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ABSTRACT. In this paper, the exact formulae for the generalized degree
distance, degree distance and reciprocal degree distance of strong product
of a connected and the complete multipartite graph with partite sets of
sizes mog, m1, ..., my—1 are obtained. Using the results obtained here,
the formulae for the degree distance and reciprocal degree distance of the

closed and open fence graphs are computed.
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1. INTRODUCTION

All the graphs considered in this paper are simple and connected. For ver-
tices u,v € V(G), the distance between u and v in G, denoted by dg(u,v),
is the length of a shortest (u,v)-path in G and let dg(v) be the degree of a
vertex v € V(G). The strong product of graphs G and H, denoted by G X H, is
the graph with vertex set V(G) x V(H) = {(u,v) : u € V(G),v € V(H)} and
(u,z)(v,y) is an edge whenever (i) u = v and zy € E(H), or (i1) uv € E(G)

and x =y, or (ii7) wv € E(G) and zy € E(H), see Fig.1.
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Cs X Py

Fig. 1. Strong product of C5 and Ps.

A topological index of a graph is a real number related to the graph; it does
not depend on labeling or pictorial representation of a graph. In theoretical
chemistry, molecular structure descriptors (also called topological indices) are
used for modelling physicochemical, pharmacologic, toxicologic, biological and
other properties of chemical compounds [8]. There exist several types of such
indices, especially those based on vertex and edge distances. One of the most
intensively studied topological indices is the Weiner index.

Let G be a connected graph. Then Wiener indexr of G is defined as

W(G) =3 Z( )dg(u,v) with the summation going over all pairs of dis-
u,ve V(G

tinct vertices of G. This definition can be further generalized in the following
way:

Wi(G) =4 ¥ di(u,v), where dy(u,v) = (dg(u,v))* and X is a real

u,v € V(G

number [9, 10]. If /\(:) —1, then W_4(G) = H(G), where H(G) is Harary index
of G. In the chemical literature also W% [27] as well as the general case Wy
were examined [6, 11]. Wiener index of 2-dimensional square and comb lattices
with open ends is obtained by Graovac et al. in [5]. In [17] the Wiener in-
dex of HAC5CT7[p, q] and HAC5C6CT[p, q] nanotubes are computed by using
GAP program. Dobrynin and Kochetova [4] and Gutman [7] independently
proposed a vertex-degree-weighted version of Wiener index called degree dis-
tance or Schultz molecular topological index, which is defined for a connected
graph G as

DD(G) =1 Y (dg(u)+dg(v))da(u,v), where dg(u) is the degree of the

u,veV(G)
vertex u in G. Note that the degree distance is a degree-weight version of the

Wiener index. In the literature, many results on the degree distance DD(G)
have been put forward in past decades and they mainly deal with extreme
properties of DD(G). Tomescu[24] showed that the star is the unique graph
with minimum degree distance within the class on n-vertex connected graphs.
Tomescu[25] deduced properties od graphs with minimum degree distance in
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the class of n-vertex connected graphs with m > n — 1 edges. For other related
results along this line, see [2, 14, 18].

Additively weighted Harary index(H4) or reciprocal degree distance(RDD)
is defined in [1] as Ha(G) = RDD(G) = § 3, WeGutdel) 1, [19),

2 da (u,v
u,veV(G) ol

Hamzeh et. al recently introduced generalized degree distance of graphs. Hua
and Zhang [15] have obtained lower and upper bounds for the reciprocal de-
gree distance of graph in terms of other graph invariants including the de-
gree distance, Harary index, the first Zagreb index, the first Zagreb coindex,
pendent vertices, independence number, chromatic number and vertex-, and
edge-connectivity. Pattabiraman and Vijayaragavan [21, 22] have obtained the
reciprocal degree distance of join, tensor product, strong product and wreath
product of two connected graphs in terms of other graph invariants. The chem-
ical applications and mathematical properties of the reciprocal degree distance
are well studied in [1, 19, 23].
The generalized degree distance, denoted by Hy(G), is defined as

H\(G) =1 3 (de(u) + dg(v))d}(u,v), where X is a any real number.

u,veV (G
If A =1, then H(A()G) = DD(G) and if A = —1, then H)\(G) = RDD(G).
The generalized degree distance of unicyclic and bicyclic graphs are studied by
Hamzeh et. al [12, 13]. Also they are given the generalized degree distance
of Cartesian product, join, symmetric difference, composition and disjunction
of two graphs. It is well known that many graphs arise from simpler graphs
via various graph operations. Hence it is important to understand how certain
invariants of such product graphs are related to the corresponding invariants of
the original graphs. In this paper, the exact formulae for the generalized degree
distance, degree distance and reciprocal degree distance of strong product G X

Koo, mi,...,my_1, Where Ky o, is the complete multipartite graph with

T

partite sets of sizes mg, my, ..., m,_1 are obtained.
The first Zagreb index is defined as M1(G) = 5.  dg(u)?. In fact, one can
ueV (G
rewrite the first Zagreb index as M1 (G) = > (d(g()u) +dg(v)). The Zagreb
weE(G
indices are found to have applications in QSPR( a)nd QSAR studies as well, see
[3].

Imo=mi=...=mp_1 =5n Ky m,, ..., m,_, (the complete multipartite
graph with partite sets of sizes mg, my, ..., m,_1), then we denote it by K, ().
For S C V(G), (S) denotes the subgraph of G induced by S. For two subsets
S,T C V(G), not necessarily disjoint, by dg(S,T), we mean the sum of the
distances in G from each vertex of S to every vertex of T, that is, dg(S,T) =

Z dg<s7t).

seS,teT
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2. GENERALIZED DEGREE DISTANCE OF STRONG PRODUCT OF GRAPHS

In this section, we obtain the generalized degree distance of GRK ) 1y, ... ;o -

Let G be a simple connected graph with V(G) = {vg,v1,...,v,-1} and let
Koy, mi,...,mr_1» T = 2, be the complete multiparite graph with partite sets

Vo, Vi, ..., Ve andlet |V;| = my;, 0 < i < r—1.Inthe graph GRK g my, ....mp_1s

let B;; = v; x Vj,v; € V(G) and 0 < j < r — 1. For our convenience, as in
the case of tensor product, the vertex set of G X Ky, my, ..., m,_, is written as

r— 1
V(G) x V(Kmg, mi,...,mp_1) = U B;;. As in the tensor product of graphs, let
=9
r—1
#B={Bij}ti=o1,.,n-1. Let X; = |J B;; and Y; = U Bi; ; we call X; and Y;
7=0,1,...,7r—1 7=0

as layer and column of GR Ky g, . ome_ys respectlvely, see Figures 2 and 3.
If we denote V' (By;) = {xi1, iz, ..., Tim, } and V(Bgp) = {Tr1, Th2, - -, Thom, }
then x;, and zp,,1 < € < j, are called the corresponding vertices of B;;
and By,. Further, if v;uy, € E(G), then the induced subgraph (B;;|J Bkp)
of G X Ky, my,...,m,_, iS isomorphic to K|Vj||vp| or, m, independent edges
joining the corresponding vertices of B;; and By; according as j # p or j = p,
respectively.

Structure of shortest pathsin G X K, ,,...m,_, cOrresponding to an edgein G.

Vertices of Koy, m, ..., m, .

Vo Vi LY A Vi

v @) E) D O )
U s s OO s R s PO
'CJ@W(; ) C O
w (DD - (0

e ) ) (- -
Fig. 2.

Verticesof G
I~

=

If vy, € E(G), then shortest paths of length 1 and 2 from B;; to By, are
shown in solid edges, where the vertical line between B;; and Bj; denotes
the edge joining the corresponding vertices of B;; and By;. The broken edges
denote a shortest path of length 2 from a vertex of B;; to a vertex of B;;.

The proof of the following lemma follows easily from the properties and
structure of G X K,y my, ..., m,_,, See Figs. 2 and 3.
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Lemma 2.1. Let G be a connected graph and let B;;, By, € B of the graph
G =GR Ky my,...,m._,» Wherer > 2.
(i) If vivg, € E(G) and x;; € Byj, Tke € By, then

1, ift =14,
2, ift £ 1,
and if x;x € Bij, Tpe € Bip, j # p, then do (@it Tre) = 1.
(i1) If vivi, ¢ E(G), then for any two vertices x;y € Bij, Tpe € By, dar (Tit, Tre) =

de (vi, vg).-
(#43) For any two distinct vertices in B;;, their distance is 2.

dar (Tit, Tre) = {

The proof of the following lemma follows easily from Lemma 2.1. The lemma
is used in the proof of the main theorems of this section.

Lemma 2.2. Let G be a connected graph and let B;;, By, € & of the graph
G =GR Ky ma,...,m._., Where r > 2.
(1) If vivg € E(G), then

m;myp, Zf] #pa

A (R -
dgy (Bij, Bip) {(1 —2Mm; —1))my, if j=p

| d)\ 79 9 ) ] 9
(i9) If vivr & E(G), then d@(Bij?ka)—{m;mf ol k), if 7P
m$dg(vi,vk), if j=p
m;my, Zf ] #pa
22mj(m; — 1), if j=p

(id1) dgy (Bij, Bip )—{

Vertices of King,my, ..., m,

Vo [Boo )[Bm ] [ )[ ] FW: ]
N e | e P s P e 1
. v (B;n ][B;1 ). [Bw\l. ( _] (B”l]
FRTER Gn  s FN G R = s =
e N B e g [_‘\J( )

OO C ).
o ( . ) ( . ]--~[Bm - [Bm ] ]
)

ot F(?no ) Fw—:l)l ) ( ' ) . @ ek
Fig. 3.

Corresponding to a shortest path of length £ > 1 in G, the shortest path
from any vertex of B;; to any vertex of By; (resp. any vertex of B;; to any
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vertex of
Byp, p # j) of lenght k is shown in solid edges (resp. broken edges).

Lemma 2.3. Let G be a connected graph and let B;; in G/ = GREK,y my,....m

- r—1"°

Then the degree of a vertex (v;,u;) € B;j in G' is der ((vi, uj)) = da(vi) +(no —

r—1
m;) + dg(v;)(ng — mj), where ng = > m;.
i=o

r—1 2 _
j,p=0 mymp =

r—1
Remark 2.4. The sums Z;;}:o mymy, = 2q, Y, m5 =ng—2q,y;
j J=0 i#p

J#p

r—

r—1 1 r—1
3 3 _ g1 2 r—1 3 — 3 4 _
ng—2noq— Zo m; = Zj,‘p:O mjmy and Y 50— gmim, =ng Y, mj— ‘Zo mj =
j= j=

J#p J#p Jj=0
1 r—1
i p=omgms whereng = Y mj and ¢ is the number of edges of Koo, m,, ..., m,_; -
J#p j=0

Theorem 2.5. Let G be a connected graph with n vertices and m edges. Then
Hy(G® Kpg.my.ooomry) = (nE + 2n0q)HA(G) + 4nogWi(G) + M1(G)(1 —

r—1

21) (Qqno —ng—nd+no+4q+ > m?) +m(4qno(3 — 22N _opd(2 - 22 1) +

7=0
r—1

4q(2 — 2% — 22M1) 4 ng(ng — 1)2MHL +2(2 — 22+1) Zo mj’?) + n(?noq(Q —2M) +
=

r—1
n3(2) — 1) = PFg 4 (1= 2 Zom§),r > 2.
j:

Proof. Let G' = GR Ky, m,, ..., m,._,- Clearly,

HA\(G") % > (dG'(Bz‘j) + der (ka))dé:'(Bz‘j,ka)

B;j, By € B

n—1 r—1

- ;(Z > (dG'(Bij)+dG’(Bip)>dé'(Bij’Bip)
i=0j,p=0

j#Pp

<

3
|
-
3
|
—

(dc/ (Bij) + dgr (Bkj))dé:' (Bij, Bxj)

s.
-
\H\??‘
ol

+
i

(=]

<.
Il
o

3
|
—
5
|
_

+

(de+ (B.y) + der (Bry) ) dsr (B, Bry)

@
-
#R‘
|
o
.
*
o
o

i
-
.
\

_l’_
/N

dar(Bij) + dG,(B,-j))dé;/ (Bij, Bij))
0

1
= §{A1+A2+A3+A4}, (2.1)

s
Il
=)

<.
Il

where Ay, Ay, A3 and A4 are the sums of the terms of the above expression,
in order.
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We shall obtain A; to A4 of (2.1), separately.

Ay

Az

n—1 r—1
(dc;' (Bij) +dgr (Bi,p)) A% (Bij, Bip)
i=0j,p=0
j # P
n—1 r—1

<2dc;(vi) + da(vi)(2ng — mj; — myp) + (2ng — mj — mp))mjmp,
0

Il
<)

M

=0 j,

by Lemmas 2.2 and 2.3
r—1 r—1

8mgq + 2m<4noq — 2(ng — 2noq — Z m?)) + n(4ngq — 2(n(3) — 2n9oq — Z m?)),
j=0 j=0

by Remark 2.4

r—1 r—1
2m(4q + 8noq — 2ng + 2 Z m?) + n(Snoq — QnS +2 Z mi’)
j=0 j=0

n—1

g

(der (Bij) + dgr (Bry) ) dgss (Big, Biy)
0

r—1
j=04,

k3

\sz-
]|

r—1 n—1

o> (e + do(wi) +2(no — my) + (no — my)(da (v:) + da (vi)))

i=0 i,k=0
i#Ek
vivE €E(G)
X (1 — 2>‘ + 2>‘mj)mj

r—1 n—1

+3 > (o) +da () +2(no — my) + (no — my)(de (v:) + da (ve)))

j=0 i,k=0
ik
vivgp EE(G)

Xm? dé(vi,vk),

r—1 n—1
> Y (e +de (i) +2(no = my) + (no = my)(da(vi) + da (vi)))

j=0 i, k=0
ik
vivg, € E(G)
x ((1 — 2N )m; + (2 — 1)m§)

r—1 n-—1

+ E E ((dc(vi) + dg(vk)) + 2(no — my) + (nog — my)(da(vi) + dc(vk))>
i=0i,k=0
ik

Xm? a3 (vi, vi)

r—1 r—1
2H ) (G) (ng + ng —2q — 2ngpq — Z 7n?) + AW (G) (ng — 2npq — Z ’H’L?)
j=o i=0

r—1
12M1(G)(1 — 2*)(2an —nd—nitnotag+ S mj?)
i=0

r—1
+4m(1 — 2>‘) (Qqng — ng + 2q + Z mg’),
=0
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by Remark 2.4.

n—1 r—1
Az = Z Z (dG/(B’LJ)+dG’(B7€P)dG’(B’LJ’BkP)
i,k=0j7,p=0,
iFk  JFP
n—1 r—1
= 3 > (de@)+ (o —my) +de(vi)(no = my) + da(vr) + (no — my)
i,k=0j,p=0
ik JFP

+dg (vi)(no — mp))mjmp gy (vi, vr),

by Lemmas 2.2 and Lemma 2.3

- ij ij ((dc (03) + dar (1)) (w3, v )mymy + da (v:) A (v, o) (n0 — my)mymy
k= —
i £

J'#p

+(2no — my — mp)mym, dg (v, i) + da(v) dg(vi, vi)(no — mp)mjmp)

r—1 —
= 2H\(G) (2q + 4dnog — nj + Z m?) +2W(G) (Snoq —2nd+2 Z m?)7
§=0 §=0
by Remark 2.4.

i=0 \j=0

n-1 [r-1
Ay = Z (Z (dG/(Bij)+dG/(B'ij))dé/(BijaBij)>

n—1

= Z Z g 1 (dc(vl) + (no — my) + da (vi)(no — mg))mj(mJ — 1), by Lemmas 2.2 and 2.3

n—1r—1
= 253 (dc(vq,)(m? —my) + (no — my)(m] —my) + da (vi)(ng — my)(m5 — mj))
i=0j=0
r—1
= o ! (2m(n§—2q—n0) +n(ng—2qno—ng—2m?+ng—2q)
=0

r—1
+2m (ng — 2qng — ng — Z m? + ng — 2q)> , by Remark 2.4
=0

r—1 r—1
2A+2m(ng + ng —4q — ng — 2qno — Z m‘?) + 2)‘+1n(ng — 2gqno — 2q — Z m?)
j=0 i=0

Using (2.2), (2), (2.2) and (2.2) in (2.1), we have

HA(G) = (nd+2n0q)Ha(G) + 4noqgWa(G)
+M:1(G)(1 - 2*)(2qno —nd —ng +mno+4q + Tfm?)
i
+'m(4qn0(3 — My _opd2 — 2y g2 — 20 — 22 4 ng(ne — 12!
+2(2 — ”1)2 ?) +n(2n0a(2 - 2M) + 02 — 1) =2 g+ (1 -2 )Tijlm?)-
=0
([l

Using A = 1 in Theorem 2.5, we have the following corollary, which is the
degree distance of the strong product of graphs.
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Corollary 2.6. Let G be a connected graph with n vertices. Then DD(G K

Ko, omo—s) = (0 +2n00) DD(G) +4noq W (G) + My (G) (nf +n3 — 2qm —
r—1 r—1

ng — 4q — ng’) +4m(n8—4q—n0q+ng—n0— me) +n<n(3)—4q—
j=0 =0

r—1

> m?—), r>2.

i=0

If m; =s, 0<i<r—1,in Corollary 2.6, we have the following

Corollary 2.7. Let G be a connected graph with n vertices and m edges. Then
DD(GRK, () = r?s*(rs—s+1)DD(G)+2r?s*(r —1)W(G) + M1 (G)rs (7"52 -

rs+2s—s2—1) +2mrs <r252—27"s+7‘32+4s—232—2) +nrs? (r25—2r—3—|—2) , >
2.

As K, = K, (1), the above corollary gives the following

Corollary 2.8. Let G be a connected graph with n vertices and m edges. Then
DD(GXK,) =r3DD(G) +2r2(r — 1)W(GQ) +2rm(r —1)?> +rn(r—1)2, r > 2.

Using A = —1 in Theorem 2.5, we obtain the reciprocal degree distance of
strong product of graphs.

Corollary 2.9. Let G be a connected graph with n vertices. Then RDD(G X

Kmo,ml, 'va'r'fl)

= (18 +2n0g) RDD(G) + 4ngqH (G) + 4 (”o(no 1) — (no+2)(n2 — 2¢) +

= r—1

> mi‘) +m<8noq —2n3 +nd —ng + 2¢ + 2 ‘Zom?) + %(6710(] —nd -2+
j:

> mg?),r > 2.
j=0

S <
— o

If m; =5, 0<i<r—1,in Corollary 2.9, we have the following

Corollary 2.10. Let G be a connected graph with n vertices and m edges. Then
RDD(GRK,)) = r*s*(rs—s+1)RDD(G)+2r?s*(r—1)H(G) + W (rs—
rs?—2s+s%+1)+mrs (27’252747‘824*27’5%*2527571)+%‘S2(27‘2873T5+57T+1).

As K, = K, (1), the above corollary gives the following

Corollary 2.11. Let G be a connected graph with n vertices and m edges. Then
RDD(GRK,) = r(rQRDD(G) +2r(r — VH(G) + 2r(r — 1)m + n(r — 1)2).

As an application we present formulae for degree distance and reciprocal
degree distance of open and closed fences, P, X K5 and C,, K K5, see Fig.4.
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Fig. 4. Closed and open Fence graphs.

’n,3 3
One can easily check that W(P,,) = w and W(C,,) = g(n?jls) even
g D is odd.
Similarly, we have DD(P,) = in(n —1)(2n — 1) and DD(C,,) = 4W(C,,).
One can observe that M;(C,) = 4n, n > 3, M1(P1) = 0, and M;(P,) =

4n—6, n > 1. By direct calculations we obtain the Harary indices of P, and C,

n n(i%>fl, if n is even
as follows. H(P,) = n( > %) —nand H(C,) = h
= n( 3 1) ifnis odd.
The following are the reciprocal degree distance Z():f1 path and cycle on n
vertices. RDD(P,) = H(P,) + 4(%11 %) — 3 and RDD(C,) = 4H(C,,).

i=
By using Corollaries 2.8 and 2.11, we obtain the exact formulae for degree
distance and reciprocal degree distance of the following graphs.

EXAMPLE 2.12. (i) DD(P, K K») = §(5n3 — 6n2 + 31n — 24).
5n(n? + 2) n is even

i) DD(Cy, X K5) =
(i) ( 2) {Sn(n2 +1) n is odd.

(iii) RDD(P, ® K») = 16( > %) + 32("2_:1 %) b 2
+

(iv) RDD(C,, R K>) =
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