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ABSTRACT. In this paper, the oscillatory behavior of the solutions for
a n-dimensional system of coupled van der Pol oscillator with delays is
investigated. We extend the result in the literature from the mathematical
point of view. Some sufficient conditions to guarantee the oscillation of
the solutions are provided and computer simulations are given to support

the present criteria.
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1. INTRODUCTION

The van der Pol oscillator is known to be a primary model for describing
self-excited oscillations observed in various biological, physical, and engineering
systems [1-11]. Recently, Sathiyadevi et al. have investigated the following
coupled van der Pol oscillators [12]:

{ zi(t) = yi(t) + e1[2(t) — 2 (8)],i =1,2,- -+ ,n, 1)
yi(t) = a(l — zF(t)yi(t) — w4(t) — e2[H(t) — yi(t));

where Z(t) = L3 ai(t),5(t) = 30 vi(t). For n = 2 and n = 3, the
authors have demonstrated transient chaos and multistability, the competing
attractive and repulsive coupling plays a crucial role. Bukh and Anishchenko

have studied numerically auto-wave structures in a two-dimensional lattice of

Received 03 July 2022; Accepted 11 May 2024
©2026 Academic Center for Education, Culture and Research TMU
1


https://ijmsi.com/article-1-2350-fa.html

[ Downloaded from ijmsi.com on 2026-09-05 ]

2 Ch. Feng

van der Pol oscillators with 100 x 100 elements for the cases of local and nonlocal
coupling between the individual oscillators [13]:

{ 27 (t) = i () + 5= L (@mn — @ig),

yi () = e(1 — a3 )yij — w’z,j,

(2)

where m,n € {1,2,---,100}. The classical spiral and target waves that were
observed in modeling and analyzing the dynamics of the heart muscle can be
realized in the network. Therefore, those obtained results can be useful in
cardiology.

On the other hand, time delays widely exist in various systems in engineer-
ing, biology, chemistry, physics, ecology, and so on. Those delays can cause
instabilities of original systems and make it harder for system analysis. For
example, time delay comes from the feedback and the reaction time of the ac-
tuators in magnetic bearing systems [14], in a control system [15], in an air
pollution system [16], and economic system [17]. Until now, many researchers
have investigated the effects of time-delayed van der Pol oscillators [18-27].
Zhang and Gu considered the existence of the Hopf bifurcation for the follow-
ing system [18]:

{ 2y (1) + e(af(t) = Dai(t) + (1 + @)z (t) = ay) (t — 72),

1 (8) + £(2(1) — D (1) + (1 + )y (t) = ) (t — 7). ®)

The stability and direction of the Hopf bifurcation were determined by using the
normal form theory and the center manifold theorem. Zhang et al. discussed
the dynamic behavior of the following symmetric system [19]:

) () + 21(t) — (1 — 22 (1)@} (t) = kleh(t — 7) — 24 (¢ — 7)] + k[zh(t — 7) — @) (t — 7)),
{ @y (1) + w2 () — (1 — 23(1))ah (t) = kl[eh(t — 7) — ah(t — 7)] + k2] (¢t — 7) — @b (t — 7)),
xg (t) + @3(t) — e(1 — 23 (t)zs(t) = k[zi (t — 1) — ah(t — 7)) + k[zh(t — ) — 4 (t — 7))
(4)
The dynamic behavior of the system (4) was carried out using a symmetric
Hopf bifurcation result. Some important results about the spontaneous bi-
furcations of multiple branches of periodic solutions and their spatio-temporal
patterns such as mirror-reflecting waves, standing waves, and discrete waves
which describe the oscillatory mode of each oscillator were obtained. Moti-
vated by the above models, we extend model (1) to the following time delay
system:

x;(t) = biyZ( )"_Z] 1,574 ZJ L (t_Tj) _‘ri(t_Ti)}vi =L2---,n
t) — E;‘L:Lj;éi rigly;(t —0;) — yilt = 65)],
()
where b;,¢;, a4, k5, and r;; are parameters, time delays 7; > 0,6, > 0(j =
1,2,--- ,n). Noting that there are 2n time delays in the system (5), the general
bifurcation method is hard to deal with such systems. In the present paper,

yi(t) = ai(1 — 27 (1)yi(t) — cims
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we will use the mathematical analysis method to investigate the existence of
oscillatory solutions for the system (5).

2. PRELIMINARIES
The system (5) can be expressed in the following matrix form:
2'(t) = Az(t) + Bz(t — 7) + f(2()) (6)

where z(t) = [z1(t),y1(t), 22(t), y2(t), -, 20 (), yn(D)]F, 2(t — 7) = [21(t —
Tl)a yl(t - 01)7 Z’Q(t - TQ)’ yQ(t - 02)7 Tty .I‘n(t - T7L)7 yn(t - 0”)}T7 A and B both
are 2n X 2n matrices, and f(z(t)) is a 2n by one vector:

0 by 0 0 0 0
—C1 (e5] 0 O 0 0
0 0 0 ba 0 0
A = (aij)onxon = 0 0 —c2 a2 0 0 ,
0 0 0 0o .. 0 bn
0 0 0 0 .. —cn apn
pP1 0 klz 0 kln 0
O P2 O —T12 0 —T1in
ko1 0 03 0 kon 0
B = (bij)2n><2n = 0  —ra 0 P4 0 —Ton ,
knl 0 k‘ng 0 p2n—1 0
O —Tni O —Tn2 0 P2n
where p1 = =370 o kij,pe = — D o 14 s pan = — 3 _oTnj. The lin-
earized system of (6) is
Z'(t) = Az(t) + Bz(t — 7). (7)

Lemma 2.1. If matriz S(= A + B) is a nonsingular matriz for selected pa-
rameters, then there exists a unique equilibrium point for system (5) (or (6)).
Proof. Assume that 2* = (27, y%, 25,95, -+, 2%, y5)7T is an equilibrium point of
system (5), then we have the following algebraic equations:

byt + 320 k(e — 23] =0,

a1l = (27)?lyf — cra — oy —yi) =0,

bays + Ej:Lj;éz ka; (x;‘ — 3] =0,

o[l — (25)?ys — conl — Zj:Lj;ﬁQ 725 (y; —y5) =0, (8)
...... R

bnyn + Ej:l knj(xj - mn] =Y,

*

—1
anll = (23)%yn — cny, = 22021 Tag (Y — ) = 0.
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From system (8) we get

byt + 320y k(e — 23] =0,

aryt —axy = X0, (y; — ui) = an(@))?yi,

bays + Z?:Lj;éz k2j($; — 3] =0,

Qays — cas — D0y junT2(yf — y3) = a2(23)?y3, 9)
buyy + 25—y kg (2 — 23] = 0,

s = enhy = Y521 g (yf — yi) = an(@h)?ys.

Now we first consider the correspondent homogencous system of (9) as follows:

byl + 2y kij(af — 23] =0,

aryf —awy — 335 o 115(y; —yi) =0,

bays + E;L:Lj;‘,éz koj (2} — 23] =0,

Qoys — ot — Z?:L#z roj (Y5 —y3) =0, (10)
buyy + Y521 (2 — 2] = 0,

Anys — Cn], — Z?;f ros(y} — ) = 0.

The matrix form of system (10) is
(A+ B)z" =5z =0. (11)

According to the basic linear algebraic knowledge, system (11) (or (10)) has
a unique trivial solution since S = A+ B is a nonsingular matrix. Note that sys-
tems (10) and the nonlinear system (9) have the same n-equations. The right-
hand side of the system (9) is (0, ay(2%)2y5, 0, az(z3)?ys, -+, 0, an(x)?y2)T.
It is easy to know that system (9) also has a unique trivial solution. The proof
is completed. O

Lemma 2.2. All solutions of system (5) (or (6)) are bounded assume that
a; >01=1,2,--- ' n

Proof. To prove the boundedness of the solutions in the system (5), we con-
struct a Lyapunov function V(t) = Y7, 2[22(t) + yZ(t)]. Calculating the de-

rivative of V(¢) through system (5) we have

n

V! ()l5) = Y [zi(D)zi(t) + yi ()i (?)

=1
= Y (bi—chmiyit Yy Y kilrg(t—7) — @it = 7)e + )l
i—1 i=1 j=1,j7i i=1
=D D rily(t—6;) —wilt -6 Zaw (12)
i=1 j=1,j#i
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Noting that «;(i = 1,2,---,n) are positive constants. Obviously, when
T; = +00,y; — +o0o(l < i < n,) 2?y? are higher order infinity than z2, y2,
and z;x;, respectively. Therefore, there exists suitably large K > 0 such that
V'(t)|5) <0 as |z5| > K, |y;| > K. This means that all solutions of system (5)
are bounded. |

3. THE EXISTENCE OF OSCILLATORY SOLUTIONS

Theorem 3.1. Assume that zero is the unique equilibrium point of the system
(5) for selecting parameter values. Let a1, e, -+ , o and B1, o, -, oy, are
characteristic values of matrix A and matrix B, respectively. If the real part of
each o; and B;(i = 1,2,--- ,n) are negative, then the trivial solution of system
(5) is stable. If there exists a characteristic value, say «y, and Re(ay) > 0
with Re(ag) > |Re(Br)| + [Im(Bk)|; or Re(ay) < 0 with |Re(ay)| < Re(Bk),
then the unique trivial solution of system (5) is unstable, implying that there
exists an oscillatory solution in the system (5).

Proof. According to the time delay basic differential equation theory, if the real
part of each «o; and B;(i = 1,2,--- ,2n) are negative, then the trivial solution
of system (7) is stable. Noting that the nonlinear term f(z) of system (6) is
a higher order infinitesimal as x; — 0 and y; — 0. Therefore, the stability of
the trivial solution of system (7) ensures the stability of the trivial solution of
system (5) (or (6)). If the trivial solution of system (7) is unstable, then the
trivial solution of system (5) (or (6)) is also unstable. Therefore, to discuss the
instability of the trivial solution of system (5) (or (6)) we only need to deal
with the instability of the trivial solution of the system (7). Firstly, consider
an auxiliary system of (7) as follows:

2'(t) = Az(t) + Bz(t — 74) (13)
where 7, = minj<;<p{7,0;} and z(t — 7)) = [z1(t — 7)1 (t — 7o), x2(t —
T*)7y2(t_7—*)7 T 7xn(t_7—*); yn(t_T*)]T- Since a1, Q2, - ,Q2n and /BlvﬁZa )

Ban are characteristic values of matrix A and matrix B, respectively, then the
characteristic equations corresponding to the system (13) are the following:

2%\ — o — Bie 2 = 0. (14)

Thus, we are let to an investigation of the nature of the roots for some
kke{l,2,---,2n}
A=y — Bre ™ =0. (15)

Equation (15) is a transcendental equation that is hard to find all solutions
for the equation. However, we show that there exists a positive real part
eigenvalue of the equation (15) under the assumption of Theorem 1. Indeed,
if Re(ag) > 0 with Re(ag) > |Re(Bk)| + |Im(Bk)|. Let A = o +iv, 04 =
ap1 + tage, B = Br1 + iPk2, where 0 = Re(M\), a1 = Re(aw), Br1 = Re(Br),
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and v = Im(\), aga = Im(ag), Bka = Im(fBk), respectively. Separating the real
part and the imaginary part of the equation (15) we get

—O T«

o= ap + Brie cos(Y7x) — Brae’™ sin(vy7y) (16)

— 0Ty

sin(y7y) + Bree’ ™ cos(yTy). (17)
We show that the equation (15) has a positive real part root. Let

v = ap2 — Brie

U(o) =0 — a1 — PBrie 77 cos(y7«) + Brae’ ™ sin(y7). (18)

Obviously, ¥(o) is a continuous function of o. Noting that ax; > |Br1|+ |8kl
then ¥(0) = —ag1 — Br1 cos(y7) + Brasin(y7i) < —ag1 + |Br1] + |Bk2] < 0.
Since lim, 400 €79™ = 0, so there exists a suitably large o, say o1(> 0)
such that ¥(o1) = 01 — ag1 — Brie” 7™ cos(y7y) + Br2e” ™ sin(y7,) > 0. By
the Intermediate Value Theorem, there exists a o, say o9 € (0,071) such that
U(op) = 0, implying that there is a positive real part characteristic value of
equation (15). This means that the trivial solution of system (13) is unstable. It
is known that if the solution of a delayed equation is unstable for a small delay,
then the instability of the solution will be maintained as the delays increase
[28]. Therefore, the instability of the trivial solution of the system (13) implies
the instability of the trivial solution of the system (7). This suggests that the
unique positive equilibrium point (z%, y7, x5, v, -+, 2%, y5)T of system (5) is
unstable. This instability of the unique positive equilibrium point together with
the boundedness of the solutions will force system(5) to generate an oscillatory
solution [29, 30]. For the case Re(ay) < 0 with |Re(aw)| < Re(B), the equation
(15) will have a positive real part characteristic root. The proof is similar and
we omit it. O

For simplify, setting || B ||= maxi<;j<on 21221 |bij|,p = maxi<;<n{—ci, b; +
a;}. Then we have

Theorem 3.2. Assume that the conditions of Lemma 1 and Lemma 2 hold. If
the following inequality is satisfied

Tpl72 || B [[> 4el?'™. (19)

Then the trivial solution of system (13) is unstable, implying that the system
(5) has an oscillatory solution.

Proof. To prove the instability of the trivial solution of system (13), let w(t) =
Yoi (Jzi(8)] + |yi(t)]). Therefore, w(t) > 0 and

w'(t) < pw(t)+ || B || w(t — 7). (20)
Specifically, consider the equation

v'(t) =pu(t)+ || B || vt — 7). (21)
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Obviously, w(t) < wv(t). If the trivial solution of equation (21) is unstable,
then the trivial solution of (20) is still unstable. The characteristic equation
associated with equation (21) is given by

A=p+| B e ™. (22)

If the trivial solution of equation (22) is stable, then the equation (22) must
have a real negative root say A., and we have from (22)

Al =1 B e — pl. (23)
One can prove that e” > Z22(z > 0). So we have

| Bl e+l || B || mwelP=IFIPDT o T2 B (<] + Ipl) S 72 || B ||
PR (|Xe| + |p) 7 - elplm = 4elplT« delplm

(24)

A contradiction with equation (19). Implying that the trivial solution of
equation (21) is unstable. It suggests that the trivial solution of the equation
(20) is unstable. Thus, for all {r;,0;} > 7.(i = 1,2,--- ,n), the trivial solution
of system (13) is unstable, implying that the equilibrium point of system (5)
is unstable. Similar to theorem 1, system (5) generates an oscillatory solution.
The proof is completed. O

4. SIMULATION RESULT

We first consider n = 4 in the system (5) as the following:

Ty = by + Yy kujla(t — ) — 2 (t — 1)),

yi = on(l—ad)y — e = 35yl (t = 0;) —wn(t = 61)],

Ty = bays + Z?:l,j;ﬁZ kojla(t — 7j) — 22(t — 72)],

vo = a(1 = a3)yn — oy = D30y g oyl (= 0) = ya(t = 62)],
xy = bays + Z?:Lj;ﬁ:} kajla(t —5) — 23(t — 73)],

ys = as(l— ms)ys — a3 — Yoy s T3ilYs(E — 0;) — ys(t — 03)),
= baya + 3 kagla (8 —75) — wa(t — 7)),

yh = aa(l — 23)ys — cama — 35—y asly; (£ — 05) — yalt — 04)].
Firstly, the parameters are selected as by = 1.45,by = 1.48,b3 = 1.46,b4 =
144,¢1 = 1.75,¢co = 1.78, c3 = 1.74,¢c4 = 1.76,a7 = 0.94,00 = 0.98, 3 =
0.96,a4 = 0.95;k10 = 0.125, k13 = 0.116,k14 = 0.114,ky; = 0.115, ko3 =
0.120, koy = 0.125, k3y = 0.124, kg = 0.122,ksy = 0.125,kyy = 0.112, kyp =
0.1167 k43 = 0.118,’/"12 = 0.64,7‘13 = 0.82,’/‘14 = 0.76,7"21 = 065, 23 —
0.72,?"24 = 075, r31 = 0.64,1"32 = 0.55,7"34 = 068, Tq41 = 0.62,7’42 = 0.55,7"43 =
0.64; The time delays as m; = 0.87,2 = 0.90,73 = 0.88, 74 = 0.86,0; =
0.86,05 = 0.92,03 = 0.94,05, = 0.92. Then the characteristic values of ma-
trix A and B in system (25) are 0.4700 + 1.5220¢,0.4750 £ 1.5195¢,0.4800 +
1.5199¢,0.4900 + 1.5474¢ and 2.8627,2.6731,2.5161,0.0137, —0.4512, —0.4728,
—0.4928, respectively. Since all characteristic values of matrix B are real num-
bers, so Re(fr) = Br, and Re(as) = 0.4800 > 0.0037 = 5, the conditions of
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Theorem 1 are satisfied. There exists an oscillatory solution for the system

(25) (see Fig.1). When we change time delays as 7 = 1.45, 75 = 1.48,73

1.40,74 = 1.42,60, = 1.46,0, = 1.42,05 = 1.38,0, = 1.36, the other parameters
are the same as in Fig.1, we see that the oscillatory behavior of the solutions

is still maintained (see Fig.2).
Then we consider n = 9 in the system (5) as the following:

) =biyr + 25 byl (t — Taé) —zy(t— 7)),
Y =ai(l— x%g:th — 1w — 3o mly(t—05) —ya(t —61)],
@y = bays + 35y juo R2jlai(t = 75) — xa(t — )],

ys = as(l — xﬁgys — s = 351 s Tssly5 (1 = 0) — s (t = 6s)],
zg = boyo + 32—y kojlz;(t — 75) — wo(t — 7o)l

vh = ao(1 — ad)yo — como — 35— To;[y; (t — 0;) — yolt — b9)].

yé _ a2(1 . (E%)yQ — Coxg — Z?Zl,j?ﬁQ ’,’2j [y] (t — QJ) - yQ(t — 02)]7 (26)

We select the parameters as by = 1.55,bp = 1.58,b3 = 1.56,b4 = 1.52,b5 =

1.55,bg = 1.58,b; = 1.56,bs = 1.52,by = 1.54,¢c; = 1.45,¢o = 1.42, c3
1.50,cq = 1.48,c5 = 1.45,c6 = 1.44, ¢7 = 1.46,c5 = 1.42,c9 = 1.48, 1
0.92, 2 = 0.90, 5 = 0.98, 0y = 0.97, 5 = 0.98, 6 = 0.92, ey = 0.92, ag
0.95,049 = 0.88,k12 = 0.110, k‘13 = 0.111,k14 = 0.112,k‘15 = 0.113, k‘16
0.114, k17 = 0.115, k15 = 0.116, k19 = 0.118, ka1 = 0.68, ko3 = 0.121, kay
0.122, ks = 0.123, kog = 0.124, ko7 = 0.125, kog = 0.126, ka9 = 0.128, k3
0.67, k3o = 0.131,ksq = 0.132,kss = 0.133,ksg = 0.134, ks; = 0.135, kss
0.136, k39 = 0.138,ky; = 0.66, k4o = 0.141, kys = 0.142, kss = 0.143, kg
0.144, kg7 = 0.145, kys = 0.146, kgg = 0.148, k5, = 0.65,kso = 0.121, kg3
0.122, ksy = 0.123, ksg = 0.124, kg7 = 0.125,ksg = 0.156, k59 = 0.158, kg1
0.66, keo = 0.113, kg3 = 0.114,kgs = 0.115, kg5 = 0.116, kg7 = 0.117, kgs
0.118, kg9 = 0.119,k71 = 0.68, k72 = 0.133,k7s = 0.134, k7ra = 0.135, k75
0.136, kvg = 0.137,krg = 0.138,krg = 0.139,ks; = 0.69, kga = 0.093, kg3
0.094, ksy = 0.095, kg5 = 0.096, ks = 0.097, kg7 = 0.098, kgg = 0.099, koy
0.67,kgs = 0.123, ko3 = 0.124,koq = 0.125,kgs = 0.126,kgs = 0.127, kg7
0.12871698 = 0.130;’]"12 = —0.61,7"13 = 0.62,7’14 = —0.63,7’15 = 064, T16
—0.65,7"17 = 0.667T18 = —0.67,7”19 = 0.68,T21 = —0.51, 23 = 0.52,7“24
—0.53,T25 = 0.547 T2 — —0.5577"27 = 0.56,7“28 = —0.57, T99 = 0.58,7“31
—0.71,T32 = 0.72,7"34 = —0.73,7“35 = 0.74,7‘36 = —0.75, r3r — 0.76,7“38
*0.77, r3g = 078, T41 = *0.64,7’42 = 0.65,7"43 = 70.66,7"45 = 0.67,7’46

—0.68,747 = 0.69,745 = —0.70,749 = 0.72,751 = —0.72,750 = 073,753
—0.74, Tsa = 0.75, Tse =— —0.76, rs7 = 0.77, Ts8 = —0.78, rsg = 0.79, T61
—0.63, Tre2 — 0.64, ez — —0.65, Tea — 0.66, res — —0.67, rer — 0.68, T68
—0.69, reg — 070, T = —0.52, rro = 053, rvy = —0.54, Trg — 055, r7s
*056, r7e = 057, T7s = *058, rr9 = 059, rsy = 7042, rsa = 043, T83

—044, rsqy = 0.45,7"85 = —0.46,7’86 = 0.47,’1"87 = —0.48,7’89 = 0.49,7"91 =
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FIGURE 1. Oscillation of the solutions, delays: 0.87, 0.86,
0.90, 0.92, 0.88, 0.94, 0.86, 0.92.

—065 T2 — 066 Toz — —067 Tog — 068 Tos — —069 Tog — 070 Tor =
—0.71,r95 = 0.72. We see that p = 2.54, and || B ||= 4.448 in the system (26).
When time delays are selected as 7y = 0.45, 75 = 0.48, 73 = 0.40, 74y = 0.42, 75 =
0.45,’7’6 = 0.48,’7'7 = 0.407’7'8 = 0.54,’7'9 = 0.45,91 = 0.46,92 = 0.42,93 =
0.38,04 = 0.36,05 = 0.46,605 = 0.42,07; = 0.52,05 = 0.48,09 = 0.45. then
7. = 0.36, and 7|p|72 || B ||= 10.2495 > 9.9867 = 4el?I™. The conditions of
Theorem 2 are satisfied. There exists an oscillatory solution for the system (26)
(see Fig.3). When we change time delays as 71 = 0.60, 72 = 0.62, 75 = 0.61, 74 =
0.61,75 = 0.60,7¢ = 0.61,77 = 0.60,73 = 0.61,79 = 0.60,6; = 0.61,0, =
0.60, 63 = 0.62,604 = 0.62,05 = 0.62,05 = 0.61,07 = 0.60,60g = 0.62,09 = 0.61.
the other parameters are the same as in Fig.3, we see that the oscillatory
behavior of the solutions is still kept (see Fig.4). It is pointed out that the
synchronization of the solutions appeared (see Fig.5)
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FIGURE 2. Oscillation of the solutions, delays: 1.45, 1.46,
1.48, 1.42, 1.40, 1.38, 1.42, 1.36.
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FIGURE 5. Synchronization of the solutions, minimum delay: 0.60.

5. CONCLUSION

In this paper, we have discussed the oscillatory behavior of the solutions for
a n-dimensional system of coupled van der Pol oscillators with delays. Based
on the method of mathematical analysis, we provided some sufficient conditions
to guarantee the oscillation of the solutions. Some simulations are provided to
indicate the effectiveness of the criteria. One can see that the synchronized
behavior of the solutions appeared.
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