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ABSTRACT. The notion of the PU integral was first formulated by Kurzweil
and Jarnik. It is a Henstock type that utilizes the concept of a partition
of unity in it covering system. They mentioned, without much details,
that this integration process may be used in the formulation of the Hen-
stock integral in manifolds. In this paper, the above query will be revisit
and the Henstock integral of a function defined on a manifold will be

presented including some of its fundamental properties.
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1. INTRODUCTION

The PU integral is an integration process that is adherent to the definition
of the Henstock integral utilizing the partition of unity. In some sense, it
is equivalent with the Henstock integral. Henstock integral is crafted with a
covering system via “d-fine”, where § is a positive function. A finite collection
of point-interval pair {(¢;,I;)}™,, where I; is a compact interval, is of Perron
type if t; € I; for all i < m. Moreover, given a gauge 0 on [a,b], a finite
collection of point interval pairs, of Perron type, {(¢;, I;)}7, is said to be J-
fine Perron partition of [a,b] if I; is a partition of [a,b] and I; C B(t;,0(¢;)). If
for each i < m, the condition t; € I; is removed, then we obtain a McShane
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type and the McShane integral is of this type. On one hand, a partition of
unity [1, 6] on a compact interval E C R™ is a finite collection {p;}7, smooth
functions with the following property

(1) ¢; > 0on E; and

m

(2) Z@k =1ae. on E.
k=1

If Z vr <1 ae. on E, then {p;}, is said to be a partial partition of unity.
k=1
A finite collection of triples {(&;, I;, )}, is said to be d-fine PUL-division

of E if for each i < m, supp ¢; C I, and I; C B(&;,06(&;)). Boonpogkrong,
revisited the notion of the PUL integral and it’s application in the integrals of a
function defined on a manifold. In addition, Flores and Benitez [4, 5] extended
the notion in its Stieltjes form and provided some convergence theorems. In
this work, the definition of the PUL-Setieltjes integral will be discussed in a
manifold setting including some of its fundamental properties.

2. PRELIMINARIES

In this section, we introduce the PUL-Stieltjes integral of a function defined
on a Manifold. Throughout the rest of this chapter, if no confusion arises, we
denote M as a manifold.

Definition 2.1. Let f : [@,b] — X and ¢ : [@,b] — R. Suppose that for

each k € {1,2,--- ,m}, the Riemann-Stieltjes integral (R)/ prdg exists. We
I

define the PUL-Stieljes sum by *

$(1.9:D) = Y- 116) (®) [ s
k=1 I

where D is a d-fine division of [a, b]. For brevity, we write a d-fine division of
[a,b] by D = {(&,1,¢)} and a PUL-Stieltjes sum of f with respect to g over
D by

5(£.9.0) = (D) S 1(©) [0 do =3 1(©) [ 0 a.
D

Remark 2.2. For a d-fine division D = {&, I, ¢}, I’'s may be overlapping.

Definition 2.3. [4] Let X be a Banach space, f : [a,b] — X be a Banach-
valued funtion, and g : [a,b] — R be a function. We say that f is PUL-Stieltjes
integrable to a vector A with respect to g on [a,b] if for every € > 0, there
exists a gauge & > 0 such that for every d-fine division D of [a, b], we have

||S(fagvD) _A” < €.
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If A is the PUL-Stieltjes integral of f with respect to g, then we write

A=(P) fdg.
[a,b]
Definition 2.4. [9] A topological space is second countable if it has a countable
basis.

Definition 2.5. [9] A topological space M is locally Euclidean of dimension n if
every point p € M has a neighborhood U,, such that there is a homeomorphism
¢ from U, onto an open subset O, of R™. We call the pair (U,¢: U — R") a
chart, U a coordinate neighborhood or a coordinate open set, and ¢ a coordinate
map or coordinate system on U. We say that a chart (U, ¢) is centered at p € U
if ¢(p) = 0. A chart (U, ¢) about p simply means that (U, ¢) is a chart and
peU.

Definition 2.6. [9] A topological manifold of dimension n is a Hausdorff,
second countable, locally Euclidean space of dimension n.

Exercise 2.7. [9] The Euclidean space R is covered by a single chart (R™, 1gn ),
where 1g» : R™ — R" is the identity map. It is a prime example of a topological
manifold. Every open subset U of R" is also a topological manifold, with chart
(U, 1gn).

Lemma 2.8. Let U be an open subset of a compact interval E* in R" and
Y U — (U) be C*-diffeomorphism. Suppose that E is a compact interval
such that E C¢(U) CR"™ and ¢ : E — R is continuous and g : E — R be a
function of bounded variation. Then

®) [ o=@ [ (eovgon)

where (’R)/ @ dg is the Riemann-Stieltjes integral of ¢ with respect to g on
E
E.

Theorem 2.9. (Change of Variable Formula). Let f : [a,b] — X be
PUL-Stieltjes integrable with respect to g : [a,b] — R on [a,b]. Let U be
an open subset of a compact interval E in R™. Let ¥ : U — WU(U) be C*-
diffeomorphism and [a,b] C W(U) C R™. Then (f o ¥) - Xg-1([a,p]) 5 PUL-
Stieltjes integrable with respect to go W on E and

(P) / (P saapdlae®) = (P) [ (foW)d(go¥) = (P) /  dg.
E T2 ([a,b]) [a,b]
3. RESULTS AND DISCUSSIONS

Lemma 3.1. Let D, = {{, I, ¢} be a partial 0-fine division of [a,b], o(x) =
>.p, p(x), and Dy = {n,J,} be é-fine division of [a,b]. Then

Dpu{na‘]a(]- _0)1:/}}
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is a d-fine division of [a,b].

Proof. Let « € [a,b]. Since Dy is a d-fine division of [a, b], {¢} is a partition
of unity. Thus,

> () =1.

Dy

Observe that
d @) +Y (1—o@) - ¢@) =o(@) + Y @) —o@))_ v(z)
D, Dy Dy Dy

=o(x)+1—0o(x) - 1=1

This means that {¢} U{(1 — o)} is a partition of unity. Since D, is a partial
d-fine division of [a, b], it follows that

supp ¢ C I C B(€,0(8)). (3.1)
Now, let « € supp ((1 — o) - ¢). Then (1 — o(x)) - ¥(x) > 0 and so Y (x) > 0.
Hence, « € supp ¢. Thus, supp ((1 — ) -1) C supp @. So we have
supp ((1—0)-%) Csupp ¢ € J C B(n,d(n)). (3.2)
By the inclusions in 3.1 and 3.2, evidently
DU{nV]a(l _U)¢}
is a d-fine division of [a, b]. O
Lemma 3.2. Let f : [a,b] — X be a PUL-Stieltjes integrable function with

respect to g : [a,b] = R and G be an open and bounded set such that supp f C
G CR™. Then PUL-Stiletjes integral

(P) f-¢dg

[@,b]

exists for any continuously differentiable function ¢ : G — R in which
0<¢(x) <1, foralxzeG.

Proof. Let € > 0. Then there exists a gauge §; on [a,b] such that for any
d1-fine division D = {(§, ¢, I)} of [a,b], we have

‘ %:f(ﬁ)/lwdg—ﬂ’)/

[a,b]
Assume that B(z,d1(x)) C G, for each € supp f. Since g is of bounded
variation on [a,b], M = V(g;[a,b]) € R. By continuity of ¢ at every = €
supp f € G, we may choose da(x) > 0 such that for any y € [a,b] with
y € B(x, 62(x)), we have

1 ()] - [o(y) — o()] <

fdgH < €.

€

e (3.3)


https://ijmsi.com/article-1-2393-en.html

[ Downloaded from ijmsi.com on 2026-09-05 ]

On the PUL-Stieltjes Integral on Smooth Manifolds 109

Take §(x) = min{é;(x),d2(x)}, for all & € supp f. Note that for each & €
supp f, if y € B(zx,d(x)), the inequality 3.3 still holds. Thus, for each & €
supp f, we have

€

1 (@) - sup{lo(y) — ¢(@)] : y € B(=,d(x))} < ST 1) (3.4)

Now, let Dy = {(§,¢,I)} and Dy = {(n,v,J)} be any d-fine division of [a, b].
For every x € supp f, since 0 < ¢(x) < 1, we have

D o(@)-pl@) = d(x) - Y p(x) = d(@) < 1.
D1 D,

This means that {¢- ¢} is a partial partition of unity on supp f. Since ¢(x) > 0
for all x € G, it is evident that

supp (¢ - ) = supp (¢).

Since D is a d-fine division of [a, b], we have

supp (¢ - @) =supp ¢ C I C B(£,6(£)).

Thus, {(&,¢ - ¢, I)} is a partial d-fine division of [a, b].
Since 0 < ¢(x) < 1 for all supp f,

D (1 =¢(@) v(@) = (1 - (@) - Y (@) =1-¢(x) <L
D>

D>

So, {(1 — ¢) - ¢)} is a partial partition of unity on supp f.
Also,

supp (1 —¢) -1 =supp ¢ C J C B(n,d(n)).
Hence, {(n, (1—¢) -, J)} is a partial d-fine division of [a, b] which, by Lemma
3.1, will further imply that {(&,¢- ¢, I)}U{(n, (1 —¢) -1, J)} is d-fine division
of [a,b]. By PUL-Stieltjes integrability of f with respect to ¢ on [a,b], we
have

H(;f<£)[,¢'@d9+%;f(n)/J(1—¢)-w dg)-(p)

f dgH << 35)
[a.b] 6

Since f is PUL-stieltjes integrable with respect to g on [a, b] and D5 is a d-fine
division of [a, b],

%;f(n)/Jw dg — (P) f dgH < %. (3.6)

[a,b]
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By (3.5) and (3.6), we have

that is,

/¢-<pdg—2f /¢-wd9H

(Zf foviaryim [o-ava)-@ [

/ g =32 10 /wdgH

(Zf /¢> odr+ oo / wdg> @

€ €
fdg— / dH< +-=c,
/[a,b] ;f B

< £
3

(é)/1¢-¢dg—§f(n)[]¢-wdg

Hence, by the linearity of the Riemann-stieltjes integral and by (3.4)

D,

IN

IN

IN

PIGLS /wdg—Zf /¢-s0dg

Zf /(b ) dg — Zf /¢<pdgH

f(8) /(b ) dg— /cb wdg”’

(&) /((b(E) p—9- ¢ dg”’

LJT

2-
2-
1o [ @@ -0 v al|
2-
)

1) [su{lo€) - o(o)] s € Bl o€} o o

1) -sup {6(6) - 6(@)] s € e, } - [ o]

D

; 17l 'Sup{|¢(€) —d(x)|rx € B(g,(s(g))} : /I¢ dg

—3<M+1>'DZI/I@d9§w+1>'<M“>‘3

[ dg

f dgH

(3.7)
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that is,

Dy

Similarly,

:Zf

~

(n)

IN

MEMEMSM§

f(n)

IN

f(n)

)

2

IN

M—|—1

that is,

> F(&)e(€)

- sup {|¢(n) —¢(x)|: x € B(n, 6(n))} : /

[ dg—DZIf(@/degH <t 6y

¢<n>/Jw dg—%:f(n)/Jaﬁ-wdgH
o D /</> )b d =3 s /aﬁ-wdgH

foo-so- s

_/J(¢()1/J b-v) dg]H
:/J(¢(n)—¢)~wdgw

[ s {jotn) ~ ot@)l @ € Bln.dn)} -0 dgH

oo

J

Sl sup {16t - ¢<w>|zweB<n,6<n>>}-/deg

/1/)dgi3 (M+1) = 3

ot [ v dg—%;f(n)[]¢-w dgH <3 (3.9)


https://ijmsi.com/article-1-2393-en.html

[ Downloaded from ijmsi.com on 2026-09-05 ]

112 G. Bates C. Flores

Therefore,by (3.7), (3.8), and (3.9)

Sreue / g = fm)otn) [ v

> see) | o= > [ o-da+ >ie [ ¢+ odo

- i) [ 6wy + > i) [ ¢+ vig - > stmotm | v
IICED [ wia - > [ oo

;f(ﬁ)/lqﬁ pdg - %zjfm)/ﬁs |

> it | ¢+ vis - > stmyotn [ vas|

<fi4iyl=e
3 3 3 7

And the result follows. O

<

+

+

Theorem 3.3. (Saks-Henstock Lemma) If f : [a,b] — X is PUL-Stieltjes
integrable with respect to g : [a,b] — R on [a,b], then for every e > 0, there
exists a gauge 6 on [a, b] such that for any §-fine partial division P = {(&, ¢, I)}
of [a,b], we have

< €.

> <f(£)/lsodg—(7’)/1f<pdg>

P

Proof. Let € > 0. Then there is a gauge § on [a,b] such that whenever D =
{(&,0,I)} is a d-fine division of [a, b], we have

> 1e [ s =) /[

a,b]

fdgH < €.

Let P = {(&,¢,I)} be a é-fine partial division of [a, b] and put ¢ = Z ¢. By

3
continuity of ¢ at every & € supp f, there is a d1(x) < §(x) such that for any
y € [a,b] N B(x,d1(x)), we have

1/ (@)l[[o(y) — o(2)] <

€

3 </ dg + 1>
[a,b]
Thus, for each x € supp f

|F(@)]] - sup {|¢><w> )l ye B(w,m(w))} <

€

3 (/ dg + 1)
[a,b]

(3.10)
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Now, by Lemma 3.2, f - (1 — ¢) is PUL-Stieltjes integrable with respect to g
on [a,b]. Thus, there is a gauge d2 < 01 on [a, b] such that for every Jo-fine
division D = {(¢',4,J)} of [a, b], we have

H;m') a-oe) [vag-@ [ -0 s
=H%:f(ﬁ’)-(lfwﬁ’))/Jwdgf(P)/[a’ s [ f.(;p) i
:HXD:f(ﬁ’%(l—Mé’))/Jwdg—(P /[abfdg+2/f o g <5,

that is,

o) [wage 3 [sear-@) [ i<

Now, since PU{(&,J, (1—¢)y) : (&, J,¢) € D} is also a d-fine division of [a, b]
and by integrability of f wrt g, we have

O [wig+ Y (€) [ (1= opwds—(P) [

[a,b]

f dgH < % (3.12)
Observe that by (3.10),
@) | wds - > ) [ a- wdgH

7€) /J [6 - o(&))] wdg}H

1€)- [ s {jote) o€ < BE 1)} -wdg}H

IN
s
—_— ——

&) sup{jofa) —o(€)] = < BE'Ai(e /‘/’dg}H

IN
SNy
——

1) sup {jo(e) — (€] @ < B (D)} [ vag)}

: > [ wdg < - (/ dg+1>
3(/ dg+1) D 7 3(/ dg+1) [a,6]
[a,b] [a,b]

that is,

S re /wdg > s / W“’H ERNCREY
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Therefore, by (3.11), (3.12), and (3.13)

Z(f(&)/lso dg*/lfs@ dg)H

P (@/w@—@»wwf@+ﬂyﬁbf@—%ywmvwwnﬂw@
+Zﬂ@1~M)/w@—Zf / o) dg

P ) [ =0 dg - §j/fw¢ﬂ
H}jf [eta+ S 1t¢ /(Lf@¢dgfﬂﬂ/;ﬂfd4
+WP)h&ﬁwm—%;ﬁfwdg—§:ﬂ€x1—¢@@[ﬁw@H

/w@—Zf / W@H

<e+e+e
S«
3 3 3

And the result follows. O

Corollary 3.4. In view of the conditions of Theorem 8.3, if in addition that
X is a finite dimensional Banach space, then for every e > 0, there exists a
gauge 6 on [a,b] such that for any d-fine partial division P = {(&,¢,I)} of
[a,b], we have

‘f sodg )/IfwdgH <e.

Definition 3.5. Let f M — R and g : M — R be functions. For a -

m

fine division D = {(z;, I, ", ¢;)}}
integral /a p; dg exists, for all k € {1,2,--- ,m}. We define the PUL-Stieltjes
15

», of M, suppose that the Riemann-Stieltjes

sum on M by

m

S(f,9,D) = Zf(&)/asi i dg.

i=1 I;
Definition 3.6. Let M be a compact differentiable r-manifold, f : M — R
and g : M — R be functions defined on M, and © = {«;} be an atlas of M.
We say that f is PUL-Stieltjes integrable to real number A with respect to g on
M if given an € > 0, there is a gauge d on M such that for any d-fine division
= {(a,I; i tpi) iy of M, we have

‘S<f?gaD) _A| <e.
In this case, we write

A= (P) M@fdg.
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If no confussion arises, we may write
A= (P) / f dg.
M

In what follows, we will formulate the Change of Variable formula. Using
this formula, we will establish the independence of this integral to the choice
of the atlas.

The definition above is defined using an atlas ©. First, we will verify that
this definition is independent of the choice of the atlas. We begin with the
following lemma:

Lemma 3.7. Let D = {(&, ", )}, be a partial 5-fine division of M,

o(x) = Zapi(x), and Dy = {(n;, J;Sj,'l/Jj) “_1 be d-fine division of M. Then
i=1

D U {(n;, J;Sj ,(L—)-1b;) Y, is also a é-fine division of M.

Proof. Let x € M. Observe that

S ie) + 21— () () = Do i) + 30 @) = el@) D (o)
= p(a) + 1= p(a)
=1.

This means that {p;}7%; U{(1 —¢)¢;}5_,; is a partition of unity. Since D is a
partial é-fine division of M, it follows that

suppy; C 1% C B(&;,0(&)) (3.14)
for all i € {1,2,--- ,m}.
Now, for each j € {1,2,---,p}, let € supp ((1 —¢)-1;). Then (1 —¢(x))-
¥j(x) > 0 and so ¥, (x) > 0. Hence, x € supp ;. Thus,
supp ((1 — ) - ¥;) C supp ¥;
for all j € {1,2,--- ,p}. So we have

supp ((1— ) - ;) C supp ¢; C J;* C B(n;,8(n;)) (3.15)
for all j € {1,2,---,p}. By the inclusions in (3.14) and (3.15), it follows that
D U D is a é-fine division of M. O

The next results exhibits an important tool in the integration on manifolds.
n

Recall that for every S > 0 and for every interval I = H [a;, b;] of R™, we
k=1
defined the intervals

I+ 8= ]]lai - 8,0 + 8]
k=1
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and
n

1*5:H[0i+57bi*5]-

k=1
Definition 3.8. Let f : M — R be a real-valued function defined on a manifold

M. We say that f is continuous at x € M if for every € > 0, there exists 6 > 0
such that if y € M with ||z — y||grn < ¢, then

[f(z) = fly)l <e

We say that f is continuous on M if it is continuous at every x € M.

Definition 3.9. Let f : M — R be a real valued function defined on a manifold
M. The total variation of g over M is given by

V(f,M):sup{ Z |Af(I%)|: D is a division ofM},

IeeD
where .
ApI) = gt) [T(=1xet,
tev(Z*) k=1
We say that f is a function of bounded variation on M if V(f, M) < co. We
denote BV (M) as the set of functions of bounded variations on M.

Theorem 3.10 (Change of Variable). Let M be a compact differentiable r-
manifold with atlas ©. Consider the functions f: M — R and g : M — R,
where g € BV(M). Suppose there is a chart « € © such that « : U —» V
and V 2 supp f. If f is PUL-Stieltjes integrable with respect to g on M, then
(f o) - xu is PUL-Stieltjes integrable with respect to g on a compact interval
E, where U C E CR", and

®) [ £dg=(P) [ (Foa)xw digoa.

M

Proof. Let € > 0. Since f is PUL-Stieltjes integrable with respect to g on M,
there is a gauge § on M such that for every d-fine division D = {(&, I; ", i)}y,

- €
%f@)/ﬁsi v dg*/Mf dg‘ <3

Choose 8 > 0 (sufficiently small) such that

we have

U' = a '(supp f)—l—ﬁZ{xEU: min d(x',x)<5}§U.

z’'€a ! (supp f)

Note that V' C supp f and U’ are open sets. Thus, we may assume that
B(z,6(xz)) CV ~supp f for all z € V ~ supp f and B(z,d(z)) C U’ for all
2 € supp f. Now, define a gauge §; on F such that if x € U’, then

B(x,01(2)) € o™ (B(a(z), d(a(x)))); (3.16)
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and if x € E\U’, then
B(z,01(z))NEC ENU". (3.17)

Since g € BV (M) and « is a homeomorphism, it follows that for any compact
interval I of M go«a € BV(I); whence, K =V (goa,I) € R.

Now, let D = {(x;,1;,0;)};—; be a d1-fine division of E. Suppose that
D = Dy U Dy, where D1 = {(z,I,0) € D : 2 € U'} and Dy = D \ D;.
For convenience, without loss of generality, we let Dy = {(z;, ] ]-7Jj)}§:1 and
Dy = {(zj,1,05)};—p+1- Let x € U". Then x € E and from the definition of
D4, we further have o;(z) =0forall j € {p+1,p+2,---,s}. Thus,

S

P
1= oj(x) =) oj(x)+ D> oj(x) =) oj(x).
=1 i=1 j=p+1 i=1
Fix a tag xy,, where k € {p+1,p+2,---s}. So, ), ¢ U’. Since a~!(supp f) C U’
and x;, ¢ U’ it follows that zx ¢ o !(supp f) which will further imply that
fla(zg))=0forall k=p+1,p+2,---,s. Hence,

Zf ) - xu(;) - /0] dg—Zf ) - xu(;) - /Uj dg.

J

Put y; = a(x;) and 7, = ojoa ! forall j =1,2,--- ,p. Then 7;: V — [0,1]
and since the o;’s and o' are C' maps on V, it follows that 7; = o 0 a™*
remains a C' map on V. Fix j € {1,2,---,p}. Let & € supp 7;. Then
0 # 7j(x) = 0;(a ! (z)) and so a~!(z) € supp o;. Thus, z € a(supp ;) C V.
This means that supp 7; € V. Now, for each j = 1,2,--- ,m, extend the map
7; on M in such a way that 7;(x) = 0 for all x € M \ V. Then 7, remains a
C'-diffeomorphism on M. Also, {Tj}le is a partial partition of unity on M.
Put

p
ZTJ , for all z € M.
j=1

If z € a(U’), then a~!(x) € U’. Since {0}, is a partition of unity on E, it
follows that

P
ZT] ZJJ = 1.
j=1 j=1

This means that w(z) =1 for all z € a(U’) with w(z) =0 for allz € M \ V.

We now show that D* = {(y;, I3, 7;)};_, is a partial d-fine division of M,
where a(l;) = I§*. First, in arbitrary manner, we fix j € {1,2,---,p} and
pick z € supp 75. Then 0 # 7j(z) = oj(a"!(z)) and since D is a d;-fine
division of E, we further have a~'(z) € supp o; C I;. So, x € a(l;) = I
and supp 7; C I'. To show that I C B(y;,6(y;)), we let x € I*. Then there
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exists z € I; such that a(z) = z. Again, since D is a d;1-fine division of E and
by (3.16),

z € I; C B(z;,01(x;)) € o~ (Bla(zy), 6(alz)))) = a” ' (B(y;,8(y;))),

that is, » = a(z2) € B(y;,d(y;)). Thus, I C B(y;,d(y;)) for all j =1,2,--- ,p.
This shows that D is a partial §-fine division of M. Let D' = {(&, J:Sk s r) bt
be d-fine division of M. By Lemma 3.7, D*U{&, J,**, (1—w)y } %, is a d-fine
division of M. Thus, 1 —w(z) = 0 for all # € J, **. From the definition of 4,
if & € supp f, then for each k € {1,2,--- ,m}

f(ﬁk)[]aﬁk(l—w)-wk dg = 0.

k

It will further imply that

S 1) [, 1=w)- v dg =0,

Hence - k
> st / el + gjlf@k) / (=)o = if(yj) /I s
Thus,
= if(yﬂ/lywjdwgjlf@wf]:%(lw)wkdg/Mf i
- gﬂyj)/wwjdg—/Mf ia,
Thus,
]Zp;ﬂa(xj))-w(a(:cj))/j o) d(go ) —if(yj)/; g
- if(a(xj))/7 0 d<goa>_éf(yj>/lf i
- jZ:f(a(xg)) [ s dtgea) —jz:f(y [, feren)dd
_ if(a(wm [ o dtgoa) —éf(a(wj)) [ itgoa)
o
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Therefore,
P

> tata) xwlaley) [ o digoa) - [ 1y

= I; N

p
;f@j)/luwjdg/Mf i) <

J

implying that (foa)-xy is PUL-Stieltjes integrable with respect to g to / f dg
M

on E.

The Change of Variable formula in Manifold M enables us to show that the
integral is independent to the choice of the associated atlas in M. To validate
such claim, we formally present the next result.

Corollary 3.11. Let M be a compact differentiable r-manifold, f : M — R,
and g : M — R. If ©1 and Oy are two atlas of M, then f is integrable with
respect to g on M associated with atlas ©1 if and only if f is integrable on
M associated with atlas ©4. Furthermore, the values of these two integrals are
equal.

Proof. Let ©1 = {a : Uj — V;}5_, and O = {ay : Uy — Vi }j_, be two atlas
of M. Set Vi, = V; NV for all j and k and let {p;i} be its corresponding
partition of unity on M such that supp ¢;r C Vji. Let € supp (f-¢;x). Then

f(z) # 0 and ji(z) # 0 and so « € supp fNsupp @;i. Since supp ;i < Vi,
x € supp f N V. But supp f NV, C V. Hence, x € Vj;, and further, since
x is arbitrarily picked, it follows that supp f - ¢jr € Vji. Thus, by Theorem
3.10, for each j and k, we have

/[(fwjk)oaj]xUj d(goaj)Z/ feik dg:/[(f-sojk)oak}mk d(goay).
E M E
Hence we have

s t
/M@l fdg= ZZ/M,QI [ ek dg

j=1k=1

- ZZ/E[(f - @ik) © ajlxu, d(go ay)

j=1k=1

=32 [E[(f “pjk) © kX, d(g © ;)

j=1k=1

s t
= ZZ/M,@2 £k dg

j=1k=1

M,0,
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We give some of the standard properties of this integral in manifold such as
the linearity of the integrand and the integrator, additivity of the integral over
its domain, and the Cauchy criterion.

Theorem 3.12. The value of the PUL-Stieltjes integral defined on M is unique.

Proof. Suppose that A; = / f dg and Ay = / f dg. Let € > 0. Since f is

PUL-Stieltjes integrable with respect to g on M to Aj, there is a gauge §; on
M such that for every d;-fine division Dy of M, we have

88)(f, 9, D1) — Ai| < % (3.18)

Similarly, there is a gauge d on M such that for any do-fine division Dy on M,
we have

[S(f.9.D2) = Ao < 3. (3.19)

Choose § = min{d1,d2}. Then 0 is a gauge on M. Let D = {{, 1% ¢} be a
0-fine division of M. Then

supp ¢ C I C B(£,6(£)) € B(&,61)
and
supp ¢ C I C B(£,6(£)) € B(&, 02)
which imples D is both d;-fine and do-fine division of M. Thus, by (3.18) and
(3.19),
0< /A1 Ao| < [A1 = S(f,9,D)| + [S(f,9, D) — As|

€ J—
Since € is arbitrary, |A1 — Ag} = 0; hence A; = A,. [l
The next two results present the bilinear property of this integral, that is,
linearity of both the integrand and the integrator holds in this integral.

Theorem 3.13. Suppose that f1 : M — R and fo : M — R are PUL-Stieltjes
integrable with respect to a real-valued function g : M — R on M. Then cf;
and f1 + fo are also PUL-Stieltjes integrable with respect to g on M for all

c € R. Moreover,
/ cfr dg:c/ f1dg
M M

| epydg= [ fiag+ [ paag

Theorem 3.14. Suppose that f : M — R is PUL-Stieltjes integrable with
respect to real-valued functions g1 : M — R and go : M — R on M. Then for
all c € R, f is PUL-Stieltjes integrable with respect to both cg1 and g1 + g2 on

M. Moreover
[ ey =c [ rag
M M

and
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and

/Mf d(g + go) = /Mf gy +/Mf dgo.

Remark 3.15. If f : [a,b] — R is non-negative Riemann-Stieltjes integrable
with respect to g : [a,b] — R on [a, b] with ¢ > 0 on [a, ], then
fdg >0.
[a,b]

Theorem 3.16. Let f1 and fo be PUL-Stieltjes integrable with respect to g > 0
on M. Suppose that f1(x) < fa(z) for all x € M. Then

(P) /M fi dg < (P) /M f» dg.

Theorem 3.17. (Cauchy Criterion) A function f: M — R, where M is a
manifold, is PUL-Stieltjes integrable with respect to g on M if and only if for
every € > 0, there is a gauge § on M such that for any §-fine divisions Dy and
Dy of M, we have

‘S(f,g,Dl) (e D) <

Proof. (=) Let € > 0. Then there is a gauge 6 on M such that for any é-fine
division D of M, we have
€
S(aD) - [ fasl < (320)
M
Let Dy and Ds be d-fine divisions of M. Then by (3.21),

S(f,g7D1)—/Mf dg+/Mf dg —S(f,g,D2)

S(fvgle) _S(f7g7D2)

< ‘S(f,g,Dl) - /M f dg‘ + ' /Mf dg — 5(f.9.D»)

<e+e
—+ - =e.
2 2

(<) for each n € N, there is a gauge 0,, on M such that for any pair of d,,-fine
divisions D,, and D], of M, we have

(D) = S0, 20| < - (3.21)

We may assume that for each x € M, (6,(x))nen is decreasing. For each
n € N, fix a §,-fine division D,, of M and we denote s,, = S(f, g, D,) be its
corresponding PUL-Stieltjes sum. We will show that (s, )nen is Cauchy in R.
Let € > 0. Then there is an N € N such that ﬁ < €. Let myn > N. Then
On(x) > 6 (x) and dn(x) > 6, (x). So, D, and D,, are both dy-fine divisions
of M. By the hyphothesis,

1
‘Sn *57n| = |S(fagan) 7S(fagaDm)| < N <e€
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and (s,)nen is Cauchy in R. Hence, (s,)nen converges to, say, A € R, that is,
lim s, = A.
n—oo

We now show that f is a PUL-Stieltjes integrable with respect to g on M

and
/ fdg=A.
M

Let € > 0. Since 1Lm sp = A, there exists N1 € N such that for all n > N;
|S(f,9,Dn) — A = |sn — A] < g (3.22)

1
Thus, there exists Ny € N such that < g Take N = max{Ny, No} and

2
put §(x) = on(x) for all z € M. Let D be any d-fine division of M. Then D
is dy-fine division of M. Since N > Ny, by (3.21) we have

1 1 €
|8(£,9: D) =S(f.9. D3| < 5 < 7 < 3 (3.23)
2
Also, since N > Ny, inequality (3.22) for n = N i.e.
€
|S(f,9,Dn) = A < 3. (3.24)

Hence, by (3.23) and (3.24) we have

‘S(fag7D)_A’ S ’S(fvg7D)_S(f?gaDN)‘

+]5(f,g,DN)—A}<§+§:e.

This shows that f is a PUL-Stieltjes integrable with respect to g on M and

(P)/Mf dg = A. 0

Corollary 3.18. If f : M — R is PUL-Stieltjes integrable with respect to
g: M =R on M and I C M is a compact differentiable r-manifold, then f is
PUL-Stieltjes integrable with respect to g on I.

Corollary 3.19. Let f be any real-valued funtion on M. Suppose that f
is PUL-stieltjes integrable with respect to g on a compact differentiable r-
manifolds Fy and Fy with Fy and Fs is a partition of M. Then f is PUL-
Stieltjes integrable with respect to g on Fy|J Fa and

(7’)/ fdg=(P) | fdg+(P) [ fdg.
Fir U F2 Fy Fy

Theorem 3.20. Let f : M — R and g : M — R be two real-valued functions
defined on a manifold M. If f € C(M) and g € BV(M), then f is PUL-
Stieltjes integrable with respect to g on M.
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Proof. Let ¢ > 0. Note that the Riemann-stieltjes integral / p dg exists,

I
whenever ¢ is a partition of unity and ¢ is of bounded variation. Since g €
BV(M,R™), M = V(g9,M) € R. Since f is continuous on M, then for each
x € M, there exists a §(x) > 0 such that for any y € M with ||z —y||,, < d(x),
we have
€
|f(z) = fy)| < M+ 1]
Let Dy = {(§,1%,¢)} and Dy = {(¢,J*,¢)} be any two d-fine divisions of
M. Let D3 = {v, K%, 0} be a d-fine division of M, where K% = J% N J*t
with 1% € Dy and J% € Ds.
Observe that

StheDy= Y f€) [ wds

IeseDq Ies

DRG] S

I*seDy JoteDy

- > e odg

KareDsg Kaor

and

JeteDsy Jet

3 f<<>[ > [

Jot €Dy I*seDy :|

> 50 od

KereDs Kor

Then

HS(f7g7D1) _S(fvg7-D2>H
= HS(f7gaD1) - S(f7gaD3) +S(fagaD3) - S(fagaDQ)H
< ||S(f,gaD1) - S(f?.gaDS)H + ||S(f’gaD3) - S(fagaDQ)H

- o[ od— S s o dg]
H Kng /K“T Kavz-e:m /K“T

+’ f(v) | odg— f(Q) UdgH
K;% /K K‘;Ds /K“T
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> [Hf(ﬁ)—f(v)!! - ]/K%adgH

KaereDs

-y lllf(’y) -~ Q|- ‘ . dg”
> + ¥ [Wll]‘/z(adgﬂ

KaseDsg KareDs

IN

A

a5 | e

Ko
Kor
€

= +1' Z AQ(K%)

KareDsg

M <e.

€

+

=

KareDs
€

T .
+ KareDs

=

=

< €
“M+1
Therefore, f is PUL-Stieltjes integrable on M with respect to g. O

Lemma 3.21. Let f: M — R be bounded and g € BV (M). Suppose that the
PUL-Stieltjes integral of f with respect to g exists on M. Then

®) [ sda] <111 Vg0
M
where || - ||oo = Inf{K > 0:|f(x)| < K for allz € M}.

Proof. Let € > 0. Since f is PUL-Stieltjes integrable with respect to g on M,
there exists a gauge 6 on M such that for any J-fine division D of M, we have

S(1.9.0)=P) [ 1 dg‘ <e
Since f is bounded on M, there is a positive Ky € R such that | f(z)| < Ky for

all x € M. Thus, |f(x)| < ||f|le for all x € M.
Let D’ be a é-fine division of M. Observe that

St D) =) 10 [ g
<)X [ vas
— ) Sir@)| [ oo
SNy

< [[fllcV (g5 M).
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Thus,

](P)/Mfdg] <[y [ sa0-s(s.0.00

Since € is arbitrary,

+1S(f, 9, D) < e+ flloo-V(g; M).

\(P) /i dg] < floe - Vig: M) o

Theorem 3.22. (The Uniform Convergence Theorem)

Let g € BV(M). Suppose that (f,),—, is a sequence of bounded and integrable
functions with respect to g on M. If f, — f uniformly on M, then f is
PUL-Stieltjes integrable with respect to g on M and

im (P) [ fodg=(P) [ 1o

n—oo

Proof. Let € > 0. Since f, — f uniformly on M, we can choose N; € N such
that for all n > Ny and for all z € M, we have

(@) = f(@)] < o

—_—. 2
3V(g; M) (329)
If myn > Ny and = € M, then by (3.25)

|fo(@) = fm(@)] = [[fu(2) = f(2)] + [f(z) = fm(2)]|
< |lfn(@) = f@)] + |[f (@) = fm(@)]]
< 3V(g M) | 3V(g M)
2¢
V(g M)’
This means that, for all m,n > Ny,
”fn - fm”oo S ﬁ

Thus,

](P) [ tnda-®) [ 5. dg] - j(P) [ =) dg\ < N — Falloo - V(g; M)

2e
3V (g; M)
2¢

= —<e€
3

<

- V(g; M)

for all m,n > N;. This means that <(P)/ fn dg> is Cauchy in R. Since R
M

is, indeed, a Banach Space, (P)/ fn dg converges to, say, A. Choose Ny € N
M
such that for all n > N,

‘(P) | fndg - A’ < § (3.26)
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Take N = max{Ny, Nao}. Since, in particular, fy is integrable with respect to
g on M, there exists a gauge 6 on M such that for any d-fine division D of M,
we have

‘S<fN,g,D> ) [t dg‘ << (3.27)

Observe that from (3.25),
S(.9.0) = S(ho0. D) = (D) 1) [ 0 da=1n(©) [ g
~| 0 E 0@ - v [ ol
<)1) - (@l [ o g

< avin 2.

€

< WV(%M)

Wl ™

Therefore,

|S(fagaD) 7A‘
<18(.9:D) — S(fx-g.D)| + ]sm,g,D) - [ f dg\

+|<P> Iy dgA‘
M

€ €
+o+z

< £
3 3 3

This shows the integrablity of f with respect to g on M. Moreover,

lim (P) /M fodg=A=(P) /M £ dg. O

n—oo

4. CONCLUSIONS AND RECOMMENDATIONS

The PUL integral is a McShane type and upto date, such definition of in-
tegral that is defined on some manifolds is yet to be established. In some
sense, the PUL integral is equivalent to the Lebesgue integral and the latter is
equivalent to the McShane integral. Thus, results on this paper may provide
a link in the formulation of the McShane integral, and at the same time, a
Lebesgue integral, on manifolds. On the other hand, integration process with
vector domains is worthwhile to revisit. One good result for such is the Stoke’s
Theorem. Thus, it is recommended that in view of the PUL-Stieltjes integral,
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a version of the Stoke’s Theorem (Green’s Theorem in 2-dimensional spaces)
of this integral may be established.
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