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ABSTRACT. This paper deals with the solutions of the systems of differ-
ence equations
Yn—3YnTn—2 Yn—2Tn—1

Tn+1 = 7y+1:77n€N07
" Yn—-3Tn—2 + Yn—3Yn + YnTn—2 " Qyn—Q +ap_1

where Ng = NU {0}, and initial values x_2, z_1, Zo, Yy—3, Y—2, Y—1, Yo

are non-zero real numbers.
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1. INTRODUCTION

Difference equations enter as approximations of continuous problems and as
models describing life situations in many directions. Recently there has been
a great interest in studying difference equations, see, for instance [1]-[12], [14],
[17]-[19] and references cited therein, as well as in studying systems of difference
equations (see, e.g. [13], [15], [16]).

In this paper we will investigate the solutions of the systems of difference
equations

Yn—3YnTn—2 Ynil = Yn—2Tn—1
Yn—3Tn—2 = Yn—3Yn + YnTn—2 ot 2yn72 =+ Tn—1

Tn41 = , € N07

*Corresponding Author

Received 25 November 2013; Accepted 07 July 2014
(©2014 Academic Center for Education, Culture and Research TMU
73


hossein-zadeh
Typewriter
DOI: 10.7508/ijmsi.2014.02.007

hossein-zadeh
Typewriter


74 N. Touafek

where Ny = NU{0}, and initial values x_s, x_1, T, Yy—3, Y—2, Y—1, Yo are non-
zero real numbers.

Definition 1.1. A sequence {x,}, - _, is said to be eventually periodic with
period p € N if there is an ny > —k such that z,, = z,, for all n > ng. If
nog = —k, we say that the sequence {z,},~_, is periodic with period p.

Definition 1.2. Let {Fn}nZO ={0,1,1,2,3,5,8, ...} be the Fibonacci sequence
defined by

FO = O, F1 = 1, Fn+2 = Fn+1 +Fn, n e No.

Definition 1.3. Let {U,}, 5, = {0,2,4,14,40, ...} be the sequence defined by

Uy =0, Un+1+Un=2-3”,n€N0.

. _ Yn—-3YnTn—2 . Yn—2Tn-—1
2. THE SYSTEM: Zy11 = Yn 3Tm 2 Y sYntiman 2 Intl = 2y e

In this section, we study the solutions of the system of two difference equa-
tions

_ Yn—3YnTn—2 _ Yn—2Tp—1
Tniy1 = yYn41l = 5
Yn—3Tn—2 + Yn—3Yn + YnTn—2 2yn—2 — Tp—-1

, n € Ng, (21)

with non-zero real initials conditions such that y_sx_o + y_3y0 + yox_2 # 0,

Z-1  Tg Y-—3T— _ +1
y,;7 uxi and y73$72+yi3y§+yoxfg ¢ {( 1)n U"’ n= 1}'

The following theorem is devoted to the form of the solutions of the system
(2.1).

Theorem 2.1. Let {zn},~ 5, {yn},>_3 be a solution of (2.1). Then, for
n >0, we have,

(5) = (5) e
T3n— Tal=) ,Tsn=x0| =] ,2x = =
3n—1 1 3 3n 0 3 3n+1 Y—aZ—2 + Y—3Y0 + YoT_2 3
y Y—2T 1 y _ Y_1Zo
3n—2 y—2Un + (—1)n$,17 3n—1 y—lUn i (—].)n(E()’
Y-3Yox -2
Ysn

(y—32—2 + Yoy—3 + yor—2) Un + (=1)"y_32_o
Proof. Form (2.1), we have

_ Y—-3YoxL -2
Y—3T_2 + Y—3Yo + YoT—2

Z1

)
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So, the result holds for n = 0. Suppose that n > 1 and that our assumption
holds for n — 1 that is,

1 n—1
T3n—4 — T_1 g s (22)

1 n—1
I3n—-3 = X0 (3> s (2~3)

_3YoT— \"
Eas = Y-y () , (2.0
Y—3T_2 +Y_3Yo + YoT_2 \ 3
Y—2X 1
n— - s 2.5
Yan=s Yy—oUp—1 4+ (1) "1z (25)
Y-1Zg
. = , 2.6
Y3n—4 y_lUn_1+(*1)"*1$Co (2.6)
_ €T _
Ysn-z = Y-slot—2 (2.7)

(Y—3r_2 + Yoy—3 + Yor—2) Un—1 + (—1)" " Ly_sz_o
From (2.1) and (2.2), we have
Y3n—5Y3n—2T3n—4

Y3n—5T3n—4 T Y3n—5Y3n—2 + Y3n—2T3n—4a

Y3n—5 (

T3n—1 =

Y3n—5T3n—4
2Y3n—5—T3n—4

Y3n—5L3n—4 Y3n—-5T3n—4
Y3n—5T3n—4 T Y3n—5 ( S—— ) + ( —— )Ign—4

2Ysn—5—T3n—4a 2Y3n—5—T3n—4

1 \"
= — n—4 — X _ — .
3 3 4 1 3

From (2.1) and (2.3), we get
Y3n—4Y3n—1T3n-3

Y3n—4T3n—3 T Y3n—4aYsn—1 + Y3n—1T3n—3

Y3n—4T3n—3
— 5. . — | T3pn—
Yan—a (2y3n—4_$3n—3 ) 3n—3

) T3n—4

T3n =

Y3n—4T3n—3 ) ( Y3n—4T3n—3

Y3n—aT3n—3 T Yan—1 <2y3nf47w3n73 2y37L747131L73) T3n—3

1 1\"
= - n— =X —_ .
3 3n—3 0 3

From (2.1) and (2.4), we get
Y3n—-3Y3nTL3n—2
Y3n—3T3n—2 T Y3n—3Y3n T Y3nT3n2

Y3n—-3 (

T3n+1 —

Y3n—3T3n—2

2yY3n—3—T3n—2 ) T3n—2

Y3n—-3T3n—2 Y3n—3T3n—2
Y3n—3%3n—2 1+ Y3n—3 (2%"_3,1,3”_2) (stn_s_,ms_n_2

1 B Y_3YoT_2 (1>"
= 5T3n—2 = . .
3 Y-3T 2+ ¥y 3y0 +YoT 2 \3

) T3n—2
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From (2.1), (2.2) and (2.5), we have

(o) (522)
Y3n—-5T3n—4 Yy—2Un_1+(—-1) T_1 3
Yoz = 2Y3n—5 — T3n—4 - Yy—2Z_1 T_1
" " 2 <y72Un,1+(71)”*1x,1> - (3"7*1)

_ Y-2T 1

2.3y —y sUpog + (1)

_ Y—2T -1

T YL@ 3 —U, )+ ()

Y21

y—oUp, + (—1)".13_1 '
From (2.1), (2.3) and (2.6), we get

Y—1%o (170)
Y3n—4T3n—3 Y- 1Un 1+ (—1)" Tzg ) \37T
Ysn—-1 = 2y —x - Y—1To Zo
3n—4 3n—3 2 <y71Un7(1+(—1)n_1$0) - (Bn_l)
_ Y-1Zg
2-3"" 1ty =y Un1 + (=1)"20
_ Y—1To
Y@ 3T —Up 1)+ (—1)"m0

Y—17o
y_1Up + (—1)”%0 '

From (2.1), (2.4) and (2.7), we have

Y3n—3L3n—2

Ysn =
2Y3p—3 — T3p—2
Y—3Yox—2 Y—3Yox—2
B (y—3z_24+yoy—3+yor_2)Un_1+(—1)""ly_szz_o 3n—1l(y_z3z_24+y_3yo+yor_2)
B 2 Y—3Yox_2 o Y—_3YoT_2
(Y-3z—24+yoy—3+yor_—2)Un_1+(=1)""1y_3zz_» 3n—1(y_3x_2+y_3y0-+yozr_2)
_ Y—-3YoT -2
(2-3""1 = Up_1) (yoxr—2 + Yoy—3 + x—2y—3) + (—1)" 2 _2y_3
_ Y—-3Yol -2
Un (Yo —2 + yoy—s + —2y—3) + (—1)" x_2y_3
The proof is complete. O

Corollary 2.2. Every solution of system (2.1) is such that

lim z, = lim =0.
n—-4o0o " n—4oo Yn
. — Yn—3YnTn—2 _ _Yn—-2Tn-1
3. THE SYSTEM: Int1 = Yn—3Tn—2+Yn—3Yn+YnTn—2’ Ynt1 = 2Yn—2+Tn_1

In this section, we get the form of the solutions of the system

T = Yn=3YnTn-2 Ynpg = —2n=2nol
mt Yn—3Tp—2 + Yn—3Yn + YnTn—2 » ot 2yn72 + XTp—1

, n € Np, (31)
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with non-zero real initials conditions such that yz—*ol, y=2 ¢ {_ Fon_ pn > 1}

T_1 F3pt1’

_ T_ F:

and ¥ 3Y0+YoT—2 ¢ _ 3n+2’ n>0°%.
Y—3T_2 F3p41

Theorem 3.1. Let {zn},s o, {yn},>_3 be a solution of (3.1). Then for
n=20,1,...,

Tan = ToY—1 Tanal = YolY—-3r_2
Y P +aoFs, T Y—32_oF3, 40+ yo(y—3 + _2)Fant1’
T o T_1Y—2 Yam = YoY—-3r—2
3n42 = s Y3n = ;
mr YoFsnia+ 2 1Fs3n43" 77" y_s3r_oF3n41 +yo(y—3 + 2_2)F3p
Y—2T -1 Y—1Zo
Ysn+1 = y Yan42 =

Y—2F3n13 + 0 _1F3n42
Proof. From (3.1), we have

Y_1F3n13 +20F342°

_ Y—3Yol—2 _ Y—-3Yoxl -2
r1 = = 5 (32)
Y—3T_ 2 +Y-3yo+ Y2 Y3z _oF +yo(y_s+x_2)F
Y—2T 1 Y—2T 1
y = = 5 3.3
YT ot yoFsta B (3:3)
Y—-1Zg Y—-1Zg
y2 = = . 3.4
2y 1+xo  y-1F3+ a0l (3.4)
From (3.1)-(3.4), we get
Y-_2y1T_1
To =
Y21+ Y—2y1 + Y121
Y—2ZT_1+Y_2 (25:221;171) + (23:2235;11) T_1
B T_1Y—2 _ T-1Y-2
3y—o+2r_1  yoFy+x_1F3’
Y—1To
Y—1Y2Z0 Y-1 (21171“0) o
1'3 = =
—1T —1T
I Ty () ()
_ ToY—1 _ ZToY—1
3y_1 —|—2l‘0 :IJ_1F14—|—.Z‘0F'37
Y—-3YoT—2
y Yox1 Yo Y—3T_2+Y—3Yo+yor_2 Y—3Yol—2
3 = - — — =
2y0 T 2y0 + y—sxff-i'zziosg;oiyoxfz 3y_3£13_2 + 2y0(y_3 + 35_2)
Y—-3YoT -2

Y3t 2Fy +yo(y—3 +x_2)F3
Similarly we get

T4 = Y-3Yoxl -2 _ Y-3Yoxr -2
52 _oy—3 + 3yor—2 + 3Yoy—s  Y—sT_2F5 +yo(y—s + x_2)Fy’
T_1Y—2 Y—2T-1
Y4 =

B 8Yy_o+5r_1 Yy oFs+z_1F5
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Y T_1Y-2
° 13y_2+8l’_1 y_2F7+CC_1F6’
ZoY—1 Y—1Zo
Ys =

T 8y_1+510  y1Fs+ a0y
So, the result holds for n = 0, 1. Suppose that n > 2 and that our assumption
holds for n — 2, n — 1 that is,

ZToY-1

T3n—6 = , 3.5
ey a5 + 20F3n g (8:5)
YoYy—-3T 2
T3n—5 = ; 3.6
Y32 _2F3,_4 +yo(y—3 +x_2)F3,_5 (3.6)
T_1Y-2
T3p—4 = , 3.7
gnd Y—2F3,_o+x_1F3,_3 (3.7)
YoY—-3T—2
Y3n—6 = ; 3.8
Y—3T_oF3, 5+ yo(y—3 +2_2)F3,_¢ (3:8)
Y—2X_1
Y3n—5 = 5 3.9
I Sy S (8:9)
Y-1Zo
Y3n—4 = 5 3.10
Y—1F3n_3 + 20F37_4 (3.10)
ToY—-1
Tan_3 = , 3.11
S Fap_g + 20F3p_3 (8:11)
YoYy—-3L—2
Tap—2 = , 3.12
Ty st o Fay 1+ Yo(y—3 + x_2)F3n—2 (312)
T-1Y-2
Tap—1 = , 3.13
st Y—ol3pp1 +2_1F3, (8:13)
YoYy—3T—2
Y3n—3 = ; 3.14
Y—3T_2F3,_o +yo(y—3 +x_2)F3,_3 (3.14)
Y21
n—2 — 5 3.15
Yan=2 Y—oF3, +w_1F3,1 (3.15)
Y-1To
= . 3.16
Yan-1 Y—1F3, + 20 F3,1 (8.16)
From (3.1), (3.10), (3.11) and (3.16), we get
3 _ Y3n—4Y3n—1T3n—3
" Y3n—4T3n—3 T Y3n—4aY3n—1 + Y3n—1T3n—3
— ToY-1
Fsny_1 4+ 2oFs3n—1 + 20F3n—3 + 20F3n—a + F3n—2y—1 + F3,_3y_1
— ToY-1
Y1 (F3n 4+ (F3n—2 + F3n-3)) + 2o (F3n—1 + (F3n—3 + F3n-4))
_ ZToY—-1
Y—1 (F3p + Fap—1) + xo (F3p—1 + F3p_2)

ToY—-1
Y—1Fsnt1 + xoF5,
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From (3.1), (3.12) and (3.14), we have

Y3n—3T3n—2

Y3 =
" 2Y3n—3 + T3n—2
_ Y—3Yoxr—2
yor_2 (2F3n—2 + F3n—3) + yoy—3 (2F3n—2 + F3n—3) + ©_2y_3 (2F3,_1 + F3,_2)
_ Y—-3YoT—2
yor_2 (F3n—2 + F3n—1) + yoy—3 (F3n—2 + F3n—1) + *_2y—3 (F3n_1 + F3p)

Y—-3Yoxr—2
YoT—2F3n + Yoy—3F3n +T—2y—3F3n+1

From (3.1), (3.12) and (3.14), we get

Y3n—3Y3nT3n—2
Y3n—323n—2 + Y3n—3Y3n + Y3nT3n—2

T3n+1 =
Y3n—3T3n—2
2Y3n—3+T3n—2

Y3n—3T3n—2 Y3n—3T3n—2
Y3n—3T3n—2 + Y3n—3 (2y3n73+13n72) + (2%”734_13”72) T3n—2

Y3n—3 ( ) T3n—2

Y3n—3T3n—2
3Y3n—3 + 2T3n—2

( Yoy—3%_2 ) ( Yoy—3T_2 )
Yy—32_2F3n_2+yo(y_3+x_2)F3n_3 y_32_2F3n_1+yo(y—_3+tx_2)F3n_2

3 (y—3fE—2F37z—?;(f1;33,(:l:§+1—2)F3n,—3) +2 <y—305—2F3n—z(fyios(z:§+1—2)F3n—2)
_ Y—-3Yor—2
T y_32_2 (3F3n—1+2F3n—2) + Yo (y—3 + T—2) (3F3n—2 + 2F3,_3)
_ Y—3YoT—2
T y—32—2 (F3n—1+ 2Fsn) + 50 (y—3 + 3—2) (F3n—2 + 2F3,_1)
_ Y—3YoTr—2
T y_s3z_2 (Fant1 + F3n) + 90 (y—3 +x—2) (F3n + F3n_1)

Y-3Yoxr—2
Yy—32_2F3n42 +yo (y—3 +2—2) F3nt1

From (3.1), (3.13) and (3.15), we have

Y3n—2T3n—1
2Y3n—2 + T3n—1

Y_ox_1 T_1Y-—2
Y_oF3n+x_1F3, 1 Y_2F3ni1+x_1F3,

2 ( Y—2T—1 ) 4 T_1Y—2

Y—2Fspnt+r_1F3n_1 Y—2Fsnp1+z_1F3,

Y3n+1 -

_ Y—2T_1
Yo (F3n 4+ 2Fs41) + 21 (2F3, + F3,-1)
_ Y—2T—1
Yo (Fsnga + Fapg1) + -1 (Fap + Fang1)

Y21
Y_oFsni3 +2_1F3n42
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From (3.1), (3.13) and (3.15), we get

Y3n—2Y3n+1TL3n—1

T3n+2 —
Y3n—2T3n—1 + Y3n—2Y3n+1 + Ysn+1T3n—1

Y3n—2T3n—1
Ysn—2 (2y3n72+x3n71 ) L3n—1

Y3n—2T3n—1 Y3n—2T3n—1
Y3n—2T3n—1 + Y3n—2 ( n - ) + ( " - ) T3n—1

2Y3n—2+T3n—1 2Y3n—2+T3n—1
Y3n—2T3n—1
3Ysn—2 + 2w3,_1

Y_2T_1 T_1Y—2
Y—2F3n+r_1F5n_1 Y—2F3nt1+z_1F3,

Y—2T 1 T_1Y—2
3 (y—stn,+r—1F3n—1> +2 (y—2F3n+1+r_1F3n)

Y21
Y2 (2F3, + 3F341) + -1 (3F3, + 2F3,-1)
o Y—2T_1
Yo (2F3n42 + Fapg1) + 21 (Fap 4 2F3041)
_ Y—2T 1
Yo (Fango + Fangs) + 21 (Fango + Fanp)

Y—2T—1
Y-oF3nia+ 2 1F3043
From (3.1), (3.10), (3.11) and (3.16), we have

Y Y3n—4Y3n—1T3n—3
y Y3n—1T3n 3n—1 \ Ysn_a®3n_3+Ysn_4Ysn_1+Ysn_193n_3
3nt+2 = = Y3n—4Y3n—1T3n—3
2y3n—1 + T3n Qy?m_l + Y3n—4T3n—3+TY3n—4Y3n—1+Y3n—1T3n—3
_ Y3n—4Y3n—1L3n—-3
2%3n-3Y3n—1 T 3T3n—3Y3n—4 + 2Y3n—-1Y3n—4
o Y-1To
Yy—1 (F3p + 2F541) + 20 (F3n—1 + 2F3,,)
_ Y—-1Zo
Y—1 (F3nt2 + Fanq1) + 2o (F3nt1 + F3p)
_ Y-1To
Y-1F3n43 + 20F3042
The proof is complete. O

Corollary 3.2. Let {zn},> o, {Un}t,>_5 be a solution of (3.1) with y_ox_1,
y_1x0 and y_3xr_o(y_syo + Yoxr—2) positive. Then

lim =z, = lim =0.
n—+4o00 n n~>+ooy”
4. THE SYSTEM = Yn—3YnTn-z — _Un-2Tn_1
SYS x?’l,-‘rl Yn—3Tn—2—Yn—3Yn—YnTn—2" yn—i-l 2Yn_—2+Tn_1

In this section we study the dynamic of the solutions of the system

z _ Yn—3YnTn—2 y _ Yn—2Tn—1
n+l — s Yn+1 — 5
Yn—3Tn—2 — Yn—3Yn — YnTn—-2 2yn72 + Tn-1

n=20,1,...,
(4.1)
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with non-zero real initials conditions with y_sx_s — yo(y_3 + z_3) # 0, L2

(L‘717
Y1 Y—3T_2—yo(y—3+x_2) _ 1
o and T s ¢ { Sy 12> 1}.

Theorem 4.1. Let {z,},~_o, {Un},>_3 be a solution of system (4.1), then
{zn},>_, is eventually periodic. That is,

Tnts = Tn, N > —1.
Moreover, if
_ 2Y0y-3
Y-3— Yo
then the sequence {x,},~ o will be periodic.

7y—37y07é07

Proof. Tt follows from (4.1) that

ynflyn+2xn

Tniys =
Yn—1Tn — Yn—1Yn+2 — Ynt+2Tn
2 2
Yn—1Tn Yn—1Tn
B Yn—1 <2yn71+xn) Tn  Zp+2yn_1
= = 2
_ Yn—1Tn _ Yn—1Tn Yn—1Tn
Yn—1Tn = Yn-1 <2yn—1+$n) (2yn71+xn> Tn Tn+2Yn—1
= z,.
Now using
_ 2y0y-3
-2 = 5
Y-3 — Yo
we get
1 = T2

O

Theorem 4.2. Let {zn},s o, {yn},>_3 be a solution of (4.1). Then for
n=20,1,2,..., we have

T3n = o,
Tanp1 = YoYy—-3T—2
Y—32_2 —Yo(y—3 + x_2)’
I3n4+2 = T-1,
_ YoYy—-3T—2
son (2n+ 1)y—37—2 — 2nyo(y—3 + v—2)’
_ Y—2Z-1
Y3n+1 = 2t Vystai
Y—1To
Y3n+2 =

2(n+1)y_1+zo
Proof. From (4.1), we have
_ YoYy—3T_2

Y-32-2 —Yo(y-3 +2—2)’

X1 T2 = T—1,

and
Y21 Y—-1To

T2 ata g vz = 2y_1+xo

Y1
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So, the result holds for n = 0. Suppose n > 0 and that our assumption holds
for n — 1 that is,

I3n—-3 = X0, (42)
_3T_
Tanm2 = y—gmfzy—oyyo?iy—j, + x,g)’ <4.3)
Tan-1 = T-1, (4.4)
_3T_
Yon=s = (2n — 1)y73$—2yfy2(il —21)y0(y73 +2_3) (4:5)
Ysn—2 = 2713:22%%_1, (4-6)
1T
Ysn-1 = 2713_17_:% (4.7)

From (4.1) and (4.2), we have

T3n

Y3n—4Y3n—123n—3

Y3n—4T3n—3 — Y3n—4Y3n—-1 — Y3n—-1T3n-3
Y3n—4TL3n—3
Ysn—a (2y3'n74+w37173> L3n—3

. Y3n—4%3n—3 _ Y3n—4%3n—3 . .
Ysn—4T3n-3 = Y3n—4 (2y3n74+m3n73) (2y3n74+m3n73> L3n—3

(an—4x3n73)2
2y3n—a+T3n—3
ygn_ﬂiSnfS
2Y3n—4a+T3n—3

T3n—3

xXg.

From (4.1), (4.3) and (4.5), we get

Ysn

Y3n—3L3n—2
2y3n—3 + X3p—2

YoY-—3T_2 YoY—3T_2
(2n—-1)y_sz_2—2(n—1)yo(y—3+z—2) Yy—32_2—yo(y—3+z_2)

2 YoYy—3T—2 + Yoy —3T_2
@2n—1)y_3z_2—2(n—1)yo(y—3+z_2) Yy—32_2—Yyo(y—3+z_2)
(y—3yoz—2)°
[(2n—1)y—3z_2—-2(n—1)yo(y—3+2—2)][y-32—2—yo(y—3+z_2)]
(z_2y—3y0)[(2n+1)z_2y_3—2nyo(x_2+y_3)]
[yor—2+yoy—s—z—2y—3][(2n—1)y_3zz_2—-2(n—1)yo(y—s+z_2)]
Y—-3Yol -2
(2n+ 1)z_2y_3 — 2nyo (x_2 + y—_3)
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From (4.1) and (4.3), we have

Y3n—3Y3nT3n—2

T3n+1 —
Y3n—-3T3n—2 — Y3n—3Y3n — Y3nT3n—2

Y3n—3T3n—2
Y3n—3 (zysn—s-‘rrsn—Q ) L3n—2

Y3n—3T3n—2 Y3n—3T3n—2
Y3n—3T3n—2 — Y3n-3 ( ) - ( ) T3n—2

2Y3n—3+T3n—2 2Y3n—3+T3n—2
(Y3n—33n-2)°
2Y3n—3+T3n—2
ygn,3$37k2
2Y3n—3+T3n—2
= T3n-—2
YoYy—-3T-2

Y—3T_2 — yo(y—3 + x_2)

From (4.1), (4.4) and (4.6), we have

Y—2T—1 T_q y—zmil
y Y3n—2T3n—1 2ny _o+x_1 - 2ny_o+x_1
3n+1 - = —
2y3n—2 + T3n-1 Y-z_1 CADy otz 1wy
Yan " 2 2ny 2+ 1 T 2ny_—o+x_1
Y—2T_1

2(n+y—2+z1
From (4.1) and (4.4), we get

Y3n—2Y3n+1L3n—1
Y3n—2T3n—1 — Y3n—2Y3n+1 — Y3n+1TL3n—1

Y3n—2T3n—1
Y3n—2 (2y3n72+w3n71 ) T3n—1

_ Y3n—2%3n—1 _ Y3n—2%3n—1
Y3n—2T3n—1 — Y3n—2 (2y3n_z+a:3n_1) (2%”_2”3"_1)%‘%71

T3n+2 —

(Y3n—223n-1)°
2y3n—2+T3n—1
ygn—2$3n* 1
2Yy3n—2+T3n—1

T3n—1

= X_1.
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Finally, from (4.1), (4.2) and (4.5), we have

y _ Y3n—123n
3n+2 -
2ysn—1 + T3n
Y3n—-4Y3n—1T3n—3
_ Ysn—1 Y3n—-4T3n—-3"Y3n—-4¥Y3n—-1"Y3n—-1T3n—-3
Y3n—4Y3n—1%3n—3
2ysn—1 + (ysn—413n—3*ysn—4ysn—1*yzn—ﬂ?gn—s)
Y3n—4%3n—3
van—1 (3Tt Joan—a
Y3n—1 z _ ( Y3n—4%3n—3 )7( Y3n—4%3n—3 )w
Y3n—aT3n—3"Y3n—4\ 2y ", Faz,_3 23 _atasn_3 ) T3n—3
o Y3n—4%3n—3
9 i van—1 (mypn TRt Joan—s
Y3n—1 - — < Y3n—4%3n—3 )7( Y3n—4%3n—3 >a:
Y3n—aT3n—3"Y3n—4\ 2y5 " Fas._3 2ysn_atasn,_g ) L3n—3
_ Y3n—-1T3n—3
2y3n—1 + T3n—3
Y—1%o
(2ny—1+mo> Zo
Y—1Zo
2 <2ny,1+x0> + Zo
yflzﬁ
_ Iny_1+ao
T @C+ly-_1+tae)zo
2ny—1+xo
Y-1%o
2(n+ 1)y—1 + xo
The proof is complete. O

Corollary 4.3. FEvery solution of system (4.1) is such that

lim y, =0.
n—-+oo
— Yn—3YnTn—2 . _Yn-—2Tn-1
5. THE SYSTEM Int1 = Yn—3Tn—2—Yn—3Yn—YnTn—2" Ynt1 = 2Yn—2—Tpn—1

Consider the system

_ Yn—3YnTn—-2 _ Yn—2Tn—1
Tpy1 = sy Yn+1 = o
Yn—3Tn—2 — Yn—3Yn — YnTn—-2 2Yp—2 — Tp—1

,n €Ny (51)

with non-zero real initial conditions with yo (y—3 + z—2) ¢ {£y_sz_o, =521,

2
Yo & {55 221}, y_1 ¢ {%, 220},
The following theorem describes the form of the solutions of system (5.1).
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Theorem 5.1. Let {zn},~ 5, {yn},>_3 be a solution of (5.1). Then, for
n=20,1,..,

—1\" —1\"
Ten—1 = T—-1 ? y Lén = L0 ? ,

n n
_ Y—3YoT—2 (—1> _ Y—2x <—1>
Ten+1 = - Tenr2z2=—""75— |5 >

Y—3T_2 — Yo (Yy—3+x_2) \ 3 Y2 —2w_1

1\" 1\"
onss = Y1 (— ) Coms = — Y—3YoT—2 (— )
- b n - b
" y-1—2x0 \ 3 Y322+ Yo (y—3 +2_2)

—1\" —1\"

Yon—2 = Y-2 (3> y Yon—1 = Y—1 (3) )
-1 " Y2k 1 -1 "
Yen = Yo (3> y Yon+1 = m <3> )

Yonto = _Y-1to <_1>" Yonis = Y—3YoT—2 (_1>n
" 2y 1—x0 \ 3 e Y—3r_o —2yo (y—3 +x_2) \ 3

Corollary 5.2. FEvery solution of system (5.1) is such that

lim z, = lim =0.
n—-4o0o " n—4o0o Yn
ACKNOWLEDGMENTS

The author would like to express his sincere thanks to the anonymous referee
for his (her) suggestions and valuable comments.

REFERENCES

1. R. Abo-Zeid, Attractivity of two nonlinear third order difference equations, J. Egypt.
Math. Soc., 21, (2013), 241-247.
2. A. M. Ahmed, A. M. Youssef, A solution form of a class of higher-order rational difference
equations, J. Egypt. Math. Soc., 21, (2013), 248-253.
3. C. Cinar, On the positive solutions of the difference equation z,4+1 = ch:ﬁ’ Appl.
Math. Comp., 150, (2004), 21-24.
4. C. Cinar, R. Karatas, I. Yal¢inkaya, On solutions of the difference equation z,4+1 =
e e—5a—;» Math. Bohem., 132, (2007), 257-261.
5. E. M. Elabbasy, E. M. Elsayed, On the global attractivity of difference equation of higher
order, Carpathian J. Math., 24, (2008), 45-53.
6. E. M. Elsayed, On the global attractivity and the solution of recursive sequence, Stud.
Sci. Math. Hung., 47, (2010), 401-418.
7. E. M. Elsayed, Expressions of solutions for a class of differential equations, An. Stiint,.
Univ. ”Ovidius” Constanta. Ser. Mat., 18, (2010), 99-114.
8. E. M. Elsayed, S. Stevi¢, On the max-type equation z,4+1 = max{A/xn,xn—2}, Nonlin-
ear Anal. TMA., 71, (2009), 910-922.
9. E. M. Elsayed, On the dynamics of a higher-order rational recursive sequence, Commun.
Math. Anal., 12, (2012), 117-133.
10. J. Feuer, Periodic solutions of the Lyness max equation, J. Math. Anal. Appl., 288,
(2003), 147-160.




86

11

12.

13.

14.

15.

16.

17.

18.

19.

N. Touafek

. T. F. Ibrahim, Periodicity and analytic solution of a recursive sequence with numerical
examples, J. Interdiscip. Math., 12, (2009), 701-708.

T. F. Ibrahim, N. Touafek, On a third order rational difference equation with variable
coefficients, Dyn. Contin. Discrete Impuls. Syst., Ser. B, Appl. Algorithms, 20, (2013),
251-264.

B. D. Iricanin, N. Touafek, On a second order max-type system of difference equations,
Indian J. Math., 54, (2012), 119-142.

N. Touafek, On a second order rational difference equation, Hacet. J. Math. Stat., 41,
(2012), 867-874.

N. Touafek, E. M. Elsayed, On the solutions of systems of rational difference equations,
Math. comput. Modelling, 55, (2012), 1987-1997.

N. Touafek, E. M. Elsayed, On the periodicity of some systems of nonlinear difference
equations, Bull. Math. Soc. Sci. Math. Roum., Nouv. Sr., 55(103), (2012), 217-224.

X. Li, D. Zhu, Global asymptotic stability in a rational equation, J. Diff. Equations
Appl., 9, (2003), 833-839.

I. Yalginkaya, On the difference equation z,4+1 = a + z;,;z, Fasc. Math., 42, (2009),
133-139. "

I. Yal¢inkaya, B. D. Iricanin, C. Cinar, On a max-type difference equation, Discrete Dyn.
Nat. Soc., Article ID 47264, (2007), 10 pages.






