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Abstract. In this paper, we consider some special Finsler spaces ob-

tained via Randers-β change. First, we find the fundamental metric tensor

and Cartan tensor of these metrics. Next, we establish a general formula

for the inverse tensor of fundamental metric tensors of these metrics. Fi-

nally, we find the necessary and sufficient conditions under which these

metrics are projectively flat, and we give examples to support our results.
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1. Introduction

According to Chern [5], Finsler geometry is just Riemannian geometry with-

out quadratic restriction. Finsler geometry is an interesting and active area of

research for both pure and applied reasons [2]. Though there has been a lot of

development in this area, still there is huge scope of research work in Finsler

geometry. The concept of (α, β)−metric was introduced by Matsumoto [9] in

1972. For a general Finsler metric F, Shibata [20] introduced the notion of

β-change in F, i.e., F̄ = f(F, β) in 1984. Recall [6] that a Finsler metric F on
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an open subset U of Rn is called projectively flat if and only if all the geodesics

are straight lines in U .
Current paper is organized as follows:

In section 2, we give basic definitions and examples of Finsler spaces with some

special metrics obtained by Randers-β change. In section 3, we find fundamen-

tal metric tensors ḡij and Cartan tensors C̄ijk for these metrics. In section 4,

we find a generalized formula for the inverse tensor ḡij of fundamental metric

tensor ḡij . In sections 5, we find necessary and sufficient conditions for aforesaid

metrics to be projectively flat, and we give examples to support our results.

2. Preliminaries

Though there is vast literature available for Riemann-Finsler geometry, here

we give some basic definitions, examples and results required for subsequent

sections.

Definition 2.1. Let M be an n-dimensional smooth manifold, TxM the tan-

gent space at x ∈M, and TM :=
⊔
x∈M

TxM be the tangent bundle of M whose

elements are denoted by (x, y), where x ∈M and y ∈ TxM. A Finsler structure

on M is a function F : TM −→ [0,∞) with the properties:

• Regularity: F is C∞ on the slit tangent bundle TM\ {0} .
• Positive homogeneity: F (x, λy) = λF (x, y) ∀ λ > 0.

• Strong convexity: The matrix (gij) =

([
1

2
F 2

]
yiyj

)
n×n

is positive-

definite at every point of TM\ {0} .
A smooth manifold M together with the Finsler structure F, i.e., (M,F ) is

called Finsler space and the corresponding geometry is called Finsler geometry.

An (α, β)-metric on a connected smooth manifold M is a Finsler metric

F constructed from a Riemannian metric α =
√
aij(x)yiyj and a one-form

β = bi(x)yi on M and is of the form F = αφ

(
β

α

)
, where φ is a smooth

function on M. (α, β)-metrics are the generalization of Randers metrics. A lot

of work [3, 13, 14, 17, 18, 22, 23] has been carried out on (α, β)-metrics. Let

us recall Shen’s lemma [4, 6] which provides necessary and sufficient condition

for a function of α and β to be a Finsler metric.

Lemma 2.2. Let F = αφ(s), s = β/α, where φ is a smooth function on

(−b0, b0), α is a Riemannian metric and β is a 1-form with ‖β‖α < b0. Then

F is a Finsler metric if and only if the following conditions are satisfied:

φ(s) > 0, φ(s)− sφ′(s) +
(
b2 − s2

)
φ′′(s) > 0, ∀ |s| ≤ b < b0.

There are so many classical examples of (α, β)-metrics, below we mention

few of them:
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Projectively Flat Finsler Spaces with Transformed Metrics 33

Randers metric, Kropina metric, generalized Kropina metric, Z. Shen’s square

metric, Matsumoto metric, exponential metric, infinite series metric.

Recall following definitions:

Definition 2.3. [10] Let (M,F ) be an n-dimensional Finsler space and β =

bi(x)yi be a 1-form on M. Then the metric

F̄ = F + β (2.1)

is called Randers changed Finsler metric, and the change defined in (2.1) is

called Randers change.

Definition 2.4. [20] Let (M,F ) be an n-dimensional Finsler space and β =

bi(x)yi be a 1-form on M. Then the change F −→ F̄ = f(F, β) is called β-

change of metric F, where f(F, β) is a positively homogeneous function of F

and β of degree one.

Following are some examples of β-change of Finsler metric F :

F −→ F̄ = F + β (2.2)

F −→ F̄ = F 2/β (2.3)

F −→ F̄ = Fm+1/βm, (m 6= 0. − 1) (2.4)

F −→ F̄ = (F + β)2/F (2.5)

Changes (2.2), (2.3), (2.4) and (2.5) are called Randers change, Kropina change,

generalized Kropina change and square change respectively.

Next, we construct some special Finsler metrics via Randers-β change. Our

further studies will be based on these metrics. Let (M,F ) be an n-dimensional

Finsler space and β = bi(x)yi be a 1-form on M. Then, we construct the

following:

(1) Kropina-Randers change of F :

Applying Kropina change and Randers change simultaneously to F,

we obtain a new metric F̄ =
F 2

β
+ β, which we call Kropina-Randers

change of the metric F.

(2) Generalized Kropina-Randers change of F :

Applying Generalized Kropina change and Randers change simultane-

ously to F, we obtain a new metric F̄ =
Fm+1

βm
+β (m 6= 0,−1) , which

we call generalized Kropina-Randers change of the metric F.

(3) Square-Randers change of F :

Applying Square change and Randers change simultaneously to F, we

obtain a new metric F̄ =
(F + β)2

F
+ β, which we call square-Randers

change of the metric F.

Recall [11, 21] the following definition:
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Definition 2.5. Let (M,F ) be an n-dimensional Finsler space. If

F = m
√
ai1i2...imy

i1yi2 ...yim , with A := ai1i2...imy
i1yi2 ...yim symmetric in all

the indices, then F is called mth-root Finsler metric.

mth-root Finsler metric has applications in Ecology [1]. This metric is gen-

eralization of Riemannian metric as the square root metric is a Riemannian

metric. We will focus on Randers-β change of square root Finsler metrics in

this paper. We use following notations in the subsequent sections:

∂F̄

∂xi
= F̄xi ,

∂F̄

∂yi
= F̄yi ,

∂A

∂xi
= Axi ,

∂A

∂yi
= Ai, Axiyi = A0, Axiyjy

i = A0j ,

∂β

∂xi
= βxi ,

∂β

∂yi
= bi or βi, βxiyi = β0, βxiyjy

i = β0j , mi = bi −
β

F 2
yi etc.

3. Fundamental Metric Tensors and Cartan Tensors

Definition 3.1. Let (M,F ) be an n-dimensional Finsler space. The function

gij :=

(
1

2
F 2

)
yiyj

= FFyiyj + FyiFyj = hij + `i`j

is called fundamental metric tensor of the metric F.

Definition 3.2. Let (M,F ) be an n-dimensional Finsler space. Then its Car-

tan tensor is defined as

Cijk(y) =
1

2

∂gij
∂yk

=
1

4

(
F 2
)
yiyjyk

,

which is symmetric in all the three indices i, j, k.

For any Finsler metric F, we find fundamental metric tensor and Cartan

tensor for all the metrics constructed in the previous section.

Kropina-Randers change of F is

F̄ =
F 2

β
+ β. (3.1)

Differentiating (3.1) w.r.t. yi, we get

F̄yi =
2F

β
Fyi −

F 2 − β2

β2
bi. (3.2)

Differentiation of (3.2) further w.r.t. yj gives

F̄yiyj =
2

β
gij −

2F

β2

(
biFyj + bjFyi

)
+

2F 2

β3
bibj . (3.3)
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Now,

ḡij =F̄ F̄yiyj + F̄yi F̄yj

=

{
F 2

β
+ β

}{
2

β
gij −

2F

β2

(
biFyj + bjFyi

)
+

2F 2

β3
bibj

}
+

{
2F

β
Fyi −

F 2 − β2

β2
bi

}{
2F

β
Fyj −

F 2 − β2

β2
bj

}
.

Simplifying, we get

ḡij =
2(F 2 + β2)

β2
gij −

4F 3

β3

(
biFyj + bjFyi

)
+

4F 2

β2
FyiFyj +

(
3F 4

β4
+ 1

)
bibj .

(3.4)

Hence, we have following:

Proposition 3.3. Let (M, F̄ ) be an n-dimensional Finsler space with F̄ =
F 2

β
+β as a Kropina-Randers change of F. Then its fundamental metric tensor

is given by equation (3.4).

Next, we find Cartan tensor for Kropina-Randers changed metric.

By definition, we have

2Cijk(y) =
∂gij
∂yk

.

From the equation (3.4), we get

2C̄ijk =
∂

∂yk
(ḡij)

=
2(F 2 + β2)

β2
(2Cijk) +

4
(
βy

k
− F 2bk

)
β3

(
hij +

yiyj
F 2

)
− 4F 3

β3

(
bihjk + bjhik

F

)
−

12
(
βFy

k
− F 3bk

)
β4

(
biyj + bjyi

F

)
+

4F 2

β2

(
yihjk + yjhik

F 2

)
+

8
(
βy

k
− F 2bk

)
β3

yiyj
F 2

+
12
(
βF 2y

k
− F 4bk

)
β5

bibj .

After simplification, we get

2C̄ijk =
4(F 2 + β2)

β2
Cijk + hij

(
−4F 2

β3
bk +

4

β2
y
k

)
+ hjk

(
−4F 2

β3
bi +

4

β2
yi

)
+ hki

(
−4F 2

β3
bj +

4

β2
yj

)
− 12F 4

β5

{
bibjbk −

β

F 2
(bibkyj + bibjyk

+ bjbkyi)

− β3

F 6
yiyjyk

+
β2

F 4
(yiyk

bj + yiyjbk + yjyk
bi)

}
∴ C̄ijk =

2(F 2 + β2)

β2
Cijk −

2F 2

β3
(hijmk + hjkmi + hkimj)−

6F 4

β5
mimjmk.

(3.5)

Above discussion leads to the following:
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Proposition 3.4. Let (M, F̄ ) be an n-dimensional Finsler space, with F̄ =
F 2

β
+ β as a Kropina-Randers change of F. Then its Cartan tensor is given by

equation (3.5).

Next, generalized Kropina-Randers change of F is

F̄ =
Fm+1

βm
+ β (m 6= 0,−1). (3.6)

Differentiating (3.6) w.r.t. yi, we get

F̄yi = (m+ 1)
Fm

βm
Fyi +

(
1−mFm+1

βm+1

)
bi. (3.7)

Differentiation of (3.7) further w.r.t. yj gives

F̄yiyj =(m+ 1)
Fm

βm
Fyiyj +m(m+ 1)

Fm−1

βm
FyiFyj

−m(m+ 1)
Fm

βm+1

(
biFyj + bjFyi

)
+m(m+ 1)

Fm+1

βm+2
bibj .

(3.8)

Now,

ḡij =F̄ F̄yiyj + F̄yi F̄yj

=

{
Fm+1

βm
+ β

}{
(m+ 1)

Fm

βm
Fyiyj +m(m+ 1)

Fm−1

βm
FyiFyj

−m(m+ 1)
Fm

βm+1

(
biFyj + bjFyi

)
+m(m+ 1)

Fm+1

βm+2
bibj

}
+

{
(m+ 1)

Fm

βm
Fyi +

(
1−mFm+1

βm+1

)
bi

}{
(m+ 1)

Fm

βm
Fyj

+

(
1−mFm+1

βm+1

)
bj

}
.

After simplification, we get

ḡij =(m+ 1)

(
F 2m

β2m
+
Fm−1

βm−1

)
gij

− (m+ 1)

(
2m

F 2m+1

β2m+1
+ (m− 1)

Fm

βm

)(
biFyj + bjFyi

)
+ (m+ 1)

(
2m

F 2m

β2m
+ (m− 1)

Fm−1

βm−1

)
FyiFyj

+

(
1 +m(2m+ 1)

F 2m+2

β2m+2
+m(m− 1)

Fm+1

βm+1

)
bibj .

(3.9)

Hence, we have the following proposition:
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Proposition 3.5. Let (M, F̄ ) be an n-dimensional Finsler space with F̄ =
Fm+1

βm
+β (m 6= 0,−1) as generalized Kropina-Randers change of F. Then its

fundamental metric tensor is given by equation (3.9).

Next, we find Cartan tensor for generalized Kropina-Randers changed met-

ric.

By definition, we have

2Cijk(y) =
∂gij
∂yk

.

From the equation (3.9), we get

2C̄ijk =
∂

∂yk
(ḡij)

= 2(m+ 1)

(
F 2m

β2m
+
Fm−1

βm−1

)
Cijk

+ (m+ 1)

{
2m

βF 2m−2y
k
− F 2mbk

β2m+1
+ (m− 1)

βFm−3y
k
− Fm−1bk
βm

}
×
(
hij +

yiyj
F 2

)
− (m+ 1)

(
2m

F 2m+1

β2m+1
+ (m− 1)

Fm

βm

)(
bihjk + bjhik

F

)
−m(m+ 1)

{
2(2m+ 1)

βF 2m−1y
k
− F 2m+1bk

β2m+2

+ (m− 1)
βFm−2y

k
− Fmbk

βm+1

}(
biyj + bjyi

F

)
+ (m+ 1)

(
2m

F 2m

β2m
+ (m− 1)

Fm−1

βm−1

)(
yihjk + yjhik

F 2

)
+ (m+ 1)

{
4m2 βF

2m−2y
k
− F 2mbk

β2m+1
+ (m− 1)2

βFm−3y
k
− Fm−1bk
βm

}
yiyj
F 2

+m(m+ 1)

{
2(2m+ 1)

βF 2my
k
− F 2m+2bk

β2m+3

+ (m− 1)
βFm−1y

k
− Fm+1bk

βm+2

}
bibj .

After simplification, we get

C̄ijk =(m+ 1)

(
F 2m

β2m
+
Fm−1

βm−1

)
Cijk

− (m+ 1)

2

Fm−1

βm

(
2m

Fm+1

βm+1
+ (m− 1)

)
(hijmk + hjkmi + hkimj)

− m

2

Fm+1

βm+2

(
(2m+ 1)(2m+ 2)

Fm+1

βm+1
+ (m2 − 1)

)
mimjmk.

(3.10)
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The above discussion leads to the following proposition:

Proposition 3.6. Let (M, F̄ ) be an n-dimensional Finsler space with F̄ =
Fm+1

βm
+ β (m 6= 0,−1) as generalized Kropina-Randers change of F. Then its

Cartan tensor is given by equation (3.10).

Next, square-Randers change of F is

F̄ =
(F + β)2

F
+ β. (3.11)

Differentiating (3.11) w.r.t. yi, we get

F̄yi =

(
1− β2

F 2

)
Fyi +

(
2β

F
+ 3

)
bi. (3.12)

Differentiation of (3.12) further w.r.t. yj gives

F̄yiyj =

(
1− β2

F 2

)
Fyiyj −

2β

F 2

(
biFyj + bjFyi

)
+

2β2

F 3
FyiFyj +

2

F
bibj . (3.13)

Now,

ḡij = F̄ F̄yiyj + F̄yi F̄yj

=

{
F +

β2

F
+ 3β

}{(
1− β2

F 2

)
Fyiyj −

2β

F 2

(
biFyj + bjFyi

)
+

2β2

F 3
FyiFyj +

2

F
bibj

}
+

{(
1− β2

F 2

)
Fyi +

(
2β

F
+ 3

)
bi

}{(
1− β2

F 2

)
Fyj +

(
2β

F
+ 3

)
bj

}
.

Simplifying, we get

ḡij =

(
1 +

3β

F
− 3β3

F 3
− β4

F 4

)
gij +

(
3− 4β3

F 3
− 9β2

F 2

)(
biFyj + bjFyi

)
+

(
−3β

F
+

9β3

F 3
+

4β4

F 4

)
FyiFyj +

(
11 +

18β

F
+

6β2

F 2

)
bibj .

(3.14)

Hence, we have following:

Proposition 3.7. Let (M, F̄ ) be an n-dimensional Finsler space with F̄ =
(F + β)2

F
+ β as a square-Randers change of F. Then its fundamental metric

tensor is given by equation (3.14).

Next, we find Cartan tensor for square-Randers changed metric.

By definition, we have

2Cijk(y) =
∂gij
∂yk

.
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From the equation (3.14), we get

2C̄ijk =
∂

∂yk
(ḡij)

= 2

(
1 +

3β

F
− 3β3

F 3
− β4

F 4

)
Cijk

+

{
3(F 2bk − βyk)

F 3
− 9(β2F 2bk − β3yk)

F 5
− 4(β3F 2bk − β4yk)

F 6

}(
hij +

yiyj
F 2

)
−
(

3− 4β3

F 3
− 9β2

F 2

)(
bihjk + bjhik

F

)
−
{
−12(β2F 2bk − β3yk)

F 5
− 18(βF 2bk − β2yk)

F 4

}(
biyj + bjyi

F

)
+

(
−3β

F
+

9β3

F 3
+

4β4

F 4

)(
yihjk + yjhik

F 2

)
+

{
16(β3F 2bk − β4yk)

F 6
+

27(β2F 2bk − β3yk)

F 5
− 3(F 2bk − βyk)

F 3

}
yiyj
F 2

+

{
18(F 2bk − βyk)

F 3
+

12(βF 2bk − β2yk)

F 4

}
bibj .

After simplification, we get

C̄ijk =

(
1 +

3β

F
− 3β3

F 3
− β4

F 4

)
Cijk

+
1

2

(
3

F
− 9β2

F 3
− 4β3

F 4

)
(hijmk + hjkmi + hkimj) +

(
9

F
+

6β

F 2

)
mimjmk.

(3.15)

The above discussion leads to the following proposition:

Proposition 3.8. Let (M, F̄ ) be an n-dimensional Finsler space with F̄ =
(F + β)2

F
+ β as a square-Randers change of F. Then its Cartan tensor is

given by equation (3.15).

4. General formula for inverse metric tensor ḡij of fundamental

metric tensor ḡij:

Let us put

2(F 2 + β2)

β2
= ρ0 , −

4F 3

β3
= ρ1 ,

4F 2

β2
= ρ2 ,

3F 4

β4
+ 1 = ρ3
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in (3.4). Then the fundamental metric tensor ḡij for Kropina-Randers changed

Finsler metric F̄ =
F 2

β
+ β takes following form

ḡij = ρ
0
gij + ρ

1

(
bi
yj
F

+ bj
yi
F

)
+ ρ

2

yi
F

yj
F

+ ρ
3
bibj

= ρ
0

{
gij +

ρ
1

ρ0

(
bi +

yi
F

)(
bj +

yj
F

)
+

(
ρ

2
− ρ

1

ρ0

)
yi
F

yj
F

+

(
ρ

3
− ρ

1

ρ0

)
bibj

}
,

i.e.,

ḡij = ρ0

{
gij + λ

(
bi +

yi
F

)(
bj +

yj
F

)
+ µ

yi
F

yj
F

+ ν bibj

}
, (4.1)

where

λ =
ρ1

ρ
0

, µ =
ρ2 − ρ1

ρ
0

and ν =
ρ3 − ρ1

ρ
0

. (4.2)

Similarly, for other two metrics constructed in section two, the fundamental

metric tensors obtained in (3.9) and (3.14) respectively, can be written in the

form of (4.1), where the values of λ, µ, and ν can be computed from (3.9) and

(3.14) respectively.

Next, we find the inverse metric tensor ḡij of fundamental metric tensor ḡij
for the metric F̄ .

Let

mij = gij + λ
(
bi +

yi
F

)(
bj +

yj
F

)
= gij + λcicj , ci = bi +

yi
F
.

Define

c2 = gijcicj

= gij
(
bi +

yi
F

)(
bj +

yj
F

)
= b2 +

2β

F
+ 1.

Next,

det mij =
(
1 + λc2

)
det gij

= Xdet gij ,

where

X = 1 + λc2 = 1 + λ

(
b2 +

2β

F
+ 1

)
. (4.3)

Also,

mij = gij − λ

1 + λc2
cicj = gij − λ

X
Aij ,

 [
 D

O
I:

 1
0.

61
18

6/
ijm

si
.1

8.
2.

31
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 ij
m

si
.c

om
 o

n 
20

25
-0

8-
30

 ]
 

                            10 / 20

http://dx.doi.org/10.61186/ijmsi.18.2.31
https://ijmsi.com/article-1-1554-en.html


Projectively Flat Finsler Spaces with Transformed Metrics 41

where

Aij = cicj

= gihchg
jkck

= gih
(
bh +

yh
F

)
gjk
(
bk +

yk
F

)
=
(
bi +

yi
F

)(
bj +

yj
F

)
.

Then (4.1) becomes

ḡij = ρ
0

{
mij + µ

yi
F

yj
F

+ ν bibj

}
. (4.4)

Further, assume that

nij = mij + µdidj , di =
yi
F
. (4.5)

Define

d2 = mijdidj

=

{
gij − λ

X

(
bibj + bi

yj

F
+ bj

yi

F
+
yiyj

F 2

)}
yi

F

yj

F

= 1− λ

X

(
1 +

β

F

)2

.

Next,

det nij =
(
1 + µd2

)
det mij

= Y Xdet gij ,

where

Y = 1 + µd2 = 1 + µ

{
1− λ

X

(
1 +

β

F

)2
}
. (4.6)

Also,

nij =mij − µ

1 + µd2
didj

= gij − λ

X
Aij − µ

Y
Bij

= gij − λ

X

(
bi +

yi
F

)(
bj +

yj
F

)
− µ

Y
Bij ,

(4.7)
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where

Bij = didj

= mihdhm
jkdk

=
1

F 2

{
1− λ

X

(
1 +

β

F

)}2

yiyj

+
1

F

{
− λ
X

(
1 +

β

F

)
+
λ2

X2

(
1 +

β

F

)2
}(

yibj + yjbi
)

+
λ2

X2

(
1 +

β

F

)2

bibj .

(4.8)

From (4.4) and (4.5), we get

ḡij = ρ
0
{nij + ν bibj} , (4.9)

Define

b̃2 = nijbibj

= b2 − λ

X

(
b2 +

β

F

)2

− µ

Y

β2

F 2

{
1− λ

X

(
1 +

β

F

)}2

− 2b2
β

F

µ

Y

{
− λ
X

(
1 +

β

F

)
+
λ2

X2

(
1 +

β

F

)2
}
− b4 µ

Y

λ2

X2

(
1 +

β

F

)2

.

(4.10)

From (4.9), we have

det ḡij = ρn
0

(
1 + νb̃2

)
det nij ,

and the inverse metric tensor ḡij of fundamental metric tensor ḡij is given by

ḡij =
1

ρ0

(
nij − ν

1 + νb̃2
bibj

)
. (4.11)

From (4.7), (4.8) and (4.11), we get

ḡij =
1

ρ
0

{
gij +

1

F

[
− λ
X
− µ

Y

(
− λ
X

(
1 +

β

F

)
+
λ2

X2

(
1 +

β

F

)2
)](

yibj + yjbi
)

+
1

F 2

[
− λ
X
− µ

Y

(
1− λ

X

(
1 +

β

F

))2
]
yiyj

−

[
λ

X
+
µ

Y

λ2

X2

(
1 +

β

F

)2

+
ν

1 + νb̃2

]
bibj

}
,

(4.12)

where the values of λ, µ and ν are obtained by (4.2), X by (4.3), Y by (4.6)

and b̃ by (4.10).

Above discussion leads to the following theorem:
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Theorem 4.1. Let (M,F ) be an n-dimensional Finsler space. Let F̄ = f(F, β)+

β be a Finsler metric obtained by Randers-β change of a Finsler metric F =

f(α, β), where α =
√
aij(x)yiyj is a Riemannian metric and β = bi(x)yi is a

1-form. If ḡij is the fundamental metric tensor of F̄ given by (4.1), then its

inverse fundamental metric tensor ḡij is given by (4.12).

5. Projective flatness of Finsler metrics

The notion of projective flatness is one of the important topics in differen-

tial geometry. The real starting point of the investigation of projectively flat

metrics is Hilbert’s fourth problem [8]. During the International Congress of

Mathematicians, held in Paris (1900), Hilbert asked about the spaces in which

the shortest curves between any pair of points are straight lines. The first an-

swer was given by Hilbert’s student Hamel in 1903. In [7], Hamel found the

necessary and sufficient conditions in order that a space satisfying a system of

axioms, which is a modification of Hilbert’s system of axioms for Euclidean ge-

ometry, be projectively flat. After Hamel, many authors (see [3, 15, 16, 19, 24])

have worked on this topic. Here, we find necessary and sufficient conditions

for Randers-β changed (α, β)-metrics, namely Kropina-Randers changed, gen-

eralized Kropina-Randers changed, and square-Randers changed metrics to be

projectively flat. For this, first we discuss some definitions and results related

to projective flatness.

Definition 5.1. Two Finsler metrics F and F̄ on a manifold M are called

projectively equivalent if they have same geodesics as point sets,

i.e., for any geodesic σ̄(t̄) of F̄ , there is a geodesic σ(t) := σ̄(t̄(t)) of F, where

t̄ = t̄(t) is oriented re-parametrization, and vice-versa.

Theorem 5.2. [6, 7] Let F and F̄ be two Finsler metrics on a manifold M.

Then F is projectively equivalent to F̄ if and only if

Fxiyjy
i − Fxj = 0.

Here, the spray coefficients of both the metrics are related by Gi = Ḡi + Pyi,

where P =
Fxkyk

2F
is called projective factor of F.

It is well known that if F̄ is a standard Euclidean norm on Rn, then spray

coefficients of F̄ vanish identically, i.e., Ḡi = 0. As geodesics are straight lines

in Rn, we have the following:

Definition 5.3. For a Finsler metric F on an open subset U of Rn, the

geodesics of F are straight lines if and only if the spray coefficients satisfy

Gi = Pyi,

where P is same as defined in Theorem 5.2.
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Definition 5.4. [6] A Finsler metric F on an open subset U of Rn is called

projectively flat if and only if all the geodesics are straight lines in U , and a

Finsler metric F on a manifold M is called locally projectively flat, if at any

point, there is a local co-ordinate system (xi) in which F is projectively flat.

Therefore, by Theorem 5.2 and Definition 5.4, we have

Theorem 5.5. A Finsler metric F on an open subset U of Rn is projectively

flat if and only if it satisfies the following system of differential equations

Fxiyjy
i − Fxj = 0.

Firstly, we find necessary and sufficient conditions for F̄ , Kropina-Randers

change of square root Finsler metric F, i.e.,

F̄ =
F 2

β
+ β

to be projectively flat.

Let us put F 2 = A in F̄ , then

F̄ =
A

β
+ β. (5.1)

Differentiating (5.1) w.r.t. xi, we get

F̄xi =
Axi

β
− A

β2
βxi + βxi . (5.2)

Differentiation of (5.2) further w.r.t. yj gives

F̄xiyj =
Axiyj

β
− Axi

β2
βj −

A

β2
βxiyj −

Aj
β2
βxi +

2A

β3
βxiβj + βxiyj . (5.3)

Contracting (5.3) with yi, we get

F̄xiyjy
i =

A0j

β
− A0βj

β2
− Aβ0j

β2
− Ajβ0

β2
+

2Aβ0βj
β3

+ β0j

=
1

β3

{
β2A0j − βA0βj − βAβ0j − βAjβ0 + 2Aβ0βj + β3β0j

}
.

From the equation (5.2), we have

F̄xj =
Axj

β
− A

β2
βxj + βxj =

1

β3

{
β2Axj −Aββxj + β3βxj

}
.

We know that F̄ is projectively flat if and only if

F̄xiyjy
i − F̄xj = 0. (5.4)

Substituting the values of F̄xiyjy
i and F̄xj in (5.4), and simplifying, we get

A {2β0βj + β (βxj − β0j)}+
{
β3 (β0j − βxj ) + β2 (A0j −Axj )− β (A0βj +Ajβ0)

}
= 0.
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From the above equation, we conclude that F̄ is projectively flat if and only if

following two equations are satisfied:

2β0βj + β (βxj − β0j) = 0. (5.5)

β3 (β0j − βxj ) + β2 (A0j −Axj )− β (A0βj +Ajβ0) = 0. (5.6)

Above discussion leads to the following theorem:

Theorem 5.6. Let (M, F̄ ) be an n-dimensional Finsler space with F̄ =
F 2

β
+β

as a Kropina-Randers change of square root Finsler metric F =
√
A. Then F̄

is projectively flat if and only if equations (5.5) and (5.6) are satisfied.

Example 5.7. Let M be a surface (plane) embedded in the Euclidean space

R3, i.e., M −→ R3 by

x = (x1, x2) 7→ (x1, x2, z = f(x1, x2)), (5.7)

where f : R2 → R is a smooth function given by

f(x1, x2) = p x1 + q x2 + r,

p, q, r are constants. M is the graph of z = f(x1, x2) with Riemannian metric

[12] α =
√
A =

√
aij(x)yiyj induced from R3 as follows :

(aij) =

(
1 + f2x1 fx1fx2

1 + f2x2 fx1fx2

)
. (5.8)

Choose a 1-form β = fx1y1 + fx2y2 on M.

We obtain Kropina-Randers change of square root Finsler metric F =
√
A

as follows:

F̄ =
F 2

β
+ β =

A

β
+ β =

α2

β
+ β,

where

α =
√

(1 + (fx1)2)(y1)2 + 2fx1fx2y1y2 + (1 + (fx2)2)(y2)2,

β = fx1y1 + fx2y2,

i.e.,

α =
√

(1 + p2)(y1)2 + 2 p q y1y2 + (1 + q2)(y2)2,

β = p y1 + q y2.

Now, we calculate entities required to check projective flatness of F̄ as follows:

A = α2 = (1 + p2)(y1)2 + 2 p q y1y2 + (1 + q2)(y2)2, β = p y1 + q y2.

Axj = 0, A0 = Axiyi = 0, A0j = Axiyjy
i = 0,

βxj = 0, β0 = βxiyi = 0, β0j = Axiyjy
i = 0,

Aj = Ayj , βj = βyj ,

β1 = βy1 = p, β2 = βy2 = q,

(5.9)
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A1 = Ay1 = 2(1 + p2) y1 + 2 p q y2,

A2 = Ay2 = 2(1 + q2) y2 + 2 p q y1.
(5.10)

The conditions (5.5) and (5.6) are clearly satisfied by these entities. Therefore,

the space M with the metric under consideration is projectively flat.

Next, we find necessary and sufficient conditions for F̄ , generalized Kropina-

Randers change of square root Finsler metric F, i.e.,

F̄ =
Fm+1

βm
+ β (m 6= 0,−1)

to be projectively flat.

Let us put F 2 = A in F̄ , then

F̄ =
A(m+1)/2

βm
+ β. (5.11)

Differentiating (5.11) w.r.t. xi, we get

F̄xi =
m+ 1

2βm
A(m−1)/2Axi − m

βm+1
A(m+1)/2βxi + βxi . (5.12)

Differentiation of (5.12) further w.r.t. yj gives

F̄xiyj =
m+ 1

2βm
A(m−1)/2Axiyj +

m2 − 1

4βm
A(m−3)/2AxiAj

− m(m+ 1)

2βm+1
A(m−1)/2Axiβj −

m

βm+1
A(m+1)/2βxiyj

− m(m+ 1)

2βm+1
A(m−1)/2βxiAj +

m(m+ 1)

βm+2
βjA

(m+1)/2βxi + βxiyj .

(5.13)

Contracting (5.13) with yi, we get

F̄xiyjy
i =

m+ 1

2βm+2
A(m−3)/2

{
β2AA0j +

m− 1

2
β2A0Aj −mβAA0βj

− 2m

m+ 1
βA2β0j −mβAβ0Aj + 2mβjA

2β0 +
2

m+ 1
βm+2A(−m+3)/2β0j

}
.

From the equation (5.12), we get

F̄xj =
m+ 1

2βm+2
A(m−3)/2

{
β2AAxj − 2m

m+ 1
βA2βxj +

2

m+ 1
βm+2A(−m+3)/2βxj

}
.

Substituting the above values in equation (5.4) and simplifying, we get

m− 1

2
β2A0Aj +A

{
β2 (A0j −Axj )−mβ (A0βj + β0Aj)

}
+ 2mA2

{
β

m+ 1
(βxj − β0j) + βjβ0

}
+

2

m+ 1
βm+2A(−m+3)/2 (β0j − βxj ) = 0.
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From the above equation, we conclude that F̄ is projectively flat if and only if

following four equations are satisfied:

m− 1

2
β2A0Aj = 0. (5.14)

β2 (A0j −Axj )−mβ (A0βj + β0Aj) = 0. (5.15)

β

m+ 1
(βxj − β0j) + βjβ0 = 0. (5.16)

β0j = βxj . (5.17)

Further, from the equation (5.14), we see that

either m = 1 or A0Aj = 0.

Now, if m = 1, then (5.16) reduces to (5.5) and (5.15), (5.17) reduce to (5.6).

But the equations (5.5) and (5.6) are necessary and sufficient conditions for

Kropina-Randers change of square root Finsler metric to be projectively flat.

Therefore, we exclude the case m = 1 for general case.

Then

A0Aj = 0. (5.18)

Also from the equations (5.16) and (5.17), we get

β0βj = 0. (5.19)

Above discussion leads to the following theorem:

Theorem 5.8. Let (M, F̄ ) be an n-dimensional Finsler space with F̄ =
Fm+1

βm
+

β (m 6= −1, 0, 1) as generalized Kropina-Randers changed of square root Finsler

metric F =
√
A. Then F̄ is projectively flat if and only if equations (5.15),

(5.17), (5.18) and (5.19) are satisfied.

Example 5.9. Take surface M, Riemannian metric α, and 1-form β as defined

in Example 5.7. We obtain generalized Kropina-Randers change of square root

Finsler metric F =
√
A as follows:

F̄ =
Fm+1

βm
+ β =

A(m+1)/2

βm
+ β =

αm+1

βm
+ β, (m 6= −1, 0, 1) .

The conditions (5.15), (5.17), (5.18) and (5.19) are clearly satisfied by all the

entities in (5.9) and (5.10). Therefore, the surface M with generalized Kropina-

Randers change of Finsler square root metric is projectively flat.

Next, we find necessary and sufficient conditions for F̄ , square-Randers

change of square root Finsler metric F, i.e.,

F̄ =
(F + β)2

F
+ β
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to be projectively flat.

Let us put F 2 = A in F̄ , then

F̄ = A1/2 +
β2

A1/2
+ 3β. (5.20)

Differentiating (5.20) w.r.t. xi, we get

F̄xi =
1

2
A−1/2Axi + 2βA−1/2βxi − 1

2
β2A−3/2Axi + 3βxi . (5.21)

Differentiation of (5.21) w.r.t. yj gives

F̄xiyj =
1

2
A−1/2Axiyj −

1

4
A−3/2AjAxi + 2βA−1/2βxiyj + 2βjA

−1/2βxi

− βA−3/2Ajβxi − 1

2
β2A−3/2Axiyj − ββjA−3/2Axi +

3

4
β2A−5/2AjAxi

+ 3βxiyj .

(5.22)

Contracting (5.22) with yk, we get

F̄xiyjy
i =

1

4
A−5/2

[
2A2A0j −AAjA0 + 8βA2β0j + 8βjA

2β0 − 4βAAjβ0

− 2β2AA0j − 4ββjAA0 + 3β2AjA0 + 12A5/2β0j

]
.

From the equation (5.21), we get

F̄xj =
1

4
A−5/2

[
2A2Axj + 8βA2βxj − 2β2AAxj + 12A5/2βxj

]
.

Substituting the values F̄xiyjy
i and F̄xj in (5.4) and simplifying, we get

3β2AjA0 + 2A
{
β2 (Axj −A0j)− 2β (Ajβ0 + βjA0)−AjA0

}
+ 2A2 {A0j −Axj + 4βjβ0 + 4β (β0j − βxj )}+ 12A5/2 {β0j − βxj} = 0.

From the above equation, we conclude that F̄ is projectively flat if and only if

following four equations are satisfied:

AjA0 = 0. (5.23)

β2 (Axj −A0j)− 2β (Ajβ0 + βjA0)−AjA0 = 0. (5.24)

4β (β0j − βxj ) +A0j −Axj + 4βjβ0 = 0. (5.25)

β0j = βxj . (5.26)

Above discussion leads to the following theorem:

Theorem 5.10. Let (M, F̄ ) be an n-dimensional Finsler space with F̄ =
(F + β)2

F
+ β as a square-Randers change of square root Finsler metric F =

√
A. Then F̄ is projectively flat if and only if the equations (5.23), (5.24),

(5.25), and (5.26) are satisfied.

 [
 D

O
I:

 1
0.

61
18

6/
ijm

si
.1

8.
2.

31
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 ij
m

si
.c

om
 o

n 
20

25
-0

8-
30

 ]
 

                            18 / 20

http://dx.doi.org/10.61186/ijmsi.18.2.31
https://ijmsi.com/article-1-1554-en.html


Projectively Flat Finsler Spaces with Transformed Metrics 49

Example 5.11. Take surface M, Riemannian metric α, and 1-form β as defined

in Example 5.7. We obtain square-Randers change of square root Finsler metric

F =
√
A as follows:

F̄ =
(F + β)2

F
+ β = A1/2 +

β2

A1/2
+ 3β = α+

β2

α
+ 3β.

One can easily see that the conditions (5.23), (5.24), (5.25), and (5.26) are

satisfied by all the entities in (5.9) and (5.10). Therefore, the surface M with

metric under consideration is projectively flat.
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