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Abstract. The notion of the PU integral was first formulated by Kurzweil

and Jarnik. It is a Henstock type that utilizes the concept of a partition

of unity in it covering system. They mentioned, without much details,

that this integration process may be used in the formulation of the Hen-

stock integral in manifolds. In this paper, the above query will be revisit

and the Henstock integral of a function defined on a manifold will be

presented including some of its fundamental properties.
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1. Introduction

The PU integral is an integration process that is adherent to the definition

of the Henstock integral utilizing the partition of unity. In some sense, it

is equivalent with the Henstock integral. Henstock integral is crafted with a

covering system via “δ-fine”, where δ is a positive function. A finite collection

of point-interval pair {(ti, Ii)}mi=1, where Ii is a compact interval, is of Perron

type if ti ∈ Ii for all i ≤ m. Moreover, given a gauge δ on [a, b], a finite

collection of point interval pairs, of Perron type, {(ti, Ii)}mi=1 is said to be δ-

fine Perron partition of [a, b] if Ii is a partition of [a, b] and Ii ⊆ B(ti, δ(ti)). If

for each i ≤ m, the condition ti ∈ Ii is removed, then we obtain a McShane

Received 17 October 2022; Accepted 06 April 2024

©2026 Academic Center for Education, Culture and Research TMU

105

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

m
si

.c
om

 o
n 

20
26

-0
9-

05
 ]

 

                             1 / 23

https://ijmsi.com/article-1-2393-fa.html


106 G. Bates C. Flores

type and the McShane integral is of this type. On one hand, a partition of

unity [1, 6] on a compact interval E ⊆ Rn is a finite collection {φi}mi=1 smooth

functions with the following property

(1) φi ≥ 0 on E; and

(2)

m∑
k=1

φk = 1 a.e. on E.

If

m∑
k=1

φk ≤ 1 a.e. on E, then {φi}mi=1 is said to be a partial partition of unity.

A finite collection of triples {(ξi, Ii, φ)}mi=1 is said to be δ-fine PUL-division

of E if for each i ≤ m, supp φi ⊆ Ii and Ii ⊆ B(ξi, δ(ξi)). Boonpogkrong,

revisited the notion of the PUL integral and it’s application in the integrals of a

function defined on a manifold. In addition, Flores and Benitez [4, 5] extended

the notion in its Stieltjes form and provided some convergence theorems. In

this work, the definition of the PUL-Setieltjes integral will be discussed in a

manifold setting including some of its fundamental properties.

2. Preliminaries

In this section, we introduce the PUL-Stieltjes integral of a function defined

on a Manifold. Throughout the rest of this chapter, if no confusion arises, we

denote M as a manifold.

Definition 2.1. Let f : [a, b] → X and g : [a, b] → R. Suppose that for

each k ∈ {1, 2, · · · ,m}, the Riemann-Stieltjes integral (R)

∫
Ik

φkdg exists. We

define the PUL-Stieljes sum by

S(f, g,D) =

m∑
k=1

f(ξk) (R)

∫
Ik

φkdg

where D is a δ-fine division of [a, b]. For brevity, we write a δ-fine division of

[a, b] by D = {(ξ, I, ψ)} and a PUL-Stieltjes sum of f with respect to g over

D by

S(f, g,D) = (D)
∑

f(ξ)

∫
I

ψ dg =
∑
D

f(ξ)

∫
I

ψ dg.

Remark 2.2. For a δ-fine division D = {ξ, I, φ}, I’s may be overlapping.

Definition 2.3. [4] Let X be a Banach space, f : [a, b] → X be a Banach-

valued funtion, and g : [a, b] → R be a function. We say that f is PUL-Stieltjes

integrable to a vector A with respect to g on [a, b] if for every ϵ > 0, there

exists a gauge δ > 0 such that for every δ-fine division D of [a, b], we have

∥S(f, g,D)−A∥ < ϵ.
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If A is the PUL-Stieltjes integral of f with respect to g, then we write

A = (P)

∫
[a,b]

f dg.

Definition 2.4. [9] A topological space is second countable if it has a countable

basis.

Definition 2.5. [9] A topological spaceM is locally Euclidean of dimension n if

every point p ∈M has a neighborhood Up such that there is a homeomorphism

ϕ from Up onto an open subset Op of Rn. We call the pair (U, ϕ : U → Rn) a
chart, U a coordinate neighborhood or a coordinate open set, and ϕ a coordinate

map or coordinate system on U . We say that a chart (U, ϕ) is centered at p ∈ U

if ϕ(p) = 0. A chart (U, ϕ) about p simply means that (U, ϕ) is a chart and

p ∈ U .

Definition 2.6. [9] A topological manifold of dimension n is a Hausdorff,

second countable, locally Euclidean space of dimension n.

Exercise 2.7. [9] The Euclidean space Rn is covered by a single chart (Rn, 1Rn),

where 1Rn : Rn → Rn is the identity map. It is a prime example of a topological

manifold. Every open subset U of Rn is also a topological manifold, with chart

(U , 1Rn).

Lemma 2.8. Let U be an open subset of a compact interval E∗ in Rr and

ψ : U → ψ(U) be C1-diffeomorphism. Suppose that E is a compact interval

such that E ⊆ ψ(U) ⊆ Rn and φ : E → R is continuous and g : E → R be a

function of bounded variation. Then

(R)

∫
E

φ dg = (R)

∫
ψ−1(E)

(φ ◦ ψ)d(g ◦ ψ),

where (R)

∫
E

φ dg is the Riemann-Stieltjes integral of φ with respect to g on

E.

Theorem 2.9. (Change of Variable Formula). Let f : [a, b] → X be

PUL-Stieltjes integrable with respect to g : [a, b] → R on [a, b]. Let U be

an open subset of a compact interval E in Rm. Let Ψ : U → Ψ(U) be C1-

diffeomorphism and [a, b] ⊆ Ψ(U) ⊆ Rn. Then (f ◦ Ψ) · χΨ−1([a,b]) is PUL-

Stieltjes integrable with respect to g ◦Ψ on E and

(P)

∫
E

(f◦Ψ)·χΨ−1([a,b])d(g◦Ψ) = (P)

∫
Ψ−1([a,b])

(f◦Ψ)d(g◦Ψ) = (P)

∫
[a,b]

f dg.

3. Results and discussions

Lemma 3.1. Let Dp = {ξ, I, φ} be a partial δ-fine division of [a, b], σ(x) =∑
D1
φ(x), and Df = {η,J , ψ} be δ-fine division of [a, b]. Then

Dp ∪ {η,J , (1− σ)ψ}
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is a δ-fine division of [a, b].

Proof. Let x ∈ [a, b]. Since Df is a δ-fine division of [a, b], {ψ} is a partition

of unity. Thus, ∑
Df

ψ(x) = 1.

Observe that∑
Dp

φ(x) +
∑
Df

(1− σ(x)) · ψ(x) = σ(x) +
∑
Df

ψ(x)− σ(x)
∑
Df

ψ(x)

= σ(x) + 1− σ(x) · 1 = 1.

This means that {φ} ∪ {(1− σ)ψ} is a partition of unity. Since Dp is a partial

δ-fine division of [a, b], it follows that

supp φ ⊆ I ⊆ B(ξ, δ(ξ)). (3.1)

Now, let x ∈ supp ((1− σ) · ψ). Then (1− σ(x)) · ψ(x) > 0 and so ψ(x) > 0.

Hence, x ∈ supp ψ. Thus, supp ((1− φ) · ψ) ⊆ supp ψ. So we have

supp ((1− σ) · ψ) ⊆ supp ψ ⊆ J ⊆ B(η, δ(η)). (3.2)

By the inclusions in 3.1 and 3.2, evidently

D ∪ {η,J , (1− σ)ψ}

is a δ-fine division of [a, b]. □

Lemma 3.2. Let f : [a, b] → X be a PUL-Stieltjes integrable function with

respect to g : [a, b] → R and G be an open and bounded set such that supp f ⊆
G ⊆ Rn. Then PUL-Stiletjes integral

(P)

∫
[a,b]

f · ϕ dg

exists for any continuously differentiable function ϕ : G → R in which

0 < ϕ(x) ≤ 1, for all x ∈ G.

Proof. Let ϵ > 0. Then there exists a gauge δ1 on [a, b] such that for any

δ1-fine division D = {(ξ, φ, I)} of [a, b], we have∥∥∥∥∑
D

f(ξ)

∫
I

φdg − (P)

∫
[a,b]

fdg

∥∥∥∥ < ϵ.

Assume that B(x, δ1(x)) ⊆ G, for each x ∈ supp f . Since g is of bounded

variation on [a, b], M = V (g; [a, b]) ∈ R. By continuity of ϕ at every x ∈
supp f ⊆ G, we may choose δ2(x) > 0 such that for any y ∈ [a, b] with

y ∈ B(x, δ2(x)), we have

∥f(x)∥ · |ϕ(y)− ϕ(x)| < ϵ

3(M + 1)
. (3.3)

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

m
si

.c
om

 o
n 

20
26

-0
9-

05
 ]

 

                             4 / 23

https://ijmsi.com/article-1-2393-fa.html


On the PUL-Stieltjes Integral on Smooth Manifolds 109

Take δ(x) = min{δ1(x), δ2(x)}, for all x ∈ supp f . Note that for each x ∈
supp f , if y ∈ B(x, δ(x)), the inequality 3.3 still holds. Thus, for each x ∈
supp f , we have

∥f(x)∥ · sup{|ϕ(y)− ϕ(x)| : y ∈ B(x, δ(x))} < ϵ

3(M + 1)
. (3.4)

Now, let D1 = {(ξ, φ, I)} and D2 = {(η, ψ,J)} be any δ-fine division of [a, b].

For every x ∈ supp f , since 0 < ϕ(x) ≤ 1, we have∑
D1

ϕ(x) · φ(x) = ϕ(x) ·
∑
D1

φ(x) = ϕ(x) ≤ 1.

This means that {ϕ·φ} is a partial partition of unity on supp f . Since ϕ(x) > 0

for all x ∈ G, it is evident that

supp (ϕ · φ) = supp (φ).

Since D1 is a δ-fine division of [a, b], we have

supp (ϕ · φ) = supp φ ⊆ I ⊆ B(ξ, δ(ξ)).

Thus, {(ξ, ϕ · φ, I)} is a partial δ-fine division of [a, b].

Since 0 < ϕ(x) ≤ 1 for all supp f ,∑
D2

(1− ϕ(x)) · ψ(x) = (1− ϕ(x)) ·
∑
D2

ψ(x) = 1− ϕ(x) ≤ 1.

So, {(1− ϕ) · ψ)} is a partial partition of unity on supp f .

Also,

supp (1− ϕ) · ψ = supp ψ ⊆ J ⊆ B(η, δ(η)).

Hence, {(η, (1−ϕ) ·ψ,J)} is a partial δ-fine division of [a, b] which, by Lemma

3.1, will further imply that {(ξ, ϕ ·φ, I)}∪{(η, (1−ϕ) ·ψ,J)} is δ-fine division

of [a, b]. By PUL-Stieltjes integrability of f with respect to g on [a, b], we

have∥∥∥∥(∑
D1

f(ξ)

∫
I

ϕ·φ dg+
∑
D2

f(η)

∫
J

(1−ϕ)·ψ dg
)
−(P)

∫
[a,b]

f dg

∥∥∥∥ < ϵ

6
. (3.5)

Since f is PUL-stieltjes integrable with respect to g on [a, b] and D2 is a δ-fine

division of [a, b], ∥∥∥∥∑
D2

f(η)

∫
J

ψ dg − (P)

∫
[a,b]

f dg

∥∥∥∥ < ϵ

6
. (3.6)

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

m
si

.c
om

 o
n 

20
26

-0
9-

05
 ]

 

                             5 / 23

https://ijmsi.com/article-1-2393-fa.html


110 G. Bates C. Flores

By (3.5) and (3.6), we have∥∥∥∥∑
D1

f(ξ)

∫
I

ϕ · φ dg −
∑
D2

f(η)

∫
J

ϕ · ψ dg

∥∥∥∥
=

∥∥∥∥(∑
D1

f(ξ)

∫
I

ϕ · φ dg +
∑
D2

f(η)

∫
J

(1− ϕ) · ψ dg

)
− (P)

∫
[a,b]

f dg

+ (P)

∫
[a,b]

fdg −
∑
D2

f(η)

∫
J

ψ dg

∥∥∥∥
≤

∥∥∥∥(∑
D1

f(ξ)

∫
I

ϕ · φ dg +
∑
D2

f(η)

∫
J

(1− ϕ) · ψ dg

)
− (P)

∫
[a,b]

f dg

∥∥∥∥
+

∥∥∥∥(P)

∫
[a,b]

f dg −
∑
D2

f(ξ)

∫
I

ψ dg

∥∥∥∥ < ϵ

6
+
ϵ

6
=
ϵ

3
,

that is, ∥∥∥∥∑
D1

f(ξ)

∫
I

ϕ · φ dg −
∑
D2

f(η)

∫
J

ϕ · ψ dg

∥∥∥∥ < ϵ

3
. (3.7)

Hence, by the linearity of the Riemann-stieltjes integral and by (3.4)∥∥∥∥∑
D1

f(ξ)ϕ(ξ)

∫
I

φ dg −
∑
D1

f(ξ)

∫
I

ϕ · φ dg

∥∥∥∥
=

∥∥∥∥∑
D1

f(ξ)

∫
I

ϕ(ξ) · φ dg −
∑
D1

f(ξ)

∫
I

ϕ · φ dg

∥∥∥∥
=

∥∥∥∥∑
D1

f(ξ)

[ ∫
I

ϕ(ξ) · φ dg −
∫
I

ϕ · φ dg

]∥∥∥∥
=

∥∥∥∥∑
D1

f(ξ)

[ ∫
I

(
ϕ(ξ) · φ− ϕ · φ

)
dg

]∥∥∥∥
=

∥∥∥∥∑
D1

f(ξ)

[ ∫
I

(
ϕ(ξ)− ϕ

)
· φ dg

]∥∥∥∥
≤

∥∥∥∥∑
D1

f(ξ) ·
∫
I

sup
{
|ϕ(ξ)− ϕ(x)| : x ∈ B(ξ, δ(ξ))

}
· φ dg

∥∥∥∥
≤

∥∥∥∥∑
D1

f(ξ) · sup
{
|ϕ(ξ)− ϕ(x)| : x ∈ B(ξ, δ(ξ))

}
·
∫
I

φ dg

∥∥∥∥
≤

∑
D1

∥∥f(ξ)∥∥ · sup
{
|ϕ(ξ)− ϕ(x)| : x ∈ B(ξ, δ(ξ))

}
·
∫
I

φ dg

≤ ϵ

3(M + 1)
·
∑
D1

∫
I

φ dg ≤ ϵ

3(M + 1)
· (M + 1) =

ϵ

3
,
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that is,

∥∥∥∥∑
D1

f(ξ)ϕ(ξ)

∫
I

φ dg −
∑
D1

f(ξ)

∫
I

ϕ · φ dg

∥∥∥∥ < ϵ

3
. (3.8)

Similarly,

∥∥∥∥∑
D2

f(η)ϕ(η)

∫
J

ψ dg −
∑
D2

f(η)

∫
J

ϕ · ψ dg

∥∥∥∥
=

∥∥∥∥∑
D2

f(η)

∫
J

ϕ(η) · ψ dg −
∑
D2

f(η)

∫
J

ϕ · ψ dg

∥∥∥∥
=

∥∥∥∥∑
D2

f(η)

[ ∫
J

ϕ(η) · ψ dg −
∫
J

ϕ · ψ dg

]∥∥∥∥
=

∥∥∥∥∑
D2

f(η)

[ ∫
J

(
ϕ(η) · ψ − ϕ · ψ

)
dg

]∥∥∥∥
=

∥∥∥∥∑
D2

f(η)

[ ∫
J

(
ϕ(η)− ϕ

)
· ψ dg

]∥∥∥∥
≤

∥∥∥∥∑
D2

f(η) ·
∫
J

sup
{
|ϕ(η)− ϕ(x)| : x ∈ B(η, δ(η))

}
· ψ dg

∥∥∥∥
≤

∥∥∥∥∑
D2

f(η) · sup
{
|ϕ(η)− ϕ(x)| : x ∈ B(η, δ(η))

}
·
∫
J

ψ dg

∥∥∥∥
≤

∑
D2

∥∥f(η)∥∥ · sup
{
|ϕ(η)− ϕ(x)| : x ∈ B(η, δ(η))

}
·
∫
J

ψ dg

≤ ϵ

3
(
M + 1

) ·
∑
D2

∫
J

ψ dg ≤ ϵ

3
(
M + 1

) · (M + 1) =
ϵ

3
,

that is,

∥∥∥∥∑
D2

f(η)ϕ(η)

∫
J

ψ dg −
∑
D2

f(η)

∫
J

ϕ · ψ dg

∥∥∥∥ < ϵ

3
. (3.9)
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112 G. Bates C. Flores

Therefore,by (3.7), (3.8), and (3.9)∥∥∥∥∑
D1

f(ξ)ϕ(ξ)

∫
I

φdg −
∑
D2

f(η)ϕ(η)

∫
I

ψdg

∥∥∥∥
=

∥∥∥∥∑
D1

f(ξ)ϕ(ξ)

∫
I

φdg −
∑
D1

f(ξ)

∫
I

ϕ · φdg +
∑
D1

f(ξ)

∫
I

ϕ · φdg

−
∑
D2

f(η)

∫
J

ϕ · ψdg +
∑
D2

f(η)

∫
J

ϕ · ψdg −
∑
D2

f(η)ϕ(η)

∫
J

ψdg

∥∥∥∥
≤

∥∥∥∥∑
D1

f(ξ)ϕ(ξ)

∫
I

φdg −
∑
D1

f(ξ)

∫
I

ϕ · φdg
∥∥∥∥

+

∥∥∥∥∑
D1

f(ξ)

∫
I

ϕ · φdg −
∑
D2

f(η)

∫
J

ϕ · ψdg
∥∥∥∥

+

∥∥∥∥∑
D2

f(η)

∫
J

ϕ · ψdg −
∑
D2

f(η)ϕ(η)

∫
J

ψdg

∥∥∥∥
<
ϵ

3
+
ϵ

3
+
ϵ

3
= ϵ.

And the result follows. □

Theorem 3.3. (Saks-Henstock Lemma) If f : [a, b] → X is PUL-Stieltjes

integrable with respect to g : [a, b] → R on [a, b], then for every ϵ > 0, there

exists a gauge δ on [a, b] such that for any δ-fine partial division P = {(ξ, φ, I)}
of [a, b], we have ∥∥∥∥∥∑

P

(
f(ξ)

∫
I

φdg − (P)

∫
I

fφdg

)∥∥∥∥∥ < ϵ.

Proof. Let ϵ > 0. Then there is a gauge δ on [a, b] such that whenever D =

{(ξ, σ, I)} is a δ-fine division of [a, b], we have∥∥∥∥∑
D

f(ξ)

∫
I

σdg − (P)

∫
[a,b]

fdg

∥∥∥∥ < ϵ.

Let P = {(ξ, φ, I)} be a δ-fine partial division of [a, b] and put ϕ =
∑
P

φ. By

continuity of ϕ at every x ∈ supp f , there is a δ1(x) ≤ δ(x) such that for any

y ∈ [a, b] ∩B(x, δ1(x)), we have

∥f(x)∥|ϕ(y)− ϕ(x)| < ϵ

3

(∫
[a,b]

dg + 1

) .
Thus, for each x ∈ supp f

∥f(x)∥ · sup
{
|ϕ(x)− ϕ(y)| : y ∈ B(x, δ1(x))

}
<

ϵ

3

(∫
[a,b]

dg + 1

) . (3.10)
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Now, by Lemma 3.2, f · (1 − ϕ) is PUL-Stieltjes integrable with respect to g
on [a, b]. Thus, there is a gauge δ2 ≤ δ1 on [a, b] such that for every δ2-fine
division D = {(ξ′, ψ,J)} of [a, b], we have∥∥∥∥∑

D

f(ξ′) · (1− ϕ(ξ′))

∫
J
ψ dg − (P)

∫
[a,b]

f · (1− ϕ) dg

∥∥∥∥
=

∥∥∥∥∑
D

f(ξ′) · (1− ϕ(ξ′))

∫
J
ψ dg − (P)

∫
[a,b]

f dg + (P)

∫
[a,b]

f ·
(∑

P

φ

)
dg

∥∥∥∥
=

∥∥∥∥∑
D

f(ξ′) · (1− ϕ(ξ′))

∫
J
ψ dg − (P)

∫
[a,b]

f dg +
∑
P

∫
I
f · φ dg

∥∥∥∥ < ϵ

3
,

that is,∥∥∥∥∑
D

f(ξ′) · (1−ϕ(ξ′))

∫
J

ψ dg+
∑
P

∫
I

f ·φ dg− (P)

∫
[a,b]

f dg

∥∥∥∥ < ϵ

3
. (3.11)

Now, since P ∪{(ξ,J , (1−ϕ)ψ) : (ξ,J , ψ) ∈ D} is also a δ-fine division of [a, b]

and by integrability of f wrt g, we have∥∥∥∥∑
P

f(ξ)

∫
I

φdg +
∑
D

f(ξ′)

∫
J

(1− ϕ)ψdg − (P)

∫
[a,b]

f dg

∥∥∥∥ < ϵ

3
. (3.12)

Observe that by (3.10),∥∥∥∥∑
D

f(ξ′)(1− ϕ(ξ′))

∫
J

ψdg −
∑
D

f(ξ′)

∫
J

(1− ϕ)ψdg

∥∥∥∥
=

∥∥∥∥∑
D

{
f(ξ′) ·

∫
J

[
ϕ− ϕ(ξ′)

]
ψdg

}∥∥∥∥
≤

∥∥∥∥∑
D

{
f(ξ′) ·

∫
J

sup
{
|ϕ(x)− ϕ(ξ′)| : x ∈ B(ξ′, δ1(ξ

′))
}
· ψdg

}∥∥∥∥
=

∥∥∥∥∑
D

{
f(ξ′) · sup

{
|ϕ(x)− ϕ(ξ′)| : x ∈ B(ξ′, δ1(ξ

′))
}
·
∫
J

ψdg

}∥∥∥∥
≤

∑
D

{∥∥f(ξ′)∥∥ · sup
{
|ϕ(x)− ϕ(ξ′)| : x ∈ B(ξ′, δ1(ξ

′))
}
·
∫
J

ψdg

}
<

ϵ

3

(∫
[a,b]

dg + 1

) ·
∑
D

∫
J

ψdg ≤ ϵ

3

(∫
[a,b]

dg + 1

) ·
(∫

[a,b]

dg + 1

)
=
ϵ

3
;

that is,∥∥∥∥∑
D

f(ξ′)(1− ϕ(ξ′))

∫
J

ψdg −
∑
D

f(ξ′)

∫
J

(1− ϕ)ψdg

∥∥∥∥ < ϵ

3
. (3.13)
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Therefore, by (3.11), (3.12), and (3.13)∥∥∥∥∑
P

(
f(ξ)

∫
I
φ dg −

∫
I
fφ dg

)∥∥∥∥
=

∥∥∥∥∑
P

f(ξ)

∫
I
φ dg − (P)

∫
[a,b]

f dg + (P)

∫
[a,b]

f dg −
∑
D

f(ξ′)(1− ϕ(ξ′))

∫
J
ψ dg

+
∑
D

f(ξ′)(1− ϕ(ξ′))

∫
J
ψ dg −

∑
D

f(ξ′)

∫
J
(1− ϕ)ψ dg

+
∑
D

f(ξ′)

∫
J
(1− ϕ)ψ dg −

∑
P

∫
I
fφ dg

∥∥∥∥
≤

∥∥∥∥∑
P

f(ξ)

∫
I
φdg +

∑
D

f(ξ′)

∫
J
(1− ϕ)ψ dg − (P)

∫
[a,b]

f dg

∥∥∥∥
+

∥∥∥∥(P)

∫
[a,b]

f dg −
∑
P

∫
I
fφ dg −

∑
D

f(ξ′)(1− ϕ(ξ′))

∫
I
ψdg

∥∥∥∥
+

∥∥∥∥∑
D

f(ξ′)(1− ϕ(ξ′))

∫
J
ψ dg −

∑
D

f(ξ′)

∫
J
(1− ϕ)ψ dg

∥∥∥∥
<
ϵ

3
+
ϵ

3
+
ϵ

3
= ϵ.

And the result follows. □

Corollary 3.4. In view of the conditions of Theorem 3.3, if in addition that

X is a finite dimensional Banach space, then for every ϵ > 0, there exists a

gauge δ on [a, b] such that for any δ-fine partial division P = {(ξ, φ, I)} of

[a, b], we have ∑
P

∥∥∥∥f(ξ)∫
I

φdg − (P)

∫
I

fφdg

∥∥∥∥ < ϵ.

Definition 3.5. Let f : M → R and g : M → R be functions. For a δ-

fine division D = {(xi, I
αsi
i , φi)}mi=1 of M , suppose that the Riemann-Stieltjes

integral

∫
I
αsi
i

φi dg exists, for all k ∈ {1, 2, · · · ,m}. We define the PUL-Stieltjes

sum on M by

S(f, g,D) =

m∑
i=1

f(ξi)

∫
I
αsi
i

φi dg.

Definition 3.6. Let M be a compact differentiable r-manifold, f : M → R
and g : M → R be functions defined on M , and Θ = {αi} be an atlas of M .

We say that f is PUL-Stieltjes integrable to real number A with respect to g on

M if given an ϵ > 0, there is a gauge δ on M such that for any δ-fine division

D = {(xi, I
αsi
i , φi)}mi=1 of M , we have

|S(f, g,D)−A| < ϵ.

In this case, we write

A = (P)

∫
M,Θ

f dg.
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On the PUL-Stieltjes Integral on Smooth Manifolds 115

If no confussion arises, we may write

A = (P)

∫
M

f dg.

In what follows, we will formulate the Change of Variable formula. Using

this formula, we will establish the independence of this integral to the choice

of the atlas.

The definition above is defined using an atlas Θ. First, we will verify that

this definition is independent of the choice of the atlas. We begin with the

following lemma:

Lemma 3.7. Let D = {(ξi, I
αsi
i , φi)}mi=1 be a partial δ-fine division of M ,

φ(x) =

m∑
i=1

φi(x), and D1 = {(ηj , J
αsj

j , ψj)}pj=1 be δ-fine division of M . Then

D ∪ {(ηj , J
αsj

j , (1− φ) · ψj)}pj=1 is also a δ-fine division of M .

Proof. Let x ∈M . Observe that

m∑
i=1

φi(x) +

p∑
j=1

(1− φ(x)) · ψj(x) =
m∑
i=1

φi(x) +

p∑
j=1

ψj(x)− φ(x)

p∑
j=1

ψj(x)

= φ(x) + 1− φ(x)

= 1.

This means that {φi}mi=1 ∪ {(1− φ)ψj}pj=1 is a partition of unity. Since D is a

partial δ-fine division of M , it follows that

suppφi ⊆ Iαsi ⊆ B(ξi, δ(ξi)) (3.14)

for all i ∈ {1, 2, · · · ,m}.
Now, for each j ∈ {1, 2, · · · , p}, let x ∈ supp ((1−φ) ·ψj). Then (1−φ(x)) ·

ψj(x) > 0 and so ψj(x) > 0. Hence, x ∈ supp ψj . Thus,

supp ((1− φ) · ψj) ⊆ supp ψj

for all j ∈ {1, 2, · · · , p}. So we have

supp ((1− φ) · ψj) ⊆ supp ψj ⊆ J
αsi
j ⊆ B(ηj , δ(ηj)) (3.15)

for all j ∈ {1, 2, · · · , p}. By the inclusions in (3.14) and (3.15), it follows that

D ∪D2 is a δ-fine division of M . □

The next results exhibits an important tool in the integration on manifolds.

Recall that for every β > 0 and for every interval I =

n∏
k=1

[ai, bi] of Rn, we

defined the intervals

I + β =

n∏
k=1

[ai − β, bi + β]
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and

I − β =

n∏
k=1

[ai + β, bi − β].

Definition 3.8. Let f :M → R be a real-valued function defined on a manifold

M . We say that f is continuous at x ∈M if for every ϵ > 0, there exists δ > 0

such that if y ∈M with ∥x− y∥Rn < δ, then

|f(x)− f(y)| < ϵ.

We say that f is continuous on M if it is continuous at every x ∈M .

Definition 3.9. Let f :M → R be a real valued function defined on a manifold

M . The total variation of g over M is given by

V (f,M) = sup

{ ∑
Iα∈D

|∆f (I
α)| : D is a division of M

}
,

where

|∆f (I
α)| =

∑
t∈V(Iα)

g(t)

m∏
k=1

(−1)χ{uk}(tk).

We say that f is a function of bounded variation on M if V (f,M) < ∞. We

denote BV (M) as the set of functions of bounded variations on M .

Theorem 3.10 (Change of Variable). Let M be a compact differentiable r-

manifold with atlas Θ. Consider the functions f : M → R and g : M → R,
where g ∈ BV (M). Suppose there is a chart α ∈ Θ such that α : U → V

and V ⊇ supp f . If f is PUL-Stieltjes integrable with respect to g on M , then

(f ◦ α) · χU is PUL-Stieltjes integrable with respect to g on a compact interval

E, where U ⊆ E ⊆ Rn, and

(P)

∫
M

f dg = (P)

∫
E

(f ◦ α) · χU d(g ◦ α).

Proof. Let ϵ > 0. Since f is PUL-Stieltjes integrable with respect to g on M ,

there is a gauge δ onM such that for every δ-fine divisionD = {(ξi, I
αsi
i , φi)}mi=1,

we have ∣∣∣∣ m∑
k=1

f(ξ)

∫
I
αsi
i

φi dg −
∫
M

f dg

∣∣∣∣ < ϵ

2
.

Choose β > 0 (sufficiently small) such that

U ′ = α−1(supp f) + β =
{
x ∈ U : min

x′∈α−1(supp f)
d(x′, x) < β

}
⊆ U.

Note that V ⊆ supp f and U ′ are open sets. Thus, we may assume that

B(x, δ(x)) ⊆ V ∖ supp f for all x ∈ V ∖ supp f and B(x, δ(x)) ⊆ U ′ for all

x ∈ supp f . Now, define a gauge δ1 on E such that if x ∈ U ′, then

B(x, δ1(x)) ⊆ α−1(B(α(x), δ(α(x)))); (3.16)
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On the PUL-Stieltjes Integral on Smooth Manifolds 117

and if x ∈ E ∖ U ′, then

B(x, δ1(x)) ∩ E ⊆ E ∖ U ′. (3.17)

Since g ∈ BV (M) and α is a homeomorphism, it follows that for any compact

interval I of M g ◦ α ∈ BV(I); whence, K = V (g ◦ α, I) ∈ R.
Now, let D = {(xj , Ij , σj)}sj=1 be a δ1-fine division of E. Suppose that

D = D1 ∪ D2, where D1 = {(x, I, σ) ∈ D : x ∈ U ′} and D2 = D ∖ D1.

For convenience, without loss of generality, we let D1 = {(xj , Ij , σj)}pj=1 and

D2 = {(xj , Ij , σj)}sj=p+1. Let x ∈ U ′. Then x ∈ E and from the definition of

D1, we further have σj(x) = 0 for all j ∈ {p+ 1, p+ 2, · · · , s}. Thus,

1 =

s∑
j=1

σj(x) =

p∑
j=1

σj(x) +

s∑
j=p+1

σj(x) =

p∑
j=1

σj(x).

Fix a tag xk, where k ∈ {p+1, p+2, · · · s}. So, xk /∈ U ′. Since α−1(supp f) ⊆ U ′

and xk /∈ U ′, it follows that xk /∈ α−1(supp f) which will further imply that

f(α(xk)) = 0 for all k = p+ 1, p+ 2, · · · , s. Hence,

s∑
j=1

f(α(xj)) · χU (xj) ·
∫
Ij

σj dg =

p∑
j=1

f(α(xj)) · χU (xj) ·
∫
Ij

σj dg.

Put yj = α(xj) and τj = σj ◦ α−1 for all j = 1, 2, · · · , p. Then τj : V → [0, 1]

and since the σj ’s and α−1 are C1 maps on V , it follows that τj = σj ◦ α−1

remains a C1 map on V . Fix j ∈ {1, 2, · · · , p}. Let x ∈ supp τj . Then

0 ̸= τj(x) = σj(α
−1(x)) and so α−1(x) ∈ supp σj . Thus, x ∈ α(supp σj) ⊆ V .

This means that supp τj ⊆ V . Now, for each j = 1, 2, · · · ,m, extend the map

τj on M in such a way that τj(x) = 0 for all x ∈ M ∖ V . Then τj remains a

C1-diffeomorphism on M . Also, {τj}pj=1 is a partial partition of unity on M .

Put

ω(x) =

p∑
j=1

τj(x), for all x ∈M.

If x ∈ α(U ′), then α−1(x) ∈ U ′. Since {σj}pj=1 is a partition of unity on E, it

follows that

ω(x) =

p∑
j=1

τj(x) =

p∑
j=1

σj(α
−1(x)) = 1.

This means that ω(x) = 1 for all x ∈ α(U ′) with ω(x) = 0 for all x ∈M ∖ V .

We now show that Dα = {(yj , Iαj , τj)}
p
j=1 is a partial δ-fine division of M ,

where α(Ij) = Iαj . First, in arbitrary manner, we fix j ∈ {1, 2, · · · , p} and

pick x ∈ supp τj . Then 0 ̸= τj(x) = σj(α
−1(x)) and since D is a δ1-fine

division of E, we further have α−1(x) ∈ supp σj ⊆ Ij . So, x ∈ α(Ij) = Iαj
and supp τj ⊆ Iαj . To show that Iαj ⊆ B(yj , δ(yj)), we let x ∈ Iαj . Then there

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

m
si

.c
om

 o
n 

20
26

-0
9-

05
 ]

 

                            13 / 23

https://ijmsi.com/article-1-2393-fa.html


118 G. Bates C. Flores

exists z ∈ Ij such that α(z) = x. Again, since D is a δ1-fine division of E and

by (3.16),

z ∈ Ij ⊆ B(xj , δ1(xj)) ⊆ α−1
(
B(α(xj), δ(α(xj)))

)
= α−1

(
B(yj , δ(yj))

)
,

that is, x = α(z) ∈ B(yj , δ(yj)). Thus, I
α
j ⊆ B(yj , δ(yj)) for all j = 1, 2, · · · , p.

This shows thatDα is a partial δ-fine division ofM . LetD′ = {(ξk, J
αsk

k , ψk)}mk=1

be δ-fine division ofM . By Lemma 3.7, Dα∪{ξk, J
αsk

k , (1−ω)ψk}mk=1 is a δ-fine

division of M . Thus, 1 − ω(x) = 0 for all x ∈ J
αsk

k . From the definition of δ,

if ξk ∈ supp f , then for each k ∈ {1, 2, · · · ,m}

f(ξk)

∫
J

αsk
k

(1− ω) · ψk dg = 0.

It will further imply that

m∑
k=1

f(ξk)

∫
J

αsk
k

(1− ω) · ψk dg = 0.

Hence

p∑
j=1

f(yj)

∫
Iαj

ωjdg +

m∑
k=1

f(ξk)

∫
J

αsk
k

(1− ω) · ψkdg =

p∑
j=1

f(yj)

∫
Iαj

ωjdg.

Thus,

ϵ >

∣∣∣∣ p∑
j=1

f(yj)

∫
Iαj

ωjdg +

m∑
k=1

f(ξk)

∫
J

αsk
k

(1− ω) · ψkdg −
∫
M

f dg

∣∣∣∣
=

∣∣∣∣ p∑
j=1

f(yj)

∫
Iαj

ωjdg −
∫
M

f dg.

∣∣∣∣
Thus, ∣∣∣∣ p∑

j=1

f(α(xj)) · χU (α(xj))
∫
Ij

σj d(g ◦ α)−
p∑
j=1

f(yj)

∫
Iαj

τj dg

∣∣∣∣
=

∣∣∣∣ p∑
j=1

f(α(xj))

∫
Ij

σj d(g ◦ α)−
p∑
j=1

f(yj)

∫
Iαj

τj dg

∣∣∣∣
=

∣∣∣∣ p∑
j=1

f(α(xj))

∫
Ij

σj d(g ◦ α)−
p∑
j=1

f(yj)

∫
α(Ij)

(σj ◦ α−1) dg

∣∣∣∣
=

∣∣∣∣ p∑
j=1

f(α(xj))

∫
Ij

σj d(g ◦ α)−
p∑
j=1

f(α(xj))

∫
Ij

σj d(g ◦ α)
∣∣∣∣

= 0.
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Therefore, ∣∣∣∣ p∑
j=1

f(α(xj)) · χU (α(xj))
∫
Ij

σj d(g ◦ α)−
∫
M

f dg

∣∣∣∣
=

∣∣∣∣ p∑
j=1

f(yj)

∫
Iαj

ωjdg −
∫
M

f dg

∣∣∣∣ < ϵ

implying that (f◦α)·χU is PUL-Stieltjes integrable with respect to g to

∫
M

f dg

on E. □
The Change of Variable formula in Manifold M enables us to show that the

integral is independent to the choice of the associated atlas in M . To validate

such claim, we formally present the next result.

Corollary 3.11. Let M be a compact differentiable r-manifold, f : M → R,
and g : M → R. If Θ1 and Θ2 are two atlas of M , then f is integrable with

respect to g on M associated with atlas Θ1 if and only if f is integrable on

M associated with atlas Θ2. Furthermore, the values of these two integrals are

equal.

Proof. Let Θ1 = {αj : Uj → Vj}sj=1 and Θ2 = {αk : Uk → Vk}tk=1 be two atlas

of M . Set Vjk = Vj ∩ Vk for all j and k and let {φjk} be its corresponding

partition of unity onM such that supp φjk ⊆ Vjk. Let x ∈ supp (f ·φjk). Then
f(x) ̸= 0 and φjk(x) ̸= 0 and so x ∈ supp f ∩ supp φjk. Since supp φjk ⊆ Vjk,

x ∈ supp f ∩ Vjk. But supp f ∩ Vjk ⊆ Vjk. Hence, x ∈ Vjk and further, since

x is arbitrarily picked, it follows that supp f · φjk ⊆ Vjk. Thus, by Theorem

3.10, for each j and k, we have∫
E

[(f ·φjk) ◦αj ]χUj d(g ◦αj) =
∫
M

fφjk dg =

∫
E

[(f ·φjk) ◦αk]χUk
d(g ◦αk).

Hence we have∫
M,Θ1

f dg =

s∑
j=1

t∑
k=1

∫
M,Θ1

f · φjk dg

=

s∑
j=1

t∑
k=1

∫
E

[(f · φjk) ◦ αj ]χUj
d(g ◦ αj)

=

s∑
j=1

t∑
k=1

∫
E

[(f · φjk) ◦ αk]χUk
d(g ◦ αj)

=

s∑
j=1

t∑
k=1

∫
M,Θ2

f · φjk dg

=

∫
M,Θ2

f dg. □
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We give some of the standard properties of this integral in manifold such as

the linearity of the integrand and the integrator, additivity of the integral over

its domain, and the Cauchy criterion.

Theorem 3.12. The value of the PUL-Stieltjes integral defined onM is unique.

Proof. Suppose that A1 =

∫
M

f dg and A2 =

∫
M

f dg. Let ϵ > 0. Since f is

PUL-Stieltjes integrable with respect to g on M to A1, there is a gauge δ1 on

M such that for every δ1-fine division D1 of M , we have∣∣SS)(f, g,D1)−A1

∣∣ < ϵ

2
. (3.18)

Similarly, there is a gauge δ2 on M such that for any δ2-fine division D2 on M ,

we have ∣∣S(f, g,D2)−A2

∣∣ < ϵ

2
. (3.19)

Choose δ = min{δ1, δ2}. Then δ is a gauge on M . Let D = {ξ, Iαs , φ} be a

δ-fine division of M . Then

supp φ ⊆ Iαs ⊆ B(ξ, δ(ξ)) ⊆ B(ξ, δ1)

and

supp φ ⊆ Iαs ⊆ B(ξ, δ(ξ)) ⊆ B(ξ, δ2)

which imples D is both δ1-fine and δ2-fine division of M . Thus, by (3.18) and

(3.19),

0 ≤
∣∣A1 −A2

∣∣ ≤ ∣∣A1 − S(f, g,D)
∣∣+ ∣∣S(f, g,D)−A2

∣∣
<
ϵ

2
+
ϵ

2
= ϵ.

Since ϵ is arbitrary,
∣∣A1 −A2

∣∣ = 0; hence A1 = A2. □
The next two results present the bilinear property of this integral, that is,

linearity of both the integrand and the integrator holds in this integral.

Theorem 3.13. Suppose that f1 :M → R and f2 :M → R are PUL-Stieltjes

integrable with respect to a real-valued function g : M → R on M . Then cf1
and f1 + f2 are also PUL-Stieltjes integrable with respect to g on M for all

c ∈ R. Moreover, ∫
M

cf1 dg = c

∫
M

f1 dg

and ∫
M

(f1 + f2) dg =

∫
M

f1 dg +

∫
M

f2 dg.

Theorem 3.14. Suppose that f : M → R is PUL-Stieltjes integrable with

respect to real-valued functions g1 : M → R and g2 : M → R on M . Then for

all c ∈ R, f is PUL-Stieltjes integrable with respect to both cg1 and g1 + g2 on

M . Moreover ∫
M

f d(cg1) = c

∫
M

f dg
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and ∫
M

f d(g1 + g2) =

∫
M

f dg1 +

∫
M

f dg2.

Remark 3.15. If f : [a, b] → R is non-negative Riemann-Stieltjes integrable

with respect to g : [a, b] → R on [a, b] with g ≥ 0 on [a, b], then∫
[a,b]

f dg ≥ 0.

Theorem 3.16. Let f1 and f2 be PUL-Stieltjes integrable with respect to g ≥ 0

on M . Suppose that f1(x) ≤ f2(x) for all x ∈M . Then

(P)

∫
M

f1 dg ≤ (P)

∫
M

f2 dg.

Theorem 3.17. (Cauchy Criterion) A function f : M → R, where M is a

manifold, is PUL-Stieltjes integrable with respect to g on M if and only if for

every ϵ > 0, there is a gauge δ on M such that for any δ-fine divisions D1 and

D2 of M , we have ∣∣∣∣S(f, g,D1)− S(f, g,D2)

∣∣∣∣ < ϵ.

Proof. (⇒) Let ϵ > 0. Then there is a gauge δ on M such that for any δ-fine

division D of M , we have∣∣∣∣S(f, g,D)−
∫
M

f dg

∣∣∣∣ < ϵ

2
. (3.20)

Let D1 and D2 be δ-fine divisions of M . Then by (3.21),∣∣∣∣S(f, g,D1)− S(f, g,D2)

∣∣∣∣ = ∣∣∣∣S(f, g,D1)−
∫
M

f dg +

∫
M

f dg − S(f, g,D2)

∣∣∣∣
≤

∣∣∣∣S(f, g,D1)−
∫
M

f dg

∣∣∣∣+ ∣∣∣∣ ∫
M

f dg − S(f, g,D2)

∣∣∣∣
<
ϵ

2
+
ϵ

2
= ϵ.

(⇐) for each n ∈ N, there is a gauge δn on M such that for any pair of δn-fine

divisions Dn and D′
n of M , we have∣∣∣∣S(f, g,Dn)− S(f, g,D′

n)

∣∣∣∣ < 1

n
. (3.21)

We may assume that for each x ∈ M , ⟨δn(x)⟩n∈N is decreasing. For each

n ∈ N, fix a δn-fine division Dn of M and we denote sn = S(f, g,Dn) be its

corresponding PUL-Stieltjes sum. We will show that ⟨sn⟩n∈N is Cauchy in R.
Let ϵ > 0. Then there is an N ∈ N such that 1

N < ϵ. Let m,n ≥ N . Then

δN (x) ≥ δm(x) and δN (x) ≥ δn(x). So, Dm and Dn are both δN -fine divisions

of M . By the hyphothesis,

|sn − sm| =
∣∣S(f, g,Dn)− S(f, g,Dm)

∣∣ < 1

N
< ϵ
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and ⟨sn⟩n∈N is Cauchy in R. Hence, ⟨sn⟩n∈N converges to, say, A ∈ R, that is,
lim
n→∞

sn = A.

We now show that f is a PUL-Stieltjes integrable with respect to g on M

and ∫
M

f dg = A.

Let ϵ > 0. Since lim
n→∞

sn = A, there exists N1 ∈ N such that for all n ≥ N1∣∣S(f, g,Dn)−A
∣∣ = ∣∣sn −A

∣∣ < ϵ

2
. (3.22)

Thus, there exists N2 ∈ N such that
1

N2
<

ϵ

2
. Take N = max{N1, N2} and

put δ(x) = δN (x) for all x ∈ M . Let D be any δ-fine division of M . Then D

is δN -fine division of M . Since N ≥ N2, by (3.21) we have∣∣S(f, g,D)− S(f, g,DN )
∣∣ < 1

N
≤ 1

N2
<
ϵ

2
. (3.23)

Also, since N ≥ N1, inequality (3.22) for n = N ; i.e.∣∣S(f, g,DN )−A
∣∣ < ϵ

2
. (3.24)

Hence, by (3.23) and (3.24) we have∣∣S(f, g,D)−A
∣∣ ≤ ∣∣S(f, g,D)− S(f, g,DN )

∣∣
+
∣∣S(f, g,DN )−A

∣∣ < ϵ

2
+
ϵ

2
= ϵ.

This shows that f is a PUL-Stieltjes integrable with respect to g on M and

(P)

∫
M

f dg = A. □

Corollary 3.18. If f : M → R is PUL-Stieltjes integrable with respect to

g :M → R on M and I ⊆M is a compact differentiable r-manifold, then f is

PUL-Stieltjes integrable with respect to g on I.

Corollary 3.19. Let f be any real-valued funtion on M . Suppose that f

is PUL-stieltjes integrable with respect to g on a compact differentiable r-

manifolds F1 and F2 with F1 and F2 is a partition of M . Then f is PUL-

Stieltjes integrable with respect to g on F1

⋃
F2 and

(P)

∫
F1

⋃
F2

fdg = (P)

∫
F1

fdg + (P)

∫
F2

fdg.

Theorem 3.20. Let f : M → R and g : M → R be two real-valued functions

defined on a manifold M . If f ∈ C(M) and g ∈ BV (M), then f is PUL-

Stieltjes integrable with respect to g on M .
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Proof. Let ϵ > 0. Note that the Riemann-stieltjes integral

∫
I

φ dg exists,

whenever φ is a partition of unity and g is of bounded variation. Since g ∈
BV (M,Rn), M = V (g,M) ∈ R. Since f is continuous on M , then for each

x ∈M , there exists a δ(x) > 0 such that for any y ∈M with ∥x− y∥M < δ(x),

we have

|f(x)− f(y)| < ϵ

2[M + 1]
.

Let D1 = {(ξ, Iαs , φ)} and D2 = {(ζ, Jαt , ψ)} be any two δ-fine divisions of

M . Let D3 = {γ,Kαr , σ} be a δ-fine division of M , where Kαr = Iαs ∩ Jαt

with Iαs ∈ D1 and Jαt ∈ D2.

Observe that

S(f, g,D1) =
∑

Iαs∈D1

f(ξ)

∫
Iαs

φ dg

=
∑

Iαs∈D1

f(ξ)

[ ∑
Jαt∈D2

∫
Iαs∩Jαt

φ dg

]
=

∑
Kαr∈D3

f(ξ)

∫
Kαr

σ dg

and

S(f, g,D2) =
∑

Jαt∈D2

f(ζ)

∫
Jαt

ψ dg

=
∑

Jαt∈D2

f(ζ)

[ ∑
Iαs∈D1

∫
Jαt∩Iαs

ψ dg

]
=

∑
Kαr∈D3

f(ζ)

∫
Kαr

σ dg.

Then ∥∥S(f, g,D1)− S(f, g,D2)
∥∥

=
∥∥S(f, g,D1)− S(f, g,D3) + S(f, g,D3)− S(f, g,D2)

∥∥
≤

∥∥S(f, g,D1)− S(f, g,D3)
∥∥+

∥∥S(f, g,D3)− S(f, g,D2)
∥∥

=

∥∥∥∥ ∑
Kαr∈D3

f(ξ)

∫
Kαr

σ dg −
∑

Kαr∈D3

f(γ)

∫
Kαr

σ dg

∥∥∥∥
+

∥∥∥∥ ∑
K∈D3

f(γ)

∫
K

σdg −
∑

Kαr∈D3

f(ζ)

∫
Kαr

σ dg

∥∥∥∥
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≤
∑

Kαr∈D3

[∥∥f(ξ)− f(γ)
∥∥ ·

∣∣∣∣ ∫
Kαr

σ dg

∣∣∣∣
]

+
∑

Kαs∈D3

[∥∥f(γ)− f(ζ)
∥∥ ·

∣∣∣∣ ∫
Kαr

σ dg

∣∣∣∣
]

<
∑

Kαs∈D3

[
ϵ

2
[
M + 1

] ·
∣∣∣∣ ∫
Kαr

σ dg

∣∣∣∣
]
+

∑
Kαr∈D3

[
ϵ

2
[
M + 1

] ·
∣∣∣∣ ∫
Kαr

σ dg

∣∣∣∣
]

=
ϵ

M + 1
·

∑
Kαr∈D3

∣∣∣∣ ∫
Kαs

σ dg

∣∣∣∣
≤ ϵ

M + 1
·

∑
Kαr∈D3

∣∣∣∣ ∫
Kαr

dg

∣∣∣∣
=

ϵ

M + 1
·

∑
Kαr∈D3

∆g(K
αr )

≤ ϵ

M + 1
·M < ϵ.

Therefore, f is PUL-Stieltjes integrable on M with respect to g. □

Lemma 3.21. Let f : M → R be bounded and g ∈ BV (M). Suppose that the

PUL-Stieltjes integral of f with respect to g exists on M . Then∣∣∣∣(P)

∫
M

fdg

∣∣∣∣ ≤ ∥f∥∞ · V (g,M),

where ∥ · ∥∞ = inf{K > 0 : |f(x)| ≤ K for all x ∈M}.

Proof. Let ϵ > 0. Since f is PUL-Stieltjes integrable with respect to g on M ,

there exists a gauge δ on M such that for any δ-fine division D of M , we have∣∣∣∣S(f, g,D)− (P)

∫
M

f dg

∣∣∣∣ < ϵ.

Since f is bounded on M , there is a positive K0 ∈ R such that |f(x)| ≤ K0 for

all x ∈M . Thus, |f(x)| ≤ ∥f∥∞ for all x ∈M .

Let D′ be a δ-fine division of M . Observe that

|S(f, g,D′)| =
∣∣∣∣(D′)

∑
f(ξ)

∫
Iα
φ dg

∣∣∣∣
≤ (D′)

∑∣∣∣∣f(ξ)∫
Iα
φ dg

∣∣∣∣
= (D′)

∑
|f(ξ)|

∣∣∣∣ ∫
Iα
φ dg

∣∣∣∣
≤ (D′)

∑
∥f∥∞

∣∣∣∣ ∫
Iα

dg

∣∣∣∣
≤ ∥f∥∞V (g;M).
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Thus,∣∣∣∣(P)

∫
M

f dg

∣∣∣∣ ≤ ∣∣∣∣(P)

∫
M

f dg−S(f, g,D′)

∣∣∣∣+ |S(f, g,D′)| < ϵ+∥f∥∞ ·V (g;M).

Since ϵ is arbitrary, ∣∣∣∣(P)

∫
M

f dg

∣∣∣∣ ≤ ∥f∥∞ · V (g;M) □

Theorem 3.22. (The Uniform Convergence Theorem)

Let g ∈ BV (M). Suppose that ⟨fn⟩∞n=1 is a sequence of bounded and integrable

functions with respect to g on M . If fn → f uniformly on M , then f is

PUL-Stieltjes integrable with respect to g on M and

lim
n→∞

(P)

∫
M

fn dg = (P)

∫
M

f dg.

Proof. Let ϵ > 0. Since fn → f uniformly on M , we can choose N1 ∈ N such

that for all n ≥ N1 and for all x ∈M , we have

|fn(x)− f(x)| < ϵ

3V (g;M)
. (3.25)

If m,n ≥ N1 and x ∈M , then by (3.25)

|fn(x)− fm(x)| = |[fn(x)− f(x)] + [f(x)− fm(x)]|
≤ |[fn(x)− f(x)]|+ |[f(x)− fm(x)]|

<
ϵ

3V (g;M)
+

ϵ

3V (g;M)

=
2ϵ

3V (g;M)
.

This means that, for all m,n ≥ N1,

∥fn − fm∥∞ ≤ 2ϵ

3V (g;M)
.

Thus,∣∣∣∣(P)

∫
M
fm dg − (P)

∫
M
fn dg

∣∣∣∣ = ∣∣∣∣(P)

∫
M

(fm − fn) dg

∣∣∣∣ ≤ ∥fm − fn∥∞ · V (g;M)

<
2ϵ

3V (g;M)
· V (g;M)

=
2ϵ

3
< ϵ

for all m,n ≥ N1. This means that

〈
(P)

∫
M

fn dg

〉
is Cauchy in R. Since R

is, indeed, a Banach Space, (P)

∫
M

fn dg converges to, say, A. Choose N2 ∈ N

such that for all n ≥ N2, ∣∣∣∣(P)

∫
M

fn dg −A

∣∣∣∣ < ϵ

3
. (3.26)
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Take N = max{N1, N2}. Since, in particular, fN is integrable with respect to

g on M , there exists a gauge δ on M such that for any δ-fine division D of M ,

we have ∣∣∣∣S(fN , g,D)− (P)

∫
M

fN dg

∣∣∣∣ < ϵ

3
. (3.27)

Observe that from (3.25),

|S(f, g,D)− S(fN , g,D)| =
∣∣∣∣(D)

∑
f(ξ)

∫
Iα
φ dg − fN (ξ)

∫
Iα
φ dg

∣∣∣∣
=

∣∣∣∣(D)
∑

(f(ξ)− fN (ξ))

∫
Iα
φ dg

∣∣∣∣
≤ (D)

∑
|f(ξ)− fN (ξ)|

∣∣∣∣ ∫
Iα
φ dg

∣∣∣∣
<

ϵ

3V (g;M)
(D)

∑∫
Iα
dg

≤ ϵ

3V (g;M)
V (g;M)

=
ϵ

3
.

Therefore,

|S(f, g,D)−A|

≤ |S(f, g,D)− S(fN , g,D)|+
∣∣∣∣S(fN , g,D)− (P)

∫
M

fN dg

∣∣∣∣
+

∣∣∣∣(P)

∫
M

fN dg −A

∣∣∣∣
<
ϵ

3
+
ϵ

3
+
ϵ

3
= ϵ.

This shows the integrablity of f with respect to g on M . Moreover,

lim
n→∞

(P)

∫
M

fn dg = A = (P)

∫
M

f dg. □

4. Conclusions and recommendations

The PUL integral is a McShane type and upto date, such definition of in-

tegral that is defined on some manifolds is yet to be established. In some

sense, the PUL integral is equivalent to the Lebesgue integral and the latter is

equivalent to the McShane integral. Thus, results on this paper may provide

a link in the formulation of the McShane integral, and at the same time, a

Lebesgue integral, on manifolds. On the other hand, integration process with

vector domains is worthwhile to revisit. One good result for such is the Stoke’s

Theorem. Thus, it is recommended that in view of the PUL-Stieltjes integral,
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a version of the Stoke’s Theorem (Green’s Theorem in 2-dimensional spaces)

of this integral may be established.
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