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ABSTRACT. Controlled frames in Hilbert spaces have been recently in-
troduced by P. Balazs and etc. for improving the numerical efficiency
of interactive algorithms for inverting the frame operator. In this paper
we develop a theory based on g-fusion frames on Hilbert spaces, which
provides exactly the frameworks not only to model new frames on Hilbert
spaces but also for deriving robust operators. In particular, we can de-
fine analysis, synthesis and frame operators with representation space
compatible for (C, C’)-Controlled g-fusion frames, which even yield a re-
construction formula. Also, some useful concepts such as Q-dual and

perturbation are introduced and investigated.
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1. INTRODUCTION

Frames, as a generalization of the bases in Hilbert spaces, were first intro-
duced by Duffin and Schaeffer [5] during their study of nonharmonic Fourier
series in 1952. Controlled frames for spherical wavelets were introduced in [2]
for obtaining a numerically more efficient approximation algorithm and the re-
lated theory for general frames were developed in [1]. Also, Controlled frames
as generalization of frames, have been introduced for getting an improved so-
lution of a linear system of the equation Ax = B, which can be solved by
the equation PAx = PB, where P is a suitable matrix for getting a better
duplicate algorithm [2]. Recent developments in this direction can be found in
[8, 9, 10, 11, 12].

Throughout this paper H and K are separable Hilbert spaces, {H;};er is a
sequence of Hilbert spaces and I C Z. We denote by B(H, K) the set of all the
bounded and linear operators from H to K. If H = K, then B(H, H) will be
denoted as B(H). Also, GL(H) is called the set of all bounded linear operators
which have bounded inverses on H. It is easy to check that if C,C" € GL(H),
then C*,C~! and CC’ are in GL(H). Assume that Idg is the identity operator
on H and my is the orthogonal projection from H onto a closed subspace
V C H.

2. PRELIMINARIES
In this section, some necessary definitions and lemmas are introduced.

Definition 2.1. A sequence {f;}iecr in H is a frame if there exist constants
0 < A< B < oo such that for all f € H

ANFIP < DU < BIFI®
icl
The constants A, B are frame bounds; A is the lower bound and B is the upper
bound. The frame is thight if A = B, it is called a Parseval frame if A = B = 1.
If we only have the upper bound, We call {f;};c1 a Bessel sequence. If {f;}ic1
is a Bessel sequence then the following operators are bounded:

T:1%(I)— H,
T(c:) =) eifs
i€l

T* . H — 1%(1),
T f = {{f. fi) }iar
S:H+— H,
Sf=TT"f=>> (f,fi) fi-

i€l
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These operators are called synthesis operator; analysis operator and frame
operator, respectively. The representation space employed in this setting is

(1) = {{Ci}id e €CY el < oo}.
iel
Definition 2.2. Let W := {W;};er be a family of closed subspaces of H,
{vi}ie1 be a family of weights i.e. v; > 0 for all ¢ € I and A; € B(H, H;).
We say A := (W;,A;,v;) is a g-fusion frame for H if there exist constants
0 < A < B < oo such that for all f € H
AP <D o7 I Amw, £II* < BIFII>.
i€l

We call A a Parseval g-fusion frame if A = B = 1. When the right hand of

above inequality holds, A is called a g-fusion Bessel sequence for H with bound

B. We define the space
Ay = QD Hy
Jjel
by:
2
Ay ={{fiYier + £ € Hy, Y |If5]17 < oo}
Jjel
with the inner product defined by
Y Aah =D (1 95)-
Jj€l
It is clear that 7 is a Hilbert space with pointwise operations. Suppose that

A be a g-fusion frame for H. Then The synthesis and analysis operator are
denoted by (for more details refer to [13])

TA/ Z% — H,
Ta({fitjer) = Y vimw, AL f;
Jjel
and
TX/ : H — ‘%7
Ti f fvihjmw, fjer-

Now, the g-fusion frame operator is defined by

Sy H— H,
Snf = vimw, ATy, f.
Jjel

and

(St 1) =302 ||Ajmw, £

Jjel
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Therefore

Al < Sy < BI.

This means that S,/ is a bounded, positive and invertible operator . So, we
have the reconstruction formula for any f € H:

f= Z viTw, A AT, St = Z U?SX}?TWjA;AjWWj f.
Jed Jjel
Lemma 2.3. ([13]) A is a g-fusion frame for H if and only if the operator
Spar i f — ZU??TWJA;AjWij
jel
is a well-defined, bounded and surjective.

Lemma 2.4. ([1]) Let w : H — H be a linear operator. Then the following
statements are equivalent:

(1) for some 0 < A< B < oo we get Al <u<BI, ;
2
(2) w is positive and A | f||> < ’u%fH < B||fll , for some 0 < A< B <

o0,

(3) uwe GLT(H).

Definition 2.5. A sequence A = {A; € B(H, H;) : i € [} is called generalized
frame, or simply a g-frame, for H with respect to {H; : i € I} if there exist
constantsA > 0 and B < 0 such that for all f € H

AFIP <IN 1P < BIFI.
iel
The numbers A and B are called g-frame bounds. A = {A; € B(H, H;) : i € I}
is called tight g-frame if A = B and Parseval g-frame if A = B = 1. If
the second part of the above inequality holds , the sequence is called g-Bessel
sequence.

Definition 2.6. Let C,C" € GL*(H). The family A = {A; € B(H, H;) : i € I}
will be called a (C, C")-controlled g-frame for H, if A is a g-Bessel sequence and
there exist constants A > 0 and B < 0 such that for all f € H

AP <D NC L MCE) < BIfIP
i€l

A and B will be called controlled frame bounds . If the second part of the
above inequality holds, it will be called (C,C”)-controlled g-Bessel sequence
with bound B.
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3. (C,C")-CONTROLLED G-FUSION FRAMES

Definition 3.1. Let W := {W;},;c1 be a family of closed subspaces of H and
{v; }ie1 be a family of weights i.e. v; > 0 for all i € I. Let {H,};c1 be a sequence
of Hilbert spaces, C,C" € GL(H) and A; € B(H, H;). Accr i= (Wi, Ay, v;) is a
(C, C")-controlled g-fusion frame (briefly CC’-GF) for H if there exist constants
0 < A < B < oo such that for all f € H
AP <D o {Amw, O f, Aimw, Cf) < B fII”
icl

We call Ager is a Parseval CC'-GF if A = B = 1. If only the second
Inequality is required, We call Ager is a (C,C")-Controlled Bessel g-fusion
sequence (briefly CC’-GBS) with bound B.

If we assume Accs is a CC'-GF for H and C*mw,AfA;7w,C’ is a posi-
tive operator for each i € I, then C*mw, Af Ay, C" = C™* mw, AX Aymw, C and
therefore

2
(C mw A A, ) 21| < BISIP.

ANlfIP <Y of
el

Let
K3, = {vi(C*mw, A Nimw, C')2 f = f e HY C (D H)e.
i€l
It is easy to check that IC?\J, is a closed subspace. We can define the controlled
analysis operator T by

Ty H — /Clz\j,
Tif = {vi(C*mw, AL Ay, C") 2 fier.

It is easy to check that the controlled analysis operator is bounded linear op-
erator. Thus, Ty := (T3)* is well-defined and bounded and the controlled
synthesis operator Ty can be defined by

Ty KX, = H,
Ty (vi(C*WWi Af Ay, C')2 f) =3 W C Al Ay, C' .
i€l

Now, we can define the CC’-GF operator Sccr on H by
Scorf =TATif =Y v}C*mw,A; Aimw, C' f.
iel
We can write for each f € H
(Scorf, ) =Y v {C mw A Aimw, C'f, f)
i€l

i€l
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therefore, we get
Aldg < Scor < Bldy.

Theorem 3.2. Accr be a CC'-GBS for H with bound B if and only if the
operator

T :IC/2\J_ — H,
Ta (0 (C*mw, A A, €)% f) = > 02 C%mw, Af Ay, O f.
i€l

is well -defined and bounded operator with | Tx|| < VB.

Proof. The necessary condition follows from the definition of CC’-GBS. We
only need to prove that the sufficient condition holds. Let T be well-defined
and bounded operator with ||Tx|| < v/B. For any f € H , we have

> i (Amw, O f, A, CF) = Y 0} (Cmw, A A, C' £ f)
1€l €1

= (Ta (vi(C*mw, Aj Nimw, C')2 f ), f)

< Tl | 0i(C A Asmw, R £ 111

But
L2
H(vi(C*ﬂWiAz‘AmWiC”)E fH =" o Aimw, C'f, A, Cf).
iel

It follows that

ZU?<Ai7TWiC/f> Alﬂ-Wsz> <B ||fH2

i€l
and this means that Accr is a CC’-GBS for H. O
Theorem 3.3. Let C € GLT(H). A := (W;,A;,v;) is a g-fusion frame for H
if and only if A is a CC-GF.

Proof. Suppose that A is a CC-GF with Bounds A and B for H. for each
f € H, we obtain

AfIP=Alcc )
< AlC|?.lc s
< [CIP Y o? A, cC |

i€l
= [CI*> v |Nimw, f

i€l

2
|
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Hence
—2 2 2
ANCIT2 AP <D of Amw, £
iel

On the other hand, for any f € H, we have

Yo i fIIP = D of | Aimw, CCT1 |

i€l icl

1,12
< Bl

< B|c7Y 1111

| 2

Thus, A is a g-fusion frame for H with bounds A4 ||C||”*,B HC‘lHZ.
Conversely, assume that A is a g-fusion frame for H with bounds A, B. Then,
for each f € H we get

D oM Nimw, Cf, Mimw, Cf) = Y of [ Amw, Cf > < BICI || £
i€l i€l
For the lower bound, we can write for any f € H,
_ 2
A|lfI* = Allctes|
1112
<AllcY e
<[P Y v lAmw,C A1
1€l
Therefore, A is a CC-GF for H with bounds A||C~| %, B|lc~!|™*. O
Theorem 3.4. Let Accr be a CC'-GF for H with bounds A, B. Then, Accr

is a g-fusion frame for H. Furthermore, if Sn/ is its g-fusion frame operator,

then C‘lSA/C” = C"™* Sy C.
Proof. We define
S:H — H,

Sf=C""SccC' (f) = > ol mw AT A, f
i€l
It is easy to check that S is well-defined. Let f € H , since GL(H) is a
C*-subalgebra in B(H), so (C*)~! = (C~1)*, we have

IS]| = sup [|Sgl < B||CH|C]I,
llgll=1

so, S is bounded and

i€l

2 =1SEHI < BlCHICIA
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Let g € H and define f := C"S;/,C~'g. Then S is surjective and by Lemma
2.3, Accr is a g-fusion frame in H and its g-fusion frame operator is Sy, := S.
So, we get
C’lSA/C’ = Sccr = SE'C’ = (C"* S\ C.
O
Theorem 3.5. Let Acor = (Wi, Ay, v;) and Ocer = (W, 0;,v;) be two CC'-
BGF for H with bounds By and Bs, respectively. Suppose that T\ and Te be

their controlled analysis operators such that TeTx = Idg. Then , both Accr
and ©ccr are CC'-GF for H.

Proof. For each f € H, we have

IFI1* = (f. 1)
= (Txf, T51)?
< |TXfIP - ITS f)?
= (D oRimw € f A ) ) (32 03(@imw, €', ©imw, C 1))

i€l i€l
< (X oBhimw O f Amw COF) ) B2 I

i€l

Thus
By 1% < 3 o2 (Arw, C' f, A, C),
i€l

and Accr is a CC'-GF for H. Similarly ,O¢c¢ is a CC’-GF with the lower
bound B;* 0

Theorem 3.6. Let A = (W;, A;,v;) be a g-fusion frame for H. Then Accr is
a Parseval CC'-GF for H if and only if There exist a operator L : H — H
such that C = UL™% and C' =V L™P, where U,V are two operators on H such
that VU* = Idg and p,q € R, p+q=1.

Proof. Let Acc: be a Parseval CC’'-GF for H. So Sccr = Idy. Therefore , for
each pairs of real numbers p, ¢ such that p + ¢ = 1, we obtain
Idg = Scor = C'LC* = C'LPLIC*.
We define V := C'LP and U := CL4. So
VU* = C'LPLIC* = C'LC* = Scor = Idy.
Conversely, Let V, U be two operators on H such that VU* = Idy. We define

C := UL % and C’ := VL™P be two operators on H where p,q € R and
p+qg=1. So for any f € H:

f=C'LC*(f) =) _viC*mw,Aj Nimw,C' f

i€l
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Therefore , Accr is a parseval CC’-GF for H. a

As a special case of this theorem we have the following well-known result
which is the most basic result for generating a Parseval frame. See Lemma 1.7
in [3].

4. Q-DUALITY AND PERTURBATION OF (C, C’')-CONTROLLED G-FUSION
FRAME

This section is devoted to studying the behavior of the canonical dual of a
g-fusion frame under perturbations. We consider perturbations of CC’-GF in
analogy to the perturbations in [7] for frames, Also Q-duals are useful tools for
establishing reconstruction formula. For more information we refer the reader
to [6, 7].

Definition 4.1. Assume that Accr = (W;, Ay, v;) be a CC’'-GF for H. We call
a CC’-GBS as O¢c¢r := (W;,0;,v;) the Q-dual CC’-GF of Accr, if there exist
a bounded linear operator @) : IC?\j — IC297, such that:

TAQ* TS = C.

Lemma 4.2. Let Ao = (Wi, Aj,v;) and Oy = (Wi, 0;,v;) be CC'-GBS for
H, and Let Q : K/Z\j — IC%]_, Then the following conditions are equivalent.

(1) TeQTy = C
(2) TAQ*TE = C*;
(3) (Cf,9) =(QT{ [, Td9) = (Q"T5f, Tx9)-

Proof. Straightforward. O

Theorem 4.3. If O¢cr be a Q-dual for Accr , Then ©ccr is a CC'-GF for
H.

Proof. Let f € H and B an upper bound for Aggs. Therefore

A1 = 115 D12
= ¢f.creHtp)
= @@ 15 . (C) 1)
= s s QTic) )
< TS F17 QI | T )
<|ITsfI* 117 B [[cY* 117
= IQI*BlC Y IA1* Y v3(@imw.C" £, Osmw.CH).

i€l
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Hence
_ - _1-2
BHQIT O IAP < Y- v (@imw, O, ©imw, CF)
iel
and this completes the proof. O
Corollary 4.4. Assume C,p, and D, are the optimal bounds of Occr, respec-
tively. Then
Cop > B, Q77 |7
which Agp and B,y are the optimal bounds of Accr i, respectively.
Suppose that Ac be a C%-GF for H. Since Sc > Ac, then by Douglas
theorem, [4], there exists an operator U € B(H, t%/A% ) such that
TcU = 1g. (4.1)
Now, we define the j-th component of U f by U, f = (U f); for each f € H. By

this operator, we may construct some Q-duals C?-GF for Ac.

Theorem 4.5. Let Ac be a C?-GF " for H. If U be an operator as in (4.1) and
W = UFC*W; such that O¢ := (W“A“vl) is a C2-GF for H. Then © is a
Q-dual C?-GF for Ac.

7 and Dy = A QI O

Proof. Define the mapping
o : R(TS) = Hy,
Uo(T5f) = UCH.
Then ¥ is well-defined. indeed, if fi1,fs € H and T§f1 = T§f2, then
T AT i C(f1 — f2) = 0. Therefore, for any i € I,
AjAim C(fr = f2) € (Wi)' = R(UF)H = ker U;.
Thus,
Ui Aimgz C(f1 — f2) = 0,
and so, C(f1 — f2) € T, - Hence U;C f; = U;C f5, for all i € 1. Moreover
[Wofll
ol = 77

< s LUCTIL
r#0 VAe ||l
_ lufiet
VAe
where, Ag is a lower frame bound of ©¢. Therefore, ¥ is a bounded operator.
So, it has a unique linear extension (also denoted W) to R(Tg). Define

- {\IJO, on R(T§)

< 00,

)
L
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and let @ := W*. This implies that Q* € B(#g, %/AQJ) and
TeQ TS = TeUTE = TeUC = C.
[l

Definition 4.6. Let Acor = (W;, Ay, v;) and Ocer = (W, ©,,v;) be two CC'-
GBS for H and 0 < A1, A2 < 1. Let a sequence of positive numbers {c; };er
such that 3 := {c¢;}ie1 € I?(1). If

0 (C* mw, Al i, C' — C*Trwi@;‘@mmc’)%fHQ <\
|, + 181, 151

Then we say that Occr is a (A1, A2, 8, C, C')-perturbation of Agcr.

vi(C*wWiAfAmwiC')%fHQ

1 |[oi(CFrw, ©7©imw, C') 2 f

Theorem 4.7. Let Agcr be a CC'-GF for H with frame bounds A, B and
@cc/ be a ()\1, )\2, 5, C, C')—perturbation Of ACC’- Then @cc/ is a CC'-GF fO’I‘
H with bounds:

((1 —M)VA—|Bll,
14 Ao

Proof. Let f € H, We have

)2 ((1+)‘1)\/§+”6H2)2
’ 1— Ao

m(C*ﬂ'WiG)f@iﬂ'WiC/)%f‘L
— [ (C* 7w, 0} Oimw, €' — C v, Ay i, C') 2 f + 04 (C A A, C') % £z
< v (Crw, ©; 0w, C' — C*Wwi/\f/\iﬂwicl)%f” + Hvi(C*ﬂ'wiA:A”rWiC,)%flb
< A1 ||vi(Cmw, A Airwy, C' f|| + Az

Vi (C 1, ©7 Oy, C/)%f(

+ 118l I1f1l +

U,(C*’/TWlA:AZWWZC/)%sz .
Hence,
(1= o) |0 (Cnw 7 0imw, |

S(1—|—/\1)‘

v Crmw A A, O F||+ 1Bl 1171

Since Acer is a CC’-GF with bounds A, B and analysis operator Ty and syn-
thesis operator T , we have

<Z U?C*ﬂ.WiA;‘KAiﬂ-Wilea f> = <SCC’f7 f> = <TATXfa f> = <T/>{f7 TXf>
i€l
thus,
ITZFI1P =D v (Amw, C' f, Aimw, Cf) < B|f||*.

i€l
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(14 X)

0i(C mw, A Aimw, €2 £ + 118115 17
1— X
(A M)VBIFI+ 181, 1)
- 1— )X
Now, for the lower bound, we have

i (C* mw, O] Omw, C/)%fH2

m(c*mi@;f@mwic’)%ng

IN

 [oi(C o, A A, C')E f — 0 (C s, A Ao, O — C v, O 05w, C) [l

> {[vs (C*mw, Al A, C') 2 £l — [[0s (Cwr, O iy, O — Cryy, ©2 @ umow. C) % £l

> [[oi(C mrw, A Asrw, C') % Flla = Mllvi(C o, A Asmw, C') % £l

— Xelvs(C"mw, 0 ©imw, )2 fll2 — 1Bl |11
Therefore
(1+ o) [ 0i(C*mw, O Oy, C")E £ |2
> (1 M)ller(C* w3 A, )2 il — 181111,

or
(L= A)[[vi(Cmw, A Nimrww, C) [ — 18120171

14+ Ao
Since A, is a CC’-GF with bounds A, B and analysis operator T ,we have

i (C* 7w, ©F 0w, C") 2 fl2 >

ITx AP = llvi(C*mw, A Aimw, C)2 112 = >~ 0 (A, C' f, Aimw, Cf) > A|| |12
iel
Thus
1 1-—X)VA -
1+ Ao
and the proof is completed. ([
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