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Abstract. In this paper we obtain the explicit form of the best uniform
polynomial approximations out of P, of two classes of rational functions
using properties of Chebyshev polynomials. In this way we present some
new theorems and lemmas. Some examples will be given to support the

theoretical results.
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1. INTRODUCTION

As we know, in 1962, Rivlin [6] studied the class of functions given by f(x) =
Z;io t'T,;y,(z) where a and b are integers, a > 0, b > 0 and |t| < 1. He
introduced the best uniform polynomial approximation p¥ for f on [—1,1].
Also in 1978, Ollin [5] found the best uniform polynomial approximation of the
class of functions given by f(x) = Z?io tI Uy (), where b is a nonnegative
integer and || < 1, on [—1,1].

In this paper, using Chebyshev expansion we obtain the best uniform polyno-
mial approximations of two classes of rational functions:
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In section 2, we will introduce the best uniform approximation out of P, for
oo
- M(z,t,a,b)
_ 4 £2\,454a,9) 1
o) = T + 1)

and in section 3, we will determine the best uniform polynomial approximation
out of Py, for

)= S tay s S, :

on [a,b], where |t| < 1 and M, N, K, L are the polynomials of the variables z,
t, a, b. In the following, we give some preliminaries.

Theorem 1.1. [7]. Given f(z) € C|a,b], there exists a polynomial p} € P,,
such that

If =pnll < IIf —pnll forall p, € Py,

where ||.|| is the uniform norm over the interval [a, b], that is ||g|| = max, lg(2)],
for any g € Cla, b]. o
Definition 1.2. A set of x1,%3,...,%nt2, satisfying a < 71 < 22 < ... <
Tpt2 < bis called an alternating set for the error function f — p,, if
[f(@j) —pu(@)l = If =pull,  5=1,2,...n+2,
and
[f (@) = pnl@;)] = = [f(@j41) = pn(zja)l,  G7=1,2....,n+1

Definition 1.3. We define

Ea(fila,b) = Bulf) = max |7(@) ~ pi(a)]. 3)

Theorem 1.4. [7]. (Chebyshev Alternation Theorem) Suppose f(x) €
Cla,b]. Then pZ is the best uniform polynomial approximation for f out of p,
if and only if there exists an alternating set for f —p,, consisting of n+ 2 points.
One can see [1, 2] for more information about the best approximation theory.
Definition 1.5. The first kind Chebyshev polynomial in [—1, 1] of degree n is
denoted by T,, and is defined by

Tn(x) = cos(n#), where x = cos(h). (4)
Also Chebyshev polynomials satisfy in the following relations:
To(x)=1; Ti(z)=z; Th(z)=22Th-1(x) — Th-2(z), n=2,3,.... ()

Definition 1.6. The shifted first kind Chebyshev polynomial on the interval

[a, b] of degree n is denoted by TF and is defined by

2z — (a+b)
b—a

Indeed for x € [a, b], if we put s = W that s € [—1,1] then T}¥(x) = T, (s).

Ty (xz) = cos(nf), where cos(f) = , 00,7 (6)
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Definition 1.7. The second kind Chebyshev polynomial in [—1,1] of degree
n is denoted by U, (z) and is defined by

Un(z) = M, where 1z = cos(6). (7)

sin 0
Chebyshev polynomials of the second kind satisfy in the following relation:

Uo(z) =1; Ui(x) =2x; Up(z) =22Up—1(x)—Up_2(z), n=2,3,.... (8)

Definition 1.8. The shifted second kind Chebyshev polynomial on the interval
[a,b] of degree n is denoted by U} and is defined as

M7 where cos(f) = w; 0 € [0,7]. 9)

Un(z) = sin @ b—a
Indeed for = € [a, b], if we put s = W that s € [—1, 1] then U} (z) = U, (s).
The interested reader is referred to [4] for further information about properties
of the Chebyshev polynomials.

2. BEST UNIFORM POLYNOMIAL APPROXIMATION OF
. M(x,t,a,b
Fla) = 352, G0 T (@) + Fmpep
Let us start this section with the following lemma, and then introduce one of
the main theorems of this paper.

Lemma 2.1.
NIy ()= 24T (2)+2 T (2))

2o ST} (@) = n 3252, U () + T 2T (@) (10)

_ nt" (cos(nh)—tcos((n—1)0) + t" 1 (cos((n41)0—2t cos(nd)+t2 cos((n—1)6)

14+t2—2t cos(0) (1+t2—2tcos(0))2 :

Proof. Since [6] we can write:
oo
; t"(cos(nf) — tcos((n — 1))

HT* —_ 11
Z 5 (@) 1+ 12 — 2t cos(6) ’ (11)

Jj=n

then we can conclude
Z]t]Tj () = ta(z T} (2))
j=n ji=n

nt"™(cos(nf) —tcos(n —1)0)  t" 1 cos(n —1)0
1+ 2 — 2tcos(9) 1+ t2 — 2tcos(9)
t"+1(2t — 2 cos ) (cos(nf) — t cos(n — 1)6)
- (1+ 2 — 2t cosh)?
nt™(cos(nf) — tcos(n — 1))
1+ t2 — 2t cos(h)
+t"+1(cos((n + 1) — 2t cos(nf) + t% cos((n — 1)6)
(1412 — 2t cos(6))? '
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Theorem 2.2. The best uniform polynomial approximation out of P, for

NS e (T () — 26T () + t2)
= 2T @) -

(12)

on [a,b], where [t| <1 is

n+2

ZtJT* @) (13)

Proof. From Lemma 2.1 and Definition 1.5 we have:

en-1(x) = f(z) — Py (z)

Jf;wT (2) - ({ff 227_2;5;(2)?2) - (jzn; v )+ %mm)
- (Semo- t2<{f*f2;2§f§§2§f’)
e o i)
Z T (z) — tn+t22T*(w))
j=nt1
— Re j;l(teie)j - geme]

" (cos(n + 1)0 — 2t cos(nf) + t* cos(n — 1)0
- (1 —t2)(1+t>—2tcosh)

o (1+t)cosh—2t (1—t*)sing
- = (e ey ~ O T ).

Let us define ¢ by

1+t ) cos 6—2t
{ cos ¢ = 1-',-1}2 2t cos(6) ’ (15)
. (1— t2) sin 6
sin ¢ T 1+t2—2tcos(0) "
Then from (14) and (15) we can write:
gl gl
en(x) = o (cos(nB) cos ¢ — sin(nh) sin ) = = cos(nf + ¢). (16)

When 6 varies from 0 to m, ¢ varies from 0 to 7, then nf + ¢ increases continuously
from 0 to (n+ 1), hence cos(nf + ¢) possesses at least n + 2 extermal points, where
it assumes alternately the values +1. Thus

¢

En(f7 [a7 b]) = (1 _ tg)'

(17)

|
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Remark 2.3. Considering (17) with condition [¢| < 1, we have:
|t|n+1

lim E,(f,[a,b]) = lim =0.

n— 00 n— o0 (1 — t2)

In other words, we prove that p% () approximates f(z) uniformly as n — oo.

3. BEST UNIFORM POLYNOMIAL APPROXIMATION OF CLASS OF MENTIONED
FUNCTIONS IN (2)

Let us start this section with the following Lemma.
Lemma 3.1 [3]. Let (U?(x)) be the derivative of (U (z)). Then we have

8 s—1 *
=y o(k+ 1)U, (z); n=2s
U* [ b—a 12—0( 2k+1 ) ) 18
(Ot { 5o Sneo(2k + 1)Us () 5 =25+ 1. (18)

Lemma 3.2. For [t| < 1,we have:

S U @) = m{ S Hzt%%(m)}' "
J J=0

j=0 j=1

Proof. From Lemma 2.1 we can write

Zt2]+l U2]+1 b — Zt2]+l Z 2]{ +1 U2k )
3=0 k=0

=0
4 oo o0 k
SRy U ) S
Jj=0 k=j
= TEe e L D@
]=0
7(14 b a {ZQJ ) U3 >+Zt2jUz*j<m>}.
Jj=1 j=0

Lemma 3.3. For |¢| < 1, and an integer n, we have:

= |2 Uy (w) = 2°Us, (2) + Uy a(2))
23 27 2n+-2 2n 2n—2
(2))t Us; (x —QnZt Us; (10221 ()2 :

j=n

(20)

Proof.

oo

$(ei) #9050 (Zm ) s dt( (Zfﬂ oy ))

j=n

ot . d (t"sin(2n+ 1)0 — > ?sin(2n — 1)0
N (sinﬁ)a ( 1+ ¢+ — 2t2 cos(20) )
_ 2t Uz (2) — U3 2(2))  26""72U3, 5(2)

- 1+ t4 — 22T () 14t — 22Ty ()
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_4ﬁn+z(ﬁ-—7¥(wD(U§Jw)—t2U§wa(wD
(1 + 1 — 21273 (2))2

gy 22U o (x) — 2t2U3, () + t1U3,_o(x))
—9 U 2n+2 2n 2n—2 )
nY U5 @) + (10— 20273 (2) 2

Proof. Theorem 3.4. The best uniform polynomial approximation out of P», for

_oo Y NI - ’ 8t5(U4—2tU2—|—t)
(z) = jgot - (Usgja(z)) — 1—2)b—a)l+t2—202T;(2))2 (21)

on [a,b], where |t| < 1, is

— 8t
Pen(®) = — =G

12t no 2577 s (@) 22t 2 )Ug (a)
A G Zj:ot]U%(x)* A—tH2Z(1+e2) (1—t2)2(1+t2§

(22)

Proof. From Lemmas 3.2 and 3.3, we have:
e(z) = f(x) — pan(z)
- S5 (25) U3 () + 3050 9 U3, ()
a— t2)(b @) (27) 25 §=0 2j

8t5 (U —2t2U3 +t4) 8t
T A=) (b—a)(AF+t1—2t2T5 (2))? + (1—t2)(b—a)

. 2n4dpx 2n42.,4_ 2 *
12t no 2577 t Usp_o(x) t (t*—t*-1)U3,, (=)
. {§ =o't Us;(x) — — — 2n

T @) (1-12)2(1+1%) (1-t3)2(1+12)

_ 4t 0o 425 24 (UF —262U% +t%)
— (1-t2)(b—a) {szzot jU2g( )JF (_1+t44—2t2T2*2(x))2 - 2}

8t (U —2t2U3 +t%) 8t
T A—t2)(b—a) A+t 22T (x))2 + (1—t2)(b—a)

Lot S 2rHaus () 2r2ad 2 s (x)
T a—t2)(b—a) {Z?:Ot JU2j(x) - (1—t2)§(1+2t2) - (1—t2)2(1+t2§
_ 12 CrHUsL a(e) | 2Rt 2 1)U3, (@)
- (ITM { j=n+1 t* UQJ( )+ (17t2)2z(1+2t2) + (17t2)2(1+t2§ :
(23)
Since [5] we have:
Uspyn — t°U3
Z 27 Us;(x —¢2nt2_T2onit2 T ¢ Yon (24)
4 _ o2
P 1+t4 —202T5 (x)
Thus
(@) 12t 272 (sin(2n + 3)0 — ¢* sin(2n + 1))
e(z) =
(1—t?)(b—a)sinf 14+ ¢4 — 20275 (x)
2" Tsin(2n — 1)0 2" T2(t* — ¢ — 1) sin(2n + 1)
A—epise) A=+ e)
24t2n+3 ) )
= TS EHEYDIE) {cos(2n + 1)0 cosyp — sin(2n + 1)@ siny}
2417 °
cos((2n+1)0 + ), (25)

T -2+ )b-a)
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where

_ (1—2t2—t%) sin(260)+t* sin(46)

COSl/J - 2sin (1+t%—2t2 cos(20)) (26)
- q/) _(142t2)— (1+t2)2 cos(260) +t* cos(46)

smy = 2 sin 0(1+t%—2t2 cos(20))

Now if ¢ varies from 0 to 7, as 0 varies from 0 to w. Therefore the argument cos((2n+

1)0 + 1) increases continuously from 0 to (2n + 2)7 as 6 increases from 0 to , so the
2n+3 . . .

MZ)QB%W‘ Wlth alternatlng s1gn at the 2n + 2

points in 0 < 6 < 7 at which cos((2n + 1)0 + ¥)will be £1. Using the Chebyshev

Alternation Theorem, pay, (z) is p5,(z), with

error takes its extreme values

e pup— U (2)
AR T AT PR+ 2)(b—a)
O
Remark 3.5. Considering (27) with condition || < 1, we can write
lim Esy(f,[a,b]) =0.
n—r o0
In other words, we prove that p2n(z) approximates f(x) uniformly as n — oo.
Corollary 3.6. The best uniform polynomial approximation out of Ps, for
NNy >N o 241 (U (z) — 262U (z) + t1)
= (29) 7 U3, tYU3; () — 1 1 28
f(z) ;( )t Usj () +j§ 2(7) A+ 22T ()2 (28)

on [a,b] where |¢| < 1, is

_ S 2j 7% U Y €) et -2 - 1)U, (x)
pan(®) = _2+3{§t Vi) - a—epire) - G-@rare) }

(29)
Proof. We can prove this corollary similar to Theorem 3.4. (|
Corollary 3.7. The zeros of the polynomial
ri(z) = (L +t°) (22 — (a+ b)) — 2t(b — a)) (T (z)) +2n (1 —*)Tr(z), (30)
and —1, 4+1 are the alternating points of (12).

Proof. From the Theorem 2.1 we know the alternants of (12) are the extermal points
23 cos
of cos((2n + 1)8 + 1) where cos(§) = W and costp = GEL)eosb2 gy for

14+t2—2t cos O

every extermal of cos((2n + 1)8 + ) we have sin((2n + 1)0 + ¢») = 0. Therefore

0 =sin(nd +¢) = (Tn (@) s;n(@)(b —a) costp + T (x) sinp
n
~ (Tx(z)) sin(@)(b—a) _ (1+t*)cosd — 2t . (1 —t*)sinf
n 2n X 1412 —2tcosb +Tn(m)1+t272tc059

_ V(b—a)?— 2z — (a+1))?
2n ((1+¢2)(b — a) — 4tz + 2t(a + b))

x ((L+t*) 2z — (a+b) —2t(b—a)) (Tr(z)) +2n (1 —t*)Ty(x)) .
Hence the roots of r1(z) and —1,+1 are the alternants of (12). O
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Corollary 3.8. The zeros of the polynomial
ro(z) = 2(2n + 1)T§n+1(m){(1 +15)2(b—a) — 4t 2z — (a + b))Q}

+(22 = (@ + b)) (Tins1 (2)) { (1= £)*(b = a) = 46" (20 = (a +1))* — (b—a)’) },
(31)
and —1 and +1 are the alternating points of (21).

Proof. From Theorem 3.4 we know the alternants of (27) are the extermal points of

cos((2n + 1)6 + 1) where cos(8) = W, cost) = “;ifigfflji“jgfgtigg)()“”. But

for every extermal of cos((2n + 1)0 + ¢) we have sin((2n + 1) + ¢») = 0. Therefore

\/(b —a)2— 2z — (a+0b))?
202n + 1)(b — a)? ((1 F12)2(b — a)? — 442z — (a + b))2)

x {Q(Qn + 1)T§n+1(x){(1 F12)2(b—a)® — 4t*(2z — (a + b))Q}

+(22 = (@ + )T (@{(1= (b= 0) = 4t* (22— (@+1))’ = (- 0)*) } },

Hence the roots of r2(x) and —1, 4+1 are the alternants of (21). O

0=sin((2n+1)0+¢) =

4. EXAMPLES

In this section, we present some examples to demonstrate the theoretical results of
this study.

Example 4.1. In Figure 4.1, we show both functions fi(z) and its best uniform
polynomial approximation of degree 5 (the dashed points), on the interval [—1, 3]
where ¢t = 0.25, and

@) = D 0257 T ) = Mg (32)

Also in Figure 4.2 we show the error function. From Theorem 2.1, we have Es(x) =
2.6 x 107*.

-1 [ 1 i i
I
114

FIGURE 1. The best uniform approximation of fi(x).
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\ /!

FIGURE 2. The error of best aproximation of fi(x).

Example 4.2. Putting ¢t = 0.2, n = 3, [a,b] = [-2, 2] in Theorem 3.1, we show both
the function f>(z) and it’s best uniform polynomial approximation pg(z) (the dashed
points) in Figure 4.3. Also in Figure 4.4, we show the error function and we have
FEe(z) =~ 3.3 x 107°,

oo

Fo(a) = (0274 (Usjha () —

J=0

" — _— (0.2)8{(0.2)2U7 (2)+((0.2)* = (0.2)2 —1) U¢ (x)
pe(x) — =1 + 1_16 {23:0(0.2)2JU2J_($) _ { 4 (x ( 6 (z }} .

2(0.2)°(Us —2(0.2)%Us + (0.2)%)
(1 —(0.2)2)(1 + (0.2)* — 2(0.2)2T5 (x))2

(33)

(1-(0.2)2)%(14(0.2)2)

EEEBCTE

EE

=]
=

FIGURE 3. The best approximation of fa(x).
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FIGURE 4. The error of best aproximation of fa(x).

5. CONCLUSION

In this study, we determined the best uniform polynomial approximation out of P,
Ry t2(T5 (z)—2tT5 (x)+t2

to f(x) = 352, g T (x) — ((1245262)—2tTf1‘((:)))2 ) on [a,b], where |t| < 1. Also we

could find the best uniform polynomial approximation out of P, to another class of

; oo 2541 7% 85 (UL —2t2U3 +t%)
functions of the form f(z) =3 77t I Us; () — (1—t2)(b—aj(1+t4—22t2T2*(ac))2’

[a,b], where |t| < 1. In this way we presented some new theorems and lemmas about

on

the best uniform polynomial approximations of these classes of rational functions.
Furthermore we obtained the alternating set of the mentioned classes.
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