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ABSTRACT. In 2021, Ciloglu and Towers introduced the notion of a weak
c-ideal of a Lie algebra, and used it give some characterizations of solvable
and supersolvable Lie algebras. In this paper, analogously, we introduce
the notions of weak ¢-ideals and weak c#-ideals, and obtain some new
characterizations of solvable and supersolvable Lie algebras by using these

notions.
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1. INTRODUCTION

Throughout, all Lie algebras will be of finite dimension over a fixed field F'.
We denote the largest ideal of L contained in all the maximal subalgebras of
L, the Frattini ideal of L, by ¢(L). For a subalgebra H of L, the core of H
with respect to L, Hp, is the largest ideal of L contained in H. Also vector
spaces direct sum will be denoted by +. We say the factor algebra A/B is a
chief factor of L if B is an ideal of L and A/B is a minimal ideal of L/B. Let
H be a subalgebra of L. Then H is a subideal of L, if there exists a chain of
subalgebras of L, H = Hy < Hy < --- < H, = L such that H; is an ideal of
H;iq, for all 0 < i < n—1. Also, a Lie algebra L is called supersolvable, if
there is a chain of ideals {0} C L; C Ly C--- C L,, = L such that dim L; = 1.
In 2009, Towers [9] introduced the notion of a c-ideal of a finite dimensional
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Lie algebra, as follows:

A subalgebra H of L is a c-ideal of L, if there is an ideal K of L such that
L =H+K and HNK < Hp. He obtained some properties of c-ideals and used
them to give some characterizations of solvable and supersolvable Lie algebras.
Also, he [10] defined the notions of covering and avoiding properties and CAP-
subalgebras of Lie algebras, as follows:

Let L be a Lie algebra and H a subalgebra of L and A/B a chief factor of L.
We say that

(i) H covers A/B, if H+ A= H + B; and

(#3) H avoids A/B,if HNA = HnN B.

A subalgebra H of L is called a C'AP-subalgebra of L, if H either covers or
avoids every chief factor of L. These concepts have been explored in many
articles. In particular, in [4] and [3], ¢-ideals and c#-ideals were introduced
and considered by using these concepts. In 2021, Ciloglu Sahin and Towers [2]
introduced the concept of weak c-ideals of a Lie algebra, which encouraged us
to define new concepts weak ¢-ideals and weak c#-ideals of a Lie algebra.

Definition 1.1. (¢) The subalgebra H of L is called a weak ¢-ideal of L, if
there is a subideal K of L such that L = H + K and H N K < ¢(H).
(ii) The subalgebra H of L is called a weak c¢?-ideal of L, if there is a subideal
K of L such that L = H + K and H N K is a C AP-subalgebra of L.

Clearly, if H is a ¢-ideal of L, then H is also a weak ¢-ideal of L. But
the converse is not necessarily true. For example, let L be three-dimensional
Heisenberg algebra (with basis a,b, ¢ and products given by [a,b] = ¢, [a,c] =
[b,c] = 0). In [4, Example 3.3], it was shown that if M is a maximal subalgebra
of L, then it is not a ¢-ideal of L. Now, we consider the maximal subalgebra
M = span{a,c}. Clearly, L = M + span{b} and M N span{b} = {0} = ¢(M).
We have span{b} < span{b,c} < L. It shows that M is a weak ¢-ideal of L.
In this paper, by the above notions, we obtain some characterizations for solv-
ability and supersolvability of finite dimensional Lie algebras.

2. PRELIMINARY RESULTS

This section is devoted to some basic results which are needed in our inves-
tigation.

Lemma 2.1. Let L be a Lie algebra, H and K subalgebras of L and N an
ideal of L.

(0) If H is a weak ¢-ideal of L and H < K < L, then H is a weak ¢-ideal of
K.

() If N < H and H is a weak ¢-ideal of L, then H/N is a weak ¢-ideal of
L/N. Furthermore, if N < ¢(H), then the converse is true.

(iii) If N < H, then H is a weak c*-ideal of L if and only if H/N is a weak
c*-ideal of L/N.
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Proof. (i) Let H be a weak ¢-ideal of L. Then there is a subideal C of L with
L=H+Cand HNC < ¢(H). Sowehave K = KN(H+C)=H+ (KNC).
Since C'is a subideal of L, so there exists a chain of subalgebras of L, as follows:

C=0Ci<Ci<..<C,=1L,

such that for 0 <i <n—1, C; < C;11. Thus there is a chain of subalgebras of
K

)

CNK=ConK<CiNnK<..<C,NK =K.

Clearly C;NK <1C;4+1NK. Therefore CNK is asubideal of K. Also HN(CNK) =
(HNCO)NK < ¢(H)NK = ¢(H).

(13) Let H be a weak ¢-ideal of L. Then there is a subideal C' of L with
L =H+C and HNC < ¢(H). Hence we have L/N = (H + C)/N =
H/N + (C + N)/N such that (C' + N)/N is a subideal of L/N and by [8,
Proposition 4.3],

H/NN(C+N)/N = ((HNC)+ N)/N < (¢(H) + N)/N < ¢(H/N).

Therefore H/N is a weak ¢-ideal of L/N. If N < ¢(H), then ¢(H/N) =
¢(H)/N, thanks to [8, Proposition 4.3] and so the converse clearly holds.

(iii) We suppose that H is a weak c#-ideal of L. Then there is a subideal
Cof L with L =H+ C and HNC is a CAP-subalgebra of L. So L/N =
H/N + (C+ N)/N and H/ NN (C+ N)/N =((HNC)+ N)/N. Now, since
H N C is a CAP-subalgebra of L, then (H N C) + N is a CAP-subalgebra of
L, by [10, Lemma 2.5], so (H NC) + N)/N is a CAP-subalgerbra of L/N,
thanks to [10, Lemma 2.1(v)]. Therefore H/N is a weak c*-ideal of L/N.

Conversely, if H/N is a weak c#-ideal of L/N, then there is a subideal C/N of
L/N with L/N = H/N+C/N = (H+C)/N and H/NNC/N = (HNC)/N is a
C' AP-subalgebra of L/N. Therefore L = H+C and HNC is a C AP-subalgebra
of L, by [10, Lemma 2.1(v)]. |

Lemma 2.2. Let L be a Lie algebra, N an abelian minimal ideal of L and M
a mazximal subalgebra of N. If M is a weak ¢-ideal or weak c*-ideal of L, then
dimN = 1.

Proof. Since M is a weak ¢-ideal or a weak c-ideal of L, there is an subideal
C of L such that L = M +C and MNC < ¢(M) or MNC is a C AP-subalgebra
of L. Now by using [2, Lemma 4.2], we have N C C or [N,L] = 0. In the
former case, M C N C C' and so M = M NC < ¢(M), which is impossible, or
M = MnNC is a CAP-subalgebra of L and so covers or avoids N/{0}. But M
cannot cover N. Therefore M NN = M N {0} which concludes that dimN = 1.
If [N, L] = 0, then the result holds, trivially. a

Theorem 2.3. If K is a subalgebra of L and H is a weak c¥-ideal of L with
H < ¢(K), then H is a C AP-subalgebra of L.
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Proof. Since H is a weak c*-ideal of L, there exists a subideal N of L such that
L =H+N and HNN is a CAP-subalgebra of L. Also, K = H+(KNN). Now,
by using of [8, Lemma 2.1], we conclude that K = KN N andso H C K C N.
Hence L = N and H = HN N is a CAP-subalgebra of L. (]

Theorem 2.4. Let L be a Lie algebra. Then the one-dimensional subalgebra
Fx of L is a weak ¢-ideal of L if and only if it is a ¢-ideal of L.

Proof. Let Fx be a weak ¢-ideal of L. Then there is a subideal K of L with
L =Fzr+ K and FrNK < ¢(Fz) =0. Thus K has codimension one in L.
Therefore K is an ideal of L and so Fx is a ¢-ideal of L. The coverse follows
from the fact that every ¢-ideal of L is a weak ¢-ideal of L. O

In [2, Corollary 3.3], Ciloglu and Towers proved that over a field of char-
acteristic zero, L is solvable if and only if every maximal subalgebra of L is a
weak c-ideal. Is the same theorem true for weak ¢-ideals? In the following, we
give an example of a solvable Lie algebra that has a maximal subalgebra that
is not a weak ¢-ideal.

ExXAMPLE 2.5. Consider the real Lie algebra As 12 = span{ei, ez, es,e4,¢e5},
with nonzero multiplications [e1, e5] = e1, [e2, e5] = e1 + ea, [e3,e5] = ea + €3,
[ea,e5] = e3 + eq. (See [5]). If we put M = span{ey, ez, e3,€e4}, then M is a
maximal subalgebra of As 12 and M is not a weak ¢-ideal of L.

3. MAIN RESULTS

Lemma 3.1. ([9, Lemma 4.1]) Let L be a Lie algebra over any field F', let A
be an ideal of L, and let U/A be a mazximal nilpotent subalgebra of L/A. Then
U=C+ A, where C is a mazimal nilpotent subalgebra of L.

Proposition 3.2. Let L be a Lie algebra, in which all mazimal subalgebras of
each mazximal nilpotent subalgebra of L are weak ¢-ideals or weak ¢ -ideals of
L. If A is a minimal ideal of L, then all maximal subalgebras of each mazimal
nilpotent subalgebra of L/A are weak ¢-ideals or weak c* -ideals of L/A.

Proof. We suppose that U/A is a maximal nilpotent subalgebra of L/A. Then
U = C+ A, where C is a maximal nilpotent subalgebra of L, by Lemma 3.1. If
B/A is a maximal subalgebra of U/A, then B=BN(C+A)=(BNC)+ A=
D + A, where D is a maximal subalgebra of C and BN C < D. Now

(1) If D is a weak ¢-ideal of L, then there exists a subideal K of L with L =
D+Kand DNK <¢(D). A< K,L/A=(D+A)/JA+ K/A=B/A+K/A
and (D+A)/JANK/A=((DNK)+A)/A<(¢(D)+ A)/A = ¢(B/A). So the
result holds.

If A £ K, then [L, A] = 0 by [2, Lemma 4.2]. Hence A C Z(L) and so A < C
and B = D. Consequently, we have L = B + K and BN K < ¢(B). Hence
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L/A=BJ/A+ (K + A)/A and
B/AN(K +A)/A=((BNK)+ A)/A < (4(B) + A)/A < ¢(B/A).

Therefore B/A is a weak ¢-ideal of L/A.

(ii) If D is a weak c*-ideal of L, then there exists a subideal K of L with
L=D+ K and DN K is a C AP-subalgebra of L. Therefore D N K covers or
avoids A/{0}. U DNK+A=DNK,then ACDNK C D andso B=D.
It follows from Lemma 2.1(iii) that B/A is a weak c#-ideal of L/A and so the
result holds. If DN K N A =0, then by [2, Lemma 4.2] we consider two cases:
1. A < K: In this case, L/A = (D + A)/A+ K/A = B/A+ K/A and
(D+A)/ANK/A=(DNK)+ A)/A. Since DN K is a C AP-subalgebra of
L and A is an ideal of L, then by [10, Lemma 2.5], (DN K) + A is a CAP-
subalgebra of L and so (DN K)+ A)/A is a C AP-subalgebra of L/A, thanks
to [10, Lemma 2.1(v)]. Thus B/A is a weak c¢#-ideal of L/A.

2. [A,L] = 0: In this case, A C Z(L). Consequently, U = C' + A is a nilpotent
subalgebra of L and so we must have C+ A = C. Therefore A < C and B = D
and B/A is a weak c#-ideal of L/A, thanks to Lemma 2.1(7i). O

Finally, we obtain a condition implying a Lie algebra L to be supersolvable.

Theorem 3.3. Let L be a solvable Lie algebra, in which all mazimal subalgebras
of each mazimal nilpotent subalgebra of L are a weak ¢-ideal or a weak c* -ideal
of L. Then L is supersolvable.

Proof. Let L be a minimal counterexample and A be a minimal ideal of L.
Then by the previous proposition, L/A satisfies the hypothesis of this theorem
and so L/A is supersolvable. It is sufficient to show that dimA = 1. If there
is another ideal I of L, then A = (A+1)/I < L/I and so dimA =1 and L is
supersolvable, a contradiction.

Therefore, we suppose that A is a unique minimal ideal of L. If A < ¢(L),
then L/¢(L) is supersolvable and so L is supersolvable by [1, Theorem 7], a
contradiction. If A £ ¢(L), then there is a maximal subalgebra M of L such
that L = A+ M. Now, if C'is a maximal nilpotent subalgebra of L with A < C,
then we consider two cases:

1. A= C" In this case, A is a maximal nilpotent subalgebra of L and so by the
assumption, every maximal subalgebra of A is a weak ¢-ideal or weak c#-ideal
of L. Hence dimA = 1, thanks to Lemma 2.2.

2. A < C: In this case, we have C = A+ (C N M). Now, let B be a maximal
subalgebra of C' that contains C' N M. Then if B is a weak ¢*-ideal of L, then
there is a subideal K of L such that L = B+ K and BNK is a C'AP-subalgebra
of L. Therefore BN K covers or avoids A/{0}. If (BN K)+ A= BN K, then
A< BNK < B and so C < B, a contradiction.

If BN KnNA = {0}, then by noting to [2, Lemma 4.2], if A C K, then
BNA={0}and C = B+ A. Thus C/B = A and consequently dimA = 1
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and L is supersolvable, a contradiction. If [L, A] = 0, then clearly dimA = 1,
a contradiction.

Now, if A < C and B is a maximal subalgebra of C' that contains A and if we
suppose that B is a weak ¢-ideal of L, then there is a subideal K of L with
L=B+ K and BN K < ¢(B). Since A is a minimal ideal of L, so A C K or
[L,A] =0, by [2, Lemma 4.2]. If A C K, then A C BN K < ¢(B). Thus we
have

B=BNL=BNA+M)=A+(BNM)=BnM.

Therefore A C B C M, a contradiction. If [L, A] = 0, then dimA =1 and L is
supersolvable, a contradiction. O

Theorem 3.4. Let L be a Lie algebra over a field of characteristic zero.

(1) If every mazimal subalgebra of N(L) is a weak ¢-ideal of L, then L is
solvable.

(ii) If every mazimal subalgebra of N(L) is a weak ¢ -ideal of L, then L is
supersolvable.

Proof. (i) We suppose that L be a minimal counterexample. If ¢(L) # 0, then
we can easily show that L is solvable, a contradiction. If ¢(L) = 0, then N(L) =
A1 ®A®...B A, such that A;’s are minimal abelian ideals of L, by [7, Theorem
3]. If A¥ is a maximal subalgebra of A;, then M = A+ (A; @...@Ai@...@An)
is a maximal subalgebra of N(L). So by the assumption, there is a subideal C
of L such that L = M + C and M NC < ¢(M) = 0. Therefore M is a weak
c-ideal of L. Consequently L is solvable, by [2, Theorem 3.6].

(i4) Again, we suppose that L be a minimal counterexample. If ¢(L) # 0,
then we can easily show that L is supersolvable, a contradiction. Now, we
suppose thet ¢(L) = 0. Then N(L) = A1 @ A2 & ... ® A, such that A;’s are
minimal abelian ideals of L, by [7, Theorem 3]. If A¥ is a maximal subalgebra
of A, then M = A7+ (A1 ® ... @ A ®.. o A,) is a maximal subalgebra of
N(L). So by the assumption, there is a subideal K of L such that L = M + K
and M N K is a CAP-subalgebra of L. Hence, M N K covers or avoids As

{0}
IfEMNK+ A = MNK, then A;, C M NK C M, a contradiction. If

MNKNA; =0, then AY N K = 0. Since A; is a minimal ideal of L, either
A; C K or [L,A;] =0, by [2, Lemma 4.2]. If A; C K, then A = 0 and so
dimA; = 1. But, if [L, A;] = 0, then [L, A}] = 0. Thus, A} is an ideal of L and
so AF = 0. Therefore, dimA; = 1.
Now, weput K; = A1 ®As ®---® A, i =1,--- ,n. It follows that N(L) has
a series 0 < Ky < --- < K,, = N(L) such that dim(K;/K;_1) = 1, for i =
1,---,n. Therefore, L is supersolvable, by [6, Corollary 2.9], a contradiction.
a

Finally, we bring an example that shows that the converse of the first part
of the above theorem is not valid.
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ExAMPLE 3.5. Consider the Lie algebra L = g;?c = spaniei, es, €3,¢€4, €5},
with nonzero multiplications [e1,e5] = e1, [ea,e5] = aea, [e3,e5] = bes and

[e4, €5] = ceq, where abe # 0, =1 < ¢ <b<a <1 (See [5]). There is a maximal
subalgebra M = span{ey, es,e3} of N(L) = span{ey, ea, e3,eq} such that M is
not a weak ¢-ideal, while L is a solvable Lie algebra.

10.

ACKNOWLEDGMENTS

The author wish to thank the referees for their valuable suggestions.

REFERENCES

. D. W. Barnes, On the Cohomology of Soluble Lie Algebras, Math. Z., 101, (1967),
343-349.

. Z. Ciloglu Sahin, D. A. Towers, Weak c-ideals of a Lie Algebra, Turk. J. Math., 45,
(2021), 1940-1948.

. L. Goudarzi, C#-Ideals of Lie Algebras, J. Algebraic Syst., 9(1), (2021), 45-51.

. L. Goudarzi, Z. Riyahi, On ¢-ideals and the Structure of Lie Algebras, J. Algebra Appl.,
20(10), (2021), 2150193.

. J. Patera, R. T. Sharp, P. Winternitz, H. Zassenhaus, Invariants of Real Low Dimension
Lie Algebras, J. Math. Phys., 17(6), (1976) 986-944.

. A. R. Salemkar, S. Chehrazi, F. Tayanloo, Characterizations for Supersolvable Lie Alge-
bras, Comm. Algebra, 41, (2013), 2310-2316.

. E. Stitzinger, On the Frattini Subalgebra of a Lie Algebra, J. London Math. Soc., 2,
(1970), 429-438.

. D. A. Towers, A Frattini Theory for Algebras, Proc. London Math. Soc., 27, (1973),
440-462.

. D. A. Towers, C-Ideals of Lie Algebras, Comm. Algebra, 37, (2009), 4366-4373.

D. A. Towers, Subalgebras that Cover or Avoid Chief Factors of Lie Algebras, Proc.

Amer. Math. Soc., 143, (2015), 3377-3385.


https://ijmsi.com/article-1-2359-fa.html
http://www.tcpdf.org

