,
Gx _ Ax
< XX
G, — AL
(#7) Forr=1,
He o Gx A
H, = GL ~ A,

Proof. (i) Let 0 <r < 1, and we define

dx)=1In ix, P(x) = exp "
o d(x) = (1—X)r.

X

Then on T = (0, %] 3, is strictly increasing and strictly concave , while on
J =R, 1 is strictly decreasing and strictly convex so (3.2) becomes

(1— (5+€_Tzi€@nwixi)>r

€+ 9 — T Zi€®n W;X;

€
<exp—r{ln1_€+ln —'I'Zwlln _Xz}

€O,
1—¢\" 1-6 1—x\"
< ) - : .
() (%) Tz ()
1€,

Applying In and exp properties we get

1— (E +60-7T Zie@n WiXi) '
e+60-170 Zie@n WX,

<0 (1—e)(1-6) -
= ((H?_l T T, (1 xmi)l/wrb)

1—¢ 1-6\" 1—x\"
< - — . .
< ( . ) + ( 7 ) T ' E W; ( - )
Ze@n
Equivalently we have

APN\T G/ \" 1—¢e\" 1-6\" I—x\"
x < | =% < _ . i .
(1) = (&) = () + (57) 2 (57
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1

Since f(t) = ¢t , t > 0 is strictly decreasing ,thus equivalently we have

1—e\" [/1-6\" 1-x\"] . A,
-7 - ; < X< X
() (5 rzm ()} =&=%

n

(74) Taking r = 1 in (5.1) we obtain,
e Ge_ Ac
H, — G, A

W~
PR

171

(5.1)

(5.2)

O

Remark 5.2. The right hand inequality in (5.2) is a generalized variant of

weighted Ky Fan’s inequality [25, pp. 25-28].

In [24] power means monotonicity properties proved. Here in Theorem 5.3

we obtained such properties as special case. Following theorem is a generalized

form of monotonicity properties of Power Means established in [24].

Theorem 5.3. Following the suppositions of Theorem 3.3 with [e,0] C (0, 00),

J:[e,0] — [e1,601] , ¥ : [e1,01] — R and o3 : [e,0] — R we have,
(1) Ifr<s <0

M < ME < AL
() Ifr<0<s<1

M < Gy < A,
(#i) If 0 <r<s<1

MU < ME < A
() Ifl<r<s

A, < M <ML

Proof. (i) Let r <s < 0,3 : [g,0] — [e1,01] , ¥ : [e1,01] — R and ¢ o3 :

[e,0] — R we have,

J(x) =x°, P(x) = x5, Yod(x) =x".

Then 3 and ) are strictly convex while 3 is strictly decreasing and ) is in-

creasing, thus (3.2) becomes

<5+9—T ZWin) < <€S+HS—T szxj>

€O, €O,

< <€r+9rT ZWZ—X§

i€,

)
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1
T

Since f(t) = t7, t > 0 is strictly decreasing, thus equivalently we have

L 1
<5f+9r -1y wixg> < <ES—|—95 -1y Wix§>

1€, 1€O,

< <€+0_TZW’LX’L>

1€0,
After substitution we get
M < ME < A,

(i) Let r < 0 <s <1,3: 0] — [e1,01] , ¥ : [e1,61] — R and o3 :
[e,0] — R we have,

J(x) = Inx°, Y(x) = exp*¥, P o(x) =x".

As Jis strictly increasing and strictly concave on the other hand 1) is decreasing
and strictly convex, thus (3.2) becomes

<8 +60-7" Z W,-Xi> < exp* (11155 +Iné> -7 Z Wp(?)

€0, €O,
< <gf+9r—r > Wix£> :
1€0,
Using basic property of exp and In and we obtain

' 89 ' r r r
<€+9—T2Wixi> <<(Hn Xiwi)l/wn> <<€ +6 —TZWZ'XZ->.

€0, i=1 €O,

1
T

Since f(t) = t¥, t > 0 is strictly decreasing, thus equivalently we have

1
' b
e+6 -7 wix; | <——F<|e4+0-70 wix; | -
(-7 5 we) < e < (00T 5 )
After substitution we get
MU < Gy <A,

(#4) Let 0 <r <s<1,3: [0 — [e1,01] , ¥ : [e1,61] — R and ¢p o3 :
[e,0] — R we have,
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Then 3 and 1) are strictly increasing and strictly concave so reversed of (3.2)
takes the form of

<€r+9rT ZWp(E) < <€S+QST Zwix§>s

€0, €0,

S <€+9—T Z Wixi> .
€O,

1
T

Since f(t) =t

<<€r +6 -7 Z Wixg>

1€EO,

, t > 0 is strictly increasing, thus equivalently we have

1 1
T s

< <ES+6‘5_T ZWQ(?)
i€EO,

1€O0,

After substitution we get
MET < ME < A

(tv)Let 1 <r<s,3J:[e,0] — [e1,01] , ¢ : [e1,61] — Rand ¢od: [¢,0] — R
we have,

J(x) =x7, P(x) = xr, o d(x) =x°.

Then 3 and 1) are increasing and strictly convex so (3.2) takes the form
<5+9—T > Wixi> < <er+9f—r > wixg)
€0, €O,
< <5S+9S—T > wix§> :

€O,

As f(t) = t+, where t > 0 is strictly increasing, thus equivalently we have
1
<5+9—T > wx> < <5r+0f—r > wix§>
€0, €0,

ol

< (f +O -1 Y Wixf->

1€0,
equivalently we have

A, < MIT < ML


https://ijmsi.com/article-1-2347-en.html

[ Downloaded from ijmsi.com on 2026-09-05 ]

Mercer Type Variants of the Jensen—Steffensen Inequality-II 174

Corollary 5.4. Following the suppositions of Theorem 3.3 with [e,0] C (0, 00),
J:[e,0] — [e1,601] , ¥ : [e1,01] — R and o3 : [¢,0] — R we have,

Hx S Gx S Ax~ (53)
Proof. Simply follows by taking r = —1 and s = 1 in the assertion (ii) of
Theorem 5.3. (]

Remark 5.5. Inequalities (5.3) are the generalization of classical Arithmetic,
Geometric and Harmonic Mean inequalities.
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