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whose nth derivatives are of bounded variation are obtained.
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1. INTRODUCTION

The following result which is now called as Ostrowski inequality [18] is in-
troduced by Ostrowski in 1938.

Theorem 1.1. Let f : [a,b] — R be a differentiable mapping on (a,b) whose
derivative ' : (a,b) — R is bounded on (a,b), i.e. |f'||., = sup |f'(t)| < oo.

te(a,b)
Then, we have the inequality
b 2
1 1 (z— )
_ <l 4= 2/ — ! 1.1
)=, oo < |G+ S ](b Dl Q1)

for all x € [a,b]. The constant % is the best possible.
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During the past years, many authors have tackled new refinement, extensions
and generalizations of this inequality (1.1). As an instance, novel Ostrowski
type inequalities for different kinds of differentiable and twice differentiable
functions was worked in [6], [8], [10], [19] and the references included there.
Furthermore, in [7], [20] and [21], authors established generalized Ostrowski
type inequalities for higher order differentiable functions on Li, L, and L.
In particular, some mathematicians focus on Ostrowski type inequalities for
mappings of bounded variation in addition to the other function species. For
example, Dragomir pointed out a new extansion of Ostrowski’s inequality for
mappings that are of bounded variation in [9]. He also proved an inequality for
functions of bounded variation in [11] as foloows:

Theorem 1.2. Let f : [a,b] = R be a mapping of bounded variation on [a,b].
Then

1
2

/bf(t)dt(ba)f(fv) <|30-a+|o- ) \:/(f) (12)

holds for all z € [a,b]. The constant % is the best possible.

Afterwards, it is given Ostrowski type inequalities for mappings whose first
derivatives are of bounded variation in [2] and [17]. In [1], weighted versions of
Ostrowski type results obtained by using mappings whose first derivatives are of
bounded was provided and they also gave midpoint quadrature formula related
to these inequalities. What’s more, some inequalities for functions whose higher
oerder derivatives are of bounded variation are established in [3], [12].

On the other side, it is presented some perturbed inequalities of Ostrowski
type by Dragomir in [14] and [15]. Subsequently, some researcher studied on
perturbed inequalities for mappings of bounded variation and functions whose
second derivatives are bounded and whose first derivative are of bounded vari-
ation in [4], [5], [13] and [16].

We also note that Dragomir [14] established an identity in order to obtain
some perturbe inequalities of Ostrowski type. This equality is stated as follows:

Theorem 1.3. Let f : [a,b] — C be an absolutely continuous on [a,b] and
x € [a,b]. Then, for any A1 (x) and A2(x) complex numbers, we have

T b
— [t-arO -+ bi@/(t—b) /(1) ~ Do) di
b
= fl)+ ﬁ [(b— 2)* (@) — (z — a)? Al(x)} - bia /f'(t)dt

where the integrals in the left hand side are taken in the Lebesgque sense.
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Perturbed integral inequalities for differentiable and twice differentiable map-
pings was worked by the interested researchers. Also, it is presented a great
many integral inequalities for various function types. However, there are prob-
lems which higher order derivatives are required. Therefore, we handle per-
turbed integral inequalities for higher order differentiable functions. For this,
we firstly establish an equality for n times differentiable functions. Then, we
obtain some perturbed Ostrowski type integral inequalities for functions whose
nth derivatives are of bounded variation and mappings whose higher order
derivatives are bounded. So, it can be finded upper limit of an integral in-
equality obtained by using any order differentiable functions. What’s more,
this study lead to new works involving new integral inequalities derived by
using higher order differentiable functions.

2. AN IDENTITY FOR HIGH DEGREE DIFFERENTIABLE FUNCTIONS

At first, it is established an equality for n—time differantiable functions in
order to give our main results.

Lemma 2.1. Let f : [a,b] = C be a n—time differantiable function on (a,b)
and x € [a,b]. Then, for any A1(z) and Aa(x) complex numbers, we have the
identity

x

/ (t_nif‘)n (£ 0) = na )] (2.1)
b n
+/ (t ;!b) [f(n) (t) — )\2(33)} dt

n—1 (71)”4’1 (b o x)k‘+1 + (71)77.4*17]6 (IL’ a)k‘“rl
- ;; (k+1)! I (@)
n+1 = n+1 b
M) s = 0 el T+ [ oy

where the integrals in the left hand side of the equality (2.1) are taken in the
Lebesgue sense.
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Proof. Using the integration by parts, we get the equality

x n b n
/ % [79() = xa@)] at + / % [£00) = da(a)] at

x

b

n _p\n—1 b o\
2D peney - [ D 0 e = o) [P

n! (n—1)! n!
x T

If we apply the integration by parts n — 1 more time and also use elementary
analysis, then we can write the equality (2.1). The proof is thus completed. O

3. INEQUALITIES FOR n TIME DIFFERENTIABLE FUNCTIONS

Now,we recall sets of complex valued functions:

U[a,b] (V’F)
_ { fila,b] = C[Re [(I' = f(£)) (f(£) =] =2 0 }

for almost every t € [a, b

and

Afgp (7, 1)
_{ £+l > Cl |70 - HE| < 40— }

for almost every t € [a, b]

We need to the following proposition, in order to prove the next inequality.

Proposition 3.1. For any v,I' € C, v # T, we have that Uy (7,1') and
Afa,5) (7, ) are nonempty, conver and closed convex sets and

U[a,b] (73 F) = A[a,b] (’Yv F) .

Theorem 3.2. Let f : [a,b] — C be a n—time differantiable function on (a,b)
and © € [a,b]. Assume that v;,T; € C with v; # Ty, i = 1,2 and f €
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Ula,) (71, T1) N U ) (2, T'2) , then we have

n—1 (*1)n+1 (b— g;)k+1 + (71)n+1—k (z — a)k+1 ©
= (k+1)! FARNE)) (3.1)
—a n+1 . nal b
_'}/1;F1 (x(n—’_)l)' —(_1)” 72J2FF2 (l)(n+)1)' +(_1)n/f(t)dt
Dy =l (@ — @)™ [Ty — ] (b— )"
1
st @

where P(xz;n) is defined by
P(z;n)
[z = @)™ + (b= @)™ max {1y = ] T2 = 721}

i 1
= ] @@ o )] o [ el

1,01 _
forp>1, ste=1

HnJrl [

(252 + [z — =£* Ty =7+ (T2 — 7]

Proof. Taking the modulus identity (2.1) for Ay (z) = 71-52-1“1 and A\ (z) = %Fz,

because of f(") e Upa,2] (71,T1) N U ) (72, T'2) , we have

n—1 (_1)n+1 (b _ $)k+1 + (_l)n-l—l—k (33 _ a)k+1

(k+1)! 1 (@)

k=0

I (z —a)"™! ny2+Ta(b—1)

- (-1)

2 (n+1)! 2 (n+1)!
Ft-a) r -0 r
t—a 1+ 1 —t Y2 + I'2
< [E= gy ot /444f<m _ e+l
< [ ew - 250w [ O o - 232 g
‘We observe that
x b
(t — a)” (n) Y1 + Iy / (b — t)n (n) Y2 + Iy
/ oty = 22 ey [ B0 poy - 22222 gy

a x
x b
I, — t—a)" Ty — b—t)"
Ty ’Yl|/( a) dt+‘2 72|/( )dt
2 n! 2 n!

which completes the first inequality in (3.1).
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The proof of first branch of second inequality given in (3.1) is obvious. If we
use the Holder’s inequality

1
mn 4 pg < (m® +po‘)i (nﬁ Jrqﬁ)ﬁ (3.2)

where m,n,p,q > 0 and o > 1 with é + % = 1, then we can easily prove the
second branch of second inequality given in (3.1). Finally, using the identity

max {X,Y} =

X+Y X-Y
3.3
! +\ . | (3.3)

and the property of maximum max {a",b"} = (max {a,b})" for a,b > 0 and
n € N, we get the third branch of secand inequality in (3.1). The proof is thus
completed. O

Remark 3.3. Under the same assumptions of Theorem 3.2 with n = 1, then
the following inequalities hold:

b

-0 f @) - -+ 22 -0 - [ poar
< |F1;71|(x_a)2+|F2;72|(b_x)2
< 1P(ﬂfi;l)

4

which was given by Dragomir in [14].

Remark 3.4. If we choose n = 2 in (3.1), the we have the inequalities

b
a+b

-0 (=50 1@ - 0-a s @+ [ s

a

(n+T1) (= a)° + (32 +T2) (b— x>3‘
12
< o [t =l = @) #1022l - 2]

1
< —P(x;2
< P2

which was proved by Budak et al. in [4].

4. INEQUALITIES FOR FUNCTIONS WHOSE nTH DERIVATIVES ARE OF
BOUNDED VARIATION

We begin with the definitions which will be often used in this section.
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Definition 4.1. Let P:a =9 < 21 < ... < &, = b be any partition of [a, b]
and let Af(z;) = f(ziy1) — f(z;), then f is said to be of bounded variation if
the sum

m

> IAf ()]

i=1
is bounded for all such partitions.

Definition 4.2. Let f be of bounded variation on [a, ], and Y Af (P) denotes
the sum Y |Af(z;)| corresponding to the partition P of [a,b]. The number
i=1

b
\/ (1) =sup {d"Af(P): P e P(lab)},

is called the total variation of f on [a,b]. Here P([a,b]) denotes the family of
partitions of [a, b] .

Now, we establish some perturbed inequalities of Ostrowski type for func-
tions whose high order derivatives are of bounded variation. Also, we give some
special results of these inequalities in this section.

Theorem 4.3. Let f : I — C be a n time differentiable function on I° and
[a,b] C I°. If the nth derivative f(™) is of bounded variation on [a,b], then we
have

nil (—1)"+ (b — x)kJrl n (_1>n+17k (z — a)kJrl

k+ 1) f @) (4

k=0

")(a ™) (z) (# — a)" !
v o @) @

‘ (n+1)!
) )
. ﬁ}%(fﬁm)
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for any x € [a,b], where

R (xz;n) (4.2)

Proof. We take tabsolte value of the equality (2.1) for A;(z) = I ()
and Ao(x) = w, we find that

7§ (=)L (b — x)k-i-l i (_1)n+1—k (& — a)k-i-l

B [ (@) (43)

k=0

i ) (q ")(z) (& —a)"
oy [ o 1000 o

a

2 @) £ O0) (b= )
2 (n+ 1!

F(a) + f™(2)
2

—-(=1)

(t—a)"
n!

fe

€T

£ ) - dt

IN
\se

F (@) + f (0)

Fo ) - 5

K2

Since f(™ : I° — C is of bounded variation on [a,z], we get

_ ‘f(") (t) = f" (@) + f™ () - f™(2)
2

o 10 - @) + 0 - @)

- 2

1\ [ vin
< V™).
Similarly, Since f(™ : I° — C is of bounded variation on [z, b] , we have
(n) ™) (p b
o -1 (x);rf ( )‘ < ;\x/ (). (4.5)
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If we sabstitute the identities (4.4) and (4.5) in (4.3), then we obtain the first
inequality given in (4.1). The second inequality in (4.1) can be deduced in a
similar way as the proof of Theorem 3.2. (]

Remark 4.4. Under the same assumptions of Theorem 4.3 with n = 1, then
the following inequalities hold:

b

0-a)f@)+50-a) (50 -2) @)~ [ 1oar

OO - 0 @ - ]
1 2\ 2\
S q|E-aVU+e-a) \I/(f)]
1
< ZR($§1)

which was given by Dragomir in [14] and where R (x;1) is defined as in (4.2).

Remark 4.5. If we take n = 2 in (4.1), then we have

b

-0 (o5 ) F@ - 0-as @+ [

(@) @ = a)’ + 7 0) (-2’ + (@) (@~ a)’ + (b~ 2)’]
12

IN

x b
S\ () + 56—\ ()

IN

1

which was established by Budak et al. in [4] and where R (z;2) is defined as in
(4.2).

Theorem 4.6. Let f : I — C be a n time differentiable function on I° and
[a,b] C I°. If the nth derivative f™) is of bounded variation on [a,b], then, for
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any x € [a,b], we have

nfl n+1 (b . 1’)k+1 + (_1)n+17k (.’E o a)kJrl
> =

/f Bt — f(z) | LD

z—a)"tt " )t
(mﬁm\[(f("))*%\m/(f("))
1
(n+1)!

k=0

IN

(1 (w5n)

where R (x;n) is defined as in (4.2).
Proof. Taking modulus in (2.1) for Ay (z) = \o(z) = f((z), we get the in-
equality

b

£ () + (~1)" / f(t)dt

a

nz—:l (1) (b — 2)F L g (—1) PR (g )P

j % 1)~ 5 )] i + / % £ (t) - £ (@) .

a x

(b - I)n—&-l

+ (1" (n+1)!

IN

Then, using the methods applying in the proof of Theorem 4.3, the first and
second inequalities are easily deduced. O

Remark 4.7. Under the same assumptions of Theorem 4.6 with n = 1, then
the following inequalities hold:

b

2 2
(b~ a)f () - f'(a) [(x;‘” S0 ] - [ st

a

< V) ()
< %R(Jr;l)

which was given by Dragomir in [15] and where R (x;1) is defined as in (4.2).
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Remark 4.8. If we take n = 2 in (4.6), then we get

0-a) (o= a‘gb)f'(x)—(b—a)f(x)—/bf@)dt

a

@ [ -0+ -2

< (z 6a)3 \:/ (f(n)> + (b 6m)3 \i/ (f(n))

1
< gR(l’J 2)

which was proved by Erden et al. in [16] and where R (z;2) is defined as in
(4.2).

Theorem 4.9. Let f : I — C be a n time differentiable function on I° and
[a,b] C I°. If the nth derivative f™ is of bounded variation on [a,b], then we
have

n—1 (_1)n+1 (b _ $)k+1 + (_1)n+1—k (.’1? . a)k-‘rl

0 1 (@) (4.7)

k=0

— )" @) + ()" (b —a)" T ()
(n+1)!

b
0 [ -

(av—u,)"+1

=S \:/ (fm) + (b@gi)f;l \z{ (f™)
[(@—a)" o (o) [(z —a) (\””/ (f<n>)) dt+ (b — ) (\2 (f<n>)> ]

n!(nq+1)%
\“’/(f(n)) —V (F) }

IN

n:

z—a)? T (b—z)" Tt b n
e URE

&<c~

for any x € [a,b].

Proof. If we choose Ai(z) = f™(a) and My(z) = f(b) and then we take
modulus in (2.1), we get

b

£ (@) + (~1) / f(t)dt

a

n—1 (_1)"_;'_1 (b _ Z‘)k+1 + (_1)n+1—k (l‘ _ a)k-‘rl
;;) &+ 1)

@™ @) + (1" (- )" )
(n+ 1!

t
n!

T b
</ U=l ) - 509 (@) e + / OO po ey - 5o 0)|ar

a x
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Since the nth derivative f(® : I° — C is of bounded variation on [a,z], we

have
t

Fm () — f(")(a)‘ < \/ (f(")) for any t € [a.7] .

Hence, we can easily obtain the inequalities

(4.8)

z—a)"t?! z n
: (n—‘r)l)! \a/ (f( ))

(F (v) wy
(V)

a

/(t—n'a)n‘f(n)(t)—f(")(a) dt < (a—a)"tT

nl(ng+1)

Q- Q=

a

In a similar way, because we have the inequality

b
FOw) = <\ (50) forany te fx),

we get

/b (b—1)"
n!

T

FO0) = f )t < “’><fb (\b/(ﬂm))pdt)p

Finally, if we use the expressions (4.8) and (4.9), then we obtain the inequality
(4.7) which completes the proof. O

Remark 4.10. If we apply the method using in the theorems 4.3 or 4.6 for first
branch of the inequality (4.7), then we have

b

£ (@) + (~1)" / F(t)dt

n—1 (71)n+1 (b o ;L‘)k+1 + (71)n+1—k (l’ - a)k+l

G+
(=) ™ (a) + (=1)" (b= 2)" T M (b)
(n+1)!
(x_a)n+1 x B (b_x)n—i-l b .
TS \a/(f( ')+ (nt 1) \!(f( )
1
< mR(x,n)
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