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1. Introduction

Problems originated in various disciplines of mathematical analysis, such as

differential equations, integral equations, mathematical economics, game the-

ory etc., are solved using fixed point theory. The study of fixed point theory for

self mappings has been fascinating areas of research for the last few decades.

The formal theoretic approach of fixed point was originated from Picard’s work.

However, it was Stefen Banach [17] who underlined the idea into an abstract

framework and provided a constructive tool to establish the fixed points of
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mapping in the metric space.

Various researchers discovered the number of fixed point results in the metric

space and several generalized metric spaces using the different definitions and

approaches (see [2], [5], [7], [8], [10], [13], [14], [16], [20], [21] and references cites

therein). Ma et al. [9] introduced a generalized space called C∗-algebra valued

metric space by replacing the set of real numbers with the positive elements of

unital C∗-algebra. Later on, Ma et al. [15] introduced compatible and weakly

compatible mapping in C∗-algebra valued metric space and gave certain fixed

point results in this framework.

In the present article, for four weakly compatible mappings in pairs, some

theorems using expansion mappings have been established in C∗-algebra valued

metric space. Also, we proved the theorem using (E.A.) property and (CLR)

property. The proved results are the extension and generalization of several

results available in metric spaces. To support the findings, suitable examples

are also discussed.

2. Preliminaries

In this section, we gave some notations and definitions mentioned in [9].

A ∗-algebra A is a complex algebra with linear involution ∗ such that for

all α, β ∈ A. (α, β)∗ = β∗α∗ and α∗∗ = α. The pair (A, ∗) is called a unital

∗-algebra if it contains the unity element IA. If a unital ∗-algebra satisfying

∥α∗∥ = ∥α∥, for all α ∈ A is called Banach ∗-algebra. A Banach C∗-algebra

satisfying ∥α∗α∥ = ∥α∥2, for all α ∈ A is called C∗-algebra. If α = α∗ and

σ(α) = γ ∈ R : βIA − α is non-invertible, α is called the positive element of

A. If α ∈ A is positive, we write it as α ≻ θA, where θA is zero element of

A. The partial ordering on A can be defined as follows: α ≻ β if and only if

α− β ≻ θA. Throughout the paper, by A, we denote a unital C∗- algebra with

the unity element IA.

Definition 2.1. [9] Suppose Γ is a non-empty set. The mapping dA : Γ×Γ → A
satisfies the following conditions :

(i) dA(p, q) ⪰ θA and dA(p, q) = θA if and only if p = q ;

(ii) dA(p, q) = dA(q, p) ;

(iii) dA(p, r) ⪯ dA(p, q) + dA(q, r) for all p, q, r ∈ Γ.

Then, dA is called a C∗-algebra valued metric on Γ and (Γ,A, dA) is called a

C∗-algebra valued metric space.

Definition 2.2. [9] A sequence {ϑn} in (Γ,A, dA) is said to be

(i) convergent with respect to A, if for given ϵ > 0, there exists a positive

integer k such that ∥dA(ϑn, ϑ)∥ < ϵ, for all n > k;
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(ii) Cauchy sequence with respect to A if for any ϵ > 0, there exists k ∈ N
such that ∥dA(ϑn, ϑm)∥ < ϵ , for all n,m > k.

(Γ,A, dA) is called a complete C∗-algebra valued metric space if every Cauchy

sequence with respect to A is convergent.

Definition 2.3. [15] If two self mappings T and S commute at all of their

coincidence points, i.e. TSρ = STρ for all ρ ∈ {ρ ∈ Γ : Tρ = Sρ}, then T and

S are called weakly compatible.

Remark 2.4. [15] In the metric spaces, if the mappings T and S are compatible

then they are weakly compatible, where as the converse is not true. The same

results holds for the C∗-algebra valued metric spaces.

Aamri and El Moutawakil [17] introduced the concept of (E.A.) property in

metric space.

Definition 2.5. [17] Let f and g are two self-mappings of a metric space (Γ, d).

Then, the pair (f, g) is said to satisfy (E.A.) property if there exists a sequence

{ϑn} in Γ such that

lim
n→+∞

fϑn = lim
n→+∞

gϑn = τ for some τ ∈ Γ.

The (E.A.) property allows to replace the completeness requirement of the

space with a more natural condition of closedness of the range.

Sintunavarat and Kumam introduced [18] the concept of (CLR) property in

which there is no requirement of closedness of the space.

Definition 2.6. [18] Let f and g are two self-mappings of a metric space

(Γ, d). Then, the pair (f, g) is said to satisfy (CLRf ) property if there exists a

sequence {ϑn} ∈ Γ such that

lim
n→+∞

fϑn = lim
n→+∞

gϑn = fτ for some τ ∈ Γ.

From the above, if fΓ is closed subspace of Γ in (E.A.) property then it

must satisfy (CLRf ) property.

The (CLR) property was extended by (Wu et al. [19], 2017) to b-metric space

for three mappings.

Definition 2.7. [19] Let A, B, C : Γ → Γ be three self-mappings of a b-metric

space (Γ, dA) . The pair A, B satisfies the common limit in the range of C

property (CLRC) if there exists a sequence {ϑn} ⊆ Γ and a point ϑ ∈ Γ such

that lim
n→+∞

Aϑn = lim
n→+∞

Bϑn = Cϑ ∈ CΓ.

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

m
si

.c
om

 o
n 

20
26

-0
9-

05
 ]

 

                             3 / 20

https://ijmsi.com/article-1-2349-en.html


180 R. Dhariwal, D. Kumar

3. Main results

3.1. Common fixed point theorem.

Theorem 3.1. Let (Γ,A, dA) be C∗-algebra valued metric space and A,B, f

and g are four self mappings on Γ satisfying the following conditions:

(i) AΓ ⊆ gΓ and BΓ ⊆ fΓ;

(ii) for every ϑ, ς ∈ Γ, α, β, γ ∈ A+ with ∥α∥, ∥β∥, ∥γ∥ > 1,

dA(fϑ, gς) ⪰ αdA(fϑ,Aϑ)dA(Aϑ, gς) + βdA(gς,Bς) + γdA(Aϑ,Bς).

If one of fΓ, gΓ, AΓ and BΓ is a complete subspace of Γ, the pairs (A, f) and

(B, g) have a coincidence point. Moreover, if the pairs (A, f) and (B, g) are

weakly compatible then the mappings A,B, f and g have a common fixed point

in Γ.

Proof. Let ϑ0 ∈ Γ be an arbitrary point. From (i), we can construct a sequence

{ςn} in Γ as follow :

ς2n+1 = Aϑ2n = gϑ2n+1 and ς2n+2 = Bϑ2n+1 = fϑ2n+2.

Define dAn = dA(ςn, ςn+1). Suppose that dA2n = θA i.e. dA(ς2n, ς2n+1) = θA
for some n. Then, Aϑ2n = gϑ2n+1 = Bϑ2n−1 = fϑ2n. Thus, A and f have

coincidence point. Hence, the result.

Now, suppose that dA2n
≻ θA for all n ∈ N. Then, substitute ϑ = ϑ2n and

ς = ϑ2n+1 in condition (ii), we have

dA(fϑ2n, gϑ2n+1) ⪰ αdA(fϑ2n, Aϑ2n)dA(Aϑ2n, gϑ2n+1)

+βdA(gϑ2n+1, Bϑ2n+1) + γdA(Bϑ2n+1, Aϑ2n),

or

dA(ς2n, ς2n+1) ⪰ αdA(ς2n, ς2n+1)dA(ς2n+1, ς2n+1) + βdA(ς2n+1, ς2n+2)

+γdA(ς2n+1, ς2n+2),

or

dA(ς2n, ς2n+1) ⪰ βdA(ς2n+1, ς2n+2) + γdA(ς2n+1, ς2n+2).

Thus, we have

dA2n+1
⪯ 1

β + γ
dA2n

= hdA2n
,

where ∥h∥ < 1 as ∥β + γ∥ > 1.

On the same argument, we can conclude that dA2n
⪯ hdA2n−1

, dA2n−1
⪯ hdA2n−2

and so on. In general, we have

dAn ⪯ hdAn−1 for all n ∈ N,
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i.e

dA(ςn, ςn+1) ⪯ hdA(ςn−1, ςn)

⪯ h2dA(ςn−2, ςn−1)

· · ·
⪯ hndA(ς0, ς1).

For any p ∈ N and by using triangle inequality, we get

dA(ςn+p, ςn) ⪯ dA(ςn+p, ςn+p−1) + dA(ςn+p−1, ςn+p−2) + · · ·+ dA(ςn+1, ςn)

⪯
n+p−1∑
m=n

hmdA(ς0, ς1)

⪯
n+p−1∑
m=n

(κh
m
2 )∗κh

m
2

⪯
n+p−1∑
m=n

|(κhm)|2

⪯
n+p−1∑
m=n

∥(κhm)2∥IA

⪯ ∥κ∥2IA
n+p−1∑
m=n

(hm)2 → 0 as n → +∞,

where |κ|2 = dA(ς0, ς1) for some κ ∈ A+ and IA is the unity element in A. Hence,

{ςn} is a Cauchy sequence. Since, fΓ is complete subspace of Γ. Therefore,

{ςn} is contained in fΓ and has a limit in fΓ, µ (say). Let ν ∈ f−1µ, then

fν = µ. Next, we shall show that Aν = µ. Assume that, Aν ̸= µ. Substituting

ϑ = ν and ς = ϑn−1 in condition (ii), we get

dA(fν, gϑn−1) ⪰ αdA(fν,Aν)dA(Aν, gϑn−1) + βdA(gϑn−1, Bϑn−1)

+γdA(Aν,Bϑn−1),

or

dA(fν, ςn) ⪰ αdA(fν,Aν)dA(Aν, ςn) + βdA(ςn−1, ςn)

+γdA(ςn−1, Aν).

Taking limit as n → +∞ on both sides, we get

dA(µ, µ) ⪰ αdA(µ,Aν)dA(Aν, µ) + βdA(µ, µ) + γdA(µ,Aν),

or

αdA(µ,Aν)dA(Aν, µ) + γdA(µ,Aν) ⪯ θA.

Taking norm on both side, we get ∥dA(Aν, µ)∥∥αdA(Aν, µ) + γ∥ ≤ 0. This im-

plies ∥dA(Aν, µ)∥ = 0; hence Aν = µ.

Thus, we have fν = µ = Aν where ν is the coincidence point of the pair(A, f).
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Since, AΓ ⊆ gΓ, Aν = µ implies µ ∈ gΓ. Let ϖ ∈ g−1µ, then gϖ = µ. Using

same argument as above, we can easily verify that Bϖ = gϖ = µ, i.e ϖ is

the coincidence point of the pair (B, g). On the similar lines, the result holds

if gΓ is complete instead of fΓ. Now, if BΓ is complete, then by condition (i),

µ ∈ BΓ ⊆ fΓ and the result holds. Similarly, if AΓ is complete µ ∈ AΓ ⊆ gΓ,

the result holds.

Next if, the pair (A, f) and (B, g) are weakly compatible. Then,

µ = Aν = fν = gϖ = Bϖ,

then

gµ = gBϖ = Bgϖ = Bµ,

fµ = fAν = Afν = Aµ.

We claim that Bµ = µ. If possible, let Bµ ̸= µ.

dA(µ,Bµ) = dA(fν, gµ) ⪰ αdA(fν,Aν)dA(Aν, gµ) + βdA(gµ,Bµ)

+γdA(Bµ,Aν)

= γdA(µ,Bµ)

θA ⪰ (γ − IA)dA(µ,Bµ).

Taking norm on both side, we get

∥(γ − 1)∥∥dA(µ,Bµ)∥ ≤ 0,

implies ∥dA(µ,Bµ)∥ = 0. Hence, Bµ = µ. On the similar lines, we can show

that Aµ = µ. Thus, we get Aµ = fµ = gµ = Bµ = µ. Hence, µ is the common

fixed point of A,B, f and g.

Uniqueness: To prove uniqueness, let χ be another common fixed point dif-

ferent from µ i.e. χ ̸= µ of A,B, f and g. Then,

dA(χ, µ) = dA(fχ, gµ) ⪰ αdA(fχ,Aχ)dA(Aχ, gµ) + βdA(gµ,Bµ)

+γdA(Bµ,Aχ)

⪰ αdA(χ, χ)dA(χ, µ) + dA(µ, µ) + γdA(µ, χ)

⪰ γdA(µ, χ)

θA ⪰ (γ − IA)dA(µ, χ).

Taking norm on both side, we get

∥(γ − 1)∥∥dA(µ, χ)∥ ≤ 0,

implies ∥dA(µ, χ)∥ = 0. Hence, χ = µ. □
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3.2. Common fixed point theorem using (E.A.) property.

Theorem 3.2. Let (Γ,A, dA) be C∗-algebra valued metric space and A,B, f

and g are four self mappings on Γ satisfying the following conditions:

(i) AΓ ⊆ gΓ and BΓ ⊆ fΓ;

(ii) for every ϑ, ς ∈ Γ, α, β, γ ∈ A+ with ∥α∥, ∥β∥, ∥γ∥ > 1,

dA(fϑ, gς) ⪰ αdA(fϑ,Aϑ)dA(Aϑ, gς) + βdA(gς,Bς) + γdA(Aϑ,Bς);

(iii) the pair (A, f) and (B, g) are weakly compatible;

(iv) one of the pair (A, f) or (B, g) satisfy (E.A.) property.

If the range of one of the mapping fΓ or gΓ is a closed subspace of Γ, then the

mappings A,B, f and g have a unique common fixed point in Γ.

Proof. Firstly, we assume that the pair (B, g) satisfies (E.A.) property. Then,

by definition (2.5), there exists a sequence {ϑn} in Γ such that lim
n→+∞

B(ϑn) =

lim
n→+∞

g(ϑn) = τ for some τ ∈ Γ.

Further, BΓ ⊆ fΓ, there exists a sequence {ςn} in Γ such that B(ϑn) =

f(ςn). Hence, lim
n→+∞

f(ςn) = τ. We claim that lim
n→+∞

A(ςn) = τ. Let if possible

lim
n→+∞

A(ϑn) = τ1 ̸= τ . Then, substituting ϑ = ςn and ς = ϑn in condition (ii),

we have

dA(fςn, gϑn) ⪰ αdA(fςn, Aςn)dA(Aςn, gϑn) + βdA(gϑn, Bϑn) + γdA(Aςn, Bϑn).

Taking norm and limit as n → +∞ on both side, we get

dA(τ, τ) ⪰ αdA(τ, τ1)dA(τ1, τ) + βdA(τ, τ) + γdA(τ1, τ)

0 ≥ ∥dA(τ, τ1)∥∥αdA(τ, τ1) + γ∥.

This implies ∥dA(τ1, τ)∥ = 0; then τ1 = τ i.e. lim
n→+∞

A(ςn) = lim
n→+∞

B(ϑn) = τ .

Now, we suppose that fΓ is closed subspace of Γ and fµ = τ for some µ ∈ Γ.

Subsequently, we get

lim
n→+∞

A(ςn) = lim
n→+∞

B(ϑn) = lim
n→+∞

g(ϑn) = lim
n→+∞

f(ςn) = τ = fµ.

We claim that Aµ = fµ. Substitute ϑ = µ and ς = ϑn in condition (ii), we

have

dA(fµ, gϑn) ⪰ αdA(fµ,Aµ)dA(Aµ, gϑn) + βdA(gϑn, Bϑn) + γdA(Aµ,Bϑn).

Taking norm and limit as n → +∞ on both side, we get

dA(τ, τ) ⪰ αdA(τ,Aµ)dA(Aµ, τ) + βdA(τ, τ) + γdA(Aµ, τ)

0 ≥ ∥dA(Aµ, τ)∥∥αdA(τ,Aµ) + γ∥.

This implies ∥dA(Aµ, τ)∥ = 0 i.e. Aµ = τ
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Now the weak compatibility of the pair (A, f) implies that Afµ = fAµ or

Aτ = fτ .

Since AΓ ⊆ gΓ, there exits ν ∈ Γ such that Aµ = gν = fµ = τ . Now, we

prove that ν is coincidence point of pair (B, g), i.e Bν = gν = τ . Substituting

ϑ = µ and ς = ν in condition (ii), we get

dA(fµ, gν) ⪰ αdA(fµ,Aµ)dA(Aµ, gν) + βdA(gν,Bν) + γdA(Aµ,Bν)

θA ⪰ (β + γ)dA(τ,Bν).

Taking norm on both side, we get

(∥β∥+ ∥γ∥)∥dA(τ,Bν)∥ ≤ 0,

implies ∥dA(τ,Bν)∥ ≤ 0. Hence, τ = Bν. Thus, Bν = gν = τ and ν is a coin-

cidence point of B and g.

Further, the weak compatibility of pair (B, g) implies that Bgν = gBν, or

Bτ = gτ . Therefore, τ is a common coincidence point of A,B, f and g.

Now, we prove that τ is a common fixed point of A,B, f and g. Substituting

ϑ = µ and ς = τ in condition (ii), we get

dA(Aµ,Bτ) = dA(fµ, gτ)

⪰ αdA(fµ,Aµ)dA(Aµ, gτ) + βdA(gτ,Bτ) + γdA(Aµ,Bτ)

= γdA(τ,Bτ)

θA ⪰ (γ − IA)dA(τ,Bτ).

Taking norm on both side, we get

∥(γ − 1)∥∥dA(τ,Bτ)∥ ≤ 0,

implies ∥dA(τ,Bτ)∥ = 0. Hence, we have Bτ = τ . Thus, Aτ = Bτ = fτ =

gτ = τ.

On the similar lines, the result holds if we assume that gΓ is closed subspace

of Γ. Similarly, (E.A.) property of the pair (A, f) will give a similar result.

Uniqueness: To prove the uniqueness, let ϖ is another common fixed point

of A, B, f and g. Then, substituting ϑ = ϖ and ς = τ in condition (ii), we get

dA(ϖ, τ) = dA(fϖ, gτ)

⪰ αdA(fϖ,Aϖ)dA(Aϖ, gτ) + βdA(gτ,Bτ) + γdA(Aϖ,Bτ)

= γdA(ϖ, τ)

θA ⪰ (γ − IA)dA(ϖ, τ).

Taking norm on both side, we get

∥(γ − 1)∥∥dA(ϖ, τ)∥ ≤ 0,
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implies ∥dA(ϖ, τ)∥ = 0. Hence, τ is the unique common fixed point of A,B, f

and g. □

3.3. Common fixed point theorem using (CLR) property.

Theorem 3.3. Let (Γ,A, dA) be C∗-algebra valued metric space and A,B, f

and g are four self mappings on Γ satisfying the following conditions:

(i) AΓ ⊆ gΓ and BΓ ⊆ fΓ;

(ii) for every ϑ, y ∈ Γ, α, β, γ ∈ A+ with ∥α∥, ∥β∥, ∥γ∥ > 1,

dA(fϑ, gς) ⪰ αdA(fϑ,Aϑ)dA(Aϑ, gς) + βdA(gς,Bς) + γdA(Aϑ,Bς);

(iii) the pair (A, f) and (B, g) are weakly compatible;

(iv) one of the pair satisfy (CLR) property.

Then, the mappings A,B, f and g have a unique common fixed point in Γ.

Proof. Firstly, we suppose that the pair (B, g) satisfies (CLRB) property. By

definition (2.6) there exist a sequence {ϑn} in Γ such that

lim
n→+∞

B(ϑn) = lim
n→+∞

g(ϑn) = Bϑ = τ,

for some ϑ ∈ Γ.

Since, BΓ ⊆ fΓ, we have Bϑ = fµ, for some µ ∈ Γ. We claim that

Aµ = fµ = τ (say). Substituting ϑ = µ and ς = ϑn in condition (ii), we get

dA(fµ, gϑn) ⪰ αdA(fµ,Aµ)dA(Aµ, gϑn) + βdA(gϑn, Bϑn) + γdA(Aµ,Bϑn).

Taking limit as n → +∞ and norm on both side

dA(τ, τ) ⪰ αdA(τ,Aµ)dA(Aµ, τ) + βdA(τ, τ) + γdA(Aµ, τ)

0 ≥ ∥dA(τ,Aµ)∥∥αdA(Aµ, τ) + γ∥.

This implies ∥dA(Aµ, τ)∥ = 0 i.e. Aµ = τ .

Since, AΓ ⊆ gΓ, there exists ν ∈ Γ such that gν = Aµ = fµ = τ.

Now, we prove that gν = Bν = τ. i.e ν is the coincidence point of (B, g).

Substituting ϑ = µ and ς = ν in condition (ii), we get

dA(fµ, gν) ⪰ αdA(fµ,Aµ)dA(Aµ, gν) + βdA(gν,Bν) + γdA(Aµ,Bν)

θA ⪰ (β + γ)dA(τ,Bν).

Taking norm on both side, we get

∥(β + γ)∥∥dA(τ,Bν)∥ ≤ 0,

implies ∥dA(τ,Bν)∥ = 0, we get Bν = τ i.e Bν = gν = τ and ν is a coincidence

point of B and g.
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Further, the weak compatibility of pair (B, g) implies that Bgν = gBν, or

Bτ = gτ . Therefore, τ is a common coincidence point of A,B, f and g.

Now, we prove that τ is common fixed point of A, B, f and g. Substituting

ϑ = µ and ς = τ in condition (ii), we get

dA(Aµ,Bτ) = dA(fµ, gτ) ⪰ αdA(fµ,Aµ)dA(Aµ, gτ) + βdA(gτ,Bτ)

+γdA(Aµ,Bτ)

dA(τ,Bτ) ⪰ γdA(τ,Bτ)

θA ⪰ (γ − IA)dA(τ,Bτ).

Taking norm on both side, we get

∥(γ − 1)∥∥dA(τ,Bτ)∥ ≤ 0,

implies ∥dA(τ,Bτ)∥ = 0. Hence, Bτ = τ. Thus, Aτ = Bτ = fτ = gτ = τ i.e τ

is a common fixed point of A,B, f and g.

Uniqueness: To prove that the uniqueness, let ϖ is another common fixed

point of A, B, f and g. Then, substituting ϑ = ϖ and ς = τ in condition (ii),

we get

dA(ϖ, τ) = dA(fϖ, gτ) ⪰ αdA(fϖ,Aϖ)dA(Aϖ, gτ) + βdA(gτ,Bτ)

+γdA(Aϖ,Bτ)

⪰ γdA(ϖ, τ)

θA ⪰ (γ − IA)dA(ϖ, τ).

Taking norm on both side, we get

∥(γ − 1)∥∥dA(ϖ, τ)∥ = 0,

implies ∥dA(ϖ, τ)∥ = 0. Hence, τ is a unique common fixed point of A,B, f

and g. □

Theorem 3.4. Let (Γ,A, dA) be C∗-algebra valued metric space and A,B, f

and g are four self mappings on Γ satisfying the following conditions:

(i) AΓ ⊆ SΓ and BΓ ⊆ TΓ;

(ii) for every ϑ, ς ∈ Γ, α, β, γ ∈ A+ with ∥α∥, ∥β∥, ∥γ∥ > 1,

dA(Tϑ, Sς) ⪰ αdA(Tϑ,Aϑ)dA(Aϑ, Sς) + βdA(Sς,Bς) + γdA(Aϑ,Bς);

(iii) the pair (A, T ) and (B,S) are weakly compatible;

(iv) A, T satisfies (CLRS) and B, S satisfies (CLRT ) property.

Then, the mappings A,B, f and g have a unique common fixed point in Γ.

Proof. As A, T satisfies (CLRS) and B, S satisfies (CLRT ) property, there

exist two sequences {ϑn} and {ςn} in Γ and ϱ, υ ∈ Γ such that lim
n→+∞

Aϑn =
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lim
n→+∞

Tϑn = Sϱ ∈ SΓ and lim
n→+∞

Bςn = lim
n→+∞

Sςn = Tυ ∈ TΓ. Substituting

ϑ = ϑn and ς = ςn in condition (ii) and taking limit as n → +∞, we get

dA(Tϑn, Sςn) ⪰ αdA(Tϑn, Aϑn)dA(Aϑn, Sςn) + βdA(Sςn, Bςn)

+γdA(Aϑn, Bςn)

dA(Sϱ, Tυ) ⪰ αdA(Sϱ, Sϱ)dA(Sϱ, Tυ) + βdA(Tυ, Tυ) + γdA(Sϱ, Tυ)

= γdA(Sϱ, Tυ)

θA ⪰ (γ − IA)dA(Sϱ, Tυ).

Taking norm on both side, we get

∥(γ − IA)∥∥dA(Sϱ, Tυ)∥ ≤ 0,

implies ∥dA(Sϱ, Tυ)∥ = 0. Hence, Tυ = Sϱ.

Now, substituting ϑn = ϑ and ς = α in condition (ii) with limit as n → +∞,

we get

dA(Tϑn, Sϱ) ⪰ αdA(Tϑn, Aϑn)dA(Aϑn, Sϱ) + βdA(Sϱ,Bϱ) + γdA(Aϑn, Bϱ)

dA(Sϱ, Sϱ) ⪰ αdA(Sϱ, Sϱ)dA(Sϱ, Sϱ) + βdA(Sϱ,Bϱ) + γdA(Sϱ,Bϱ)

⪰ (β + γ)dA(Sϱ,Bϱ).

Taking norm on both side, we get ∥dA(Sϱ,Bϱ)∥ ≤ 0. Hence, Bϱ = Sϱ.

Similarly, one can proved that Aυ = Tυ. Hence, we get Aυ = Tυ = Bϱ =

Sϱ = ζ.

Since, A, T are weakly compatible mapping so

Aζ = ATυ = TAυ = Tζ.

Substituting ϑ = ζ and ς = ϱ in condition (ii), we get

dA(Tζ, Sϱ) ⪰ αdA(Tζ,Aζ)dA(Aζ, Sϱ) + βdA(Sϱ,Bϱ) + γdA(Aζ,Bϱ)

dA(Tζ, ζ) ⪰ γdA(Tζ, ζ)

θA ⪰ (γ − IA)dA(Tζ, ζ).

Taking norm on both side, we get

∥(γ − IA)∥∥dA(Tζ, ζ)∥ ≤ 0,

implies ∥dA(Tζ, ζ)∥ = 0. Hence, Tζ = ζ = Aζ.

Similarly, Sζ = Bζ = ζ.

Uniqueness: To prove the uniqueness, let η be another common fixed of
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A,B, T and S. Substituting ϑ = ζ and ς = η in condition (ii), we get

dA(ζ, η) = dA(Tζ, Sη)

⪰ αdA(Tζ,Aζ)dA(Aζ, Sη) + βdA(Sη,Bη) + γdA(Aζ,Bη)

= γdA(ζ, η)

θA ⪰ (γ − IA)dA(ζ, η).

Taking norm on both side, we get

∥(γ − IA)∥∥dA(ζ, η)∥ ≤ 0,

implies ∥dA(ζ, η)∥ = 0. Hence, ζ = η. □

Theorem 3.5. Let (Γ,A, dA) be C∗-algebra valued metric space and A,B, f

and g are four self mappings on Γ satisfying the following conditions:

(i) AΓ ⊆ SΓ and BΓ ⊆ TΓ;

(i) for every ϑ, ς ∈ Γ, α, γ ∈ A+ with ∥α∥, ∥γ∥ > 1,

dA(Tϑ, Sς) ⪰ α
dA(Tϑ,Aϑ)dA(Aϑ, Sς) + dA(Bς, Sς)dA(Sς, Tϑ)

dA(Aϑ,Bς)
+ γdA(Aϑ,Bς);

(iii) the pair (A, T ) and (B,S) are weakly compatible;

(iv) A, T satisfies (CLRS) and B, S satisfies (CLRT ) property.

Then, the mappings A,B, f and g have a unique common fixed point in Γ.

Proof. As A, T satisfies (CLRS) and B, S satisfies (CLRT ) property, there

exist two sequences {ϑn} and {ςn} in Γ and ϱ, υ ∈ Γ such that lim
n→+∞

Aϑn =

lim
n→+∞

Tϑn = Sϱ ∈ SΓ and lim
n→+∞

Bςn = lim
n→+∞

Sςn = Tυ ∈ TΓ. Substituting

ϑ = ϑn and ς = ςn in condition (ii) and taking limit as n → +∞, we get

dA(Tϑn, Sςn) ⪰ α
dA(Tϑn, Aϑn)dA(Aϑn, Sςn) + dA(Bςn, Sςn)dA(Sςn, Tϑn)

dA(Aϑn, Bςn)

+γdA(Aϑn, Bςn)

dA(Sϱ, Tυ) ⪰ α
dA(Sϱ, Sϱ)dA(Sϱ, Tυ) + dA(Tυ, Tυ)dA(Tυ, Sϱ)

dA(Sϱ, Tυ)

+γdA(Sϱ, Tυ)

⪰ γdA(Sϱ, Tυ)

θA ⪰ (γ − 1)dA(Sϱ, Tυ).

Since, ∥(γ − 1)∥ ≠ 0; hence the result holds for ∥dA(Sϱ, Tυ)∥ = 0 implies

Sϱ = Tυ.

Now, substituting ϑn = ϑ and ς = α in condition (ii) with limit as n → +∞,
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we get

dA(Tϑn, Sϱ) ⪰ α
dA(Tϑn, Aϑn)dA(Aϑn, Sϱ) + dA(Bϱ, Sϱ)dA(Sϱ, Tϑn)

dA(Aϑn, Bϱ)

+γdA(Aϑn, Bϱ)

dA(Sϱ, Sϱ) ⪰ α
dA(Sϱ, Sϱ)dA(Sϱ, Sϱ) + dA(Bϱ, Sϱ)dA(Sϱ, Sϱ)

dA(Sϱ,Bϱ)

+γdA(Sϱ,Bϱ)

θA ⪰ γdA(Sϱ,Bϱ).

Hence, ∥dA(Sϱ,Bϱ)∥ = 0 implies Sϱ = Bϱ.

Similarly, one can proved that Aυ = Tυ. Hence, we get Aυ = Tυ = Bϱ =

Sϱ = ζ. Since A, T are weakly compatible mapping so

Aζ = ATυ = TAυ = Tζ.

Putting ϑ = ζ and ς = α in condition (ii), we get

dA(Tζ, Sϱ) ⪰ α
dA(Tζ,Aζ)dA(Aζ, Sϱ) + dA(Bϱ, Sϱ)dA(Sϱ, Tζ)

dA(Aζ,Bϱ)

+γdA(Aζ,Bϱ)

dA(Tζ, ζ) ⪰ α
dA(Tζ, Tζ)dA(Tζ, ζ) + dA(ζ, ζ)dA(ζ, T ζ)

dA(Tζ, ζ)
+ γdA(Tζ, ζ)

θA ⪰ (γ − 1)dA(Tζ, ζ).

Since, ∥(γ−1)∥ ≠ 0; hence the result holds for ∥dA(Tζ, ζ)∥ = 0 implies Tζ = ζ.

Hence, Tζ = ζ = Aζ

Similarly, Sζ = Bζ = ζ. Hence ζ is common fixed point of A,B, T and S.

Uniqueness: To prove the uniqueness, let η be another common fixed of

A,B, T and S. Substituting ϑ = ζ and ς = η in condition (ii), we get

dA(ζ, η) = dA(Tζ, Sη)

⪰ α
dA(Tζ,Aζ)dA(Aζ, Sη) + dA(Bη, Sη)dA(Sη, Tζ)

dA(Aζ,Bη)
+ γdA(Aζ,Bη)

θA ⪰ (γ − 1)dA(ζ, η).

Since, ∥(γ − 1)∥ ≠ 0; hence results holds for ∥dA(ζ, η)∥ = 0 implies ζ = η.

Hence, ζ = η. □

Theorem 3.6. Let (Γ,A, dA) be C∗-algebra valued metric space and A,B, f

and g are four self mappings on Γ satisfying the following conditions :

(i) AΓ ⊆ SΓ and BΓ ⊆ TΓ;
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(ii) for every ϑ, ς ∈ Γ, α, β, γ, δ ∈ A+ with ∥α∥, ∥β∥, ∥γ∥, ∥δ∥ > 1,

dA(Tϑ, Sς) ⪰ α
d2(Tϑ,Aϑ) + d2(Bς, Sς)

dA(Aϑ, Sς) + dA(Bς, Tϑ)
+ β

d2(Sς,Aϑ) + d2(Bς, Tϑ)

dA(Aϑ, Sς) + dA(Bς, Tϑ)

+γ(dA(Aϑ, Tϑ) + dA(Sς,Bς)) + δdA(Aϑ,Bς);

(iii) the pair (A, T ) and (B,S) are weakly compatible;

(iv) A, T satisfies (CLRS) and B, S satisfies (CLRT ) property.

Then, the mappings A,B, f and g have a unique common fixed point in Γ.

Proof. As A, T satisfies (CLRS) and B, S satisfies (CLRT ) property, there

exist two sequences {ϑn} and {ςn} in Γ and ϱ, υ ∈ Γ such that lim
n→+∞

Aϑn =

lim
n→+∞

Tϑn = Sϱ ∈ SΓ and lim
n→+∞

Bςn = lim
n→+∞

Sςn = Tυ ∈ TΓ. Substituting

ϑ = ϑn and ς = ςn in condition (ii) and taking limit as n → +∞, we get

dA(Tϑn, Sςn) ⪰ α
d2(Tϑn, Aϑn) + d2(Bςn, Sςn)

dA(Aϑn, Sςn) + dA(Bςn, Tϑn)

+β
d2(Sςn, Aϑn) + d2(Bςn, Tϑn)

dA(Aϑn, Sςn) + dA(Bςn, Tϑn)

+γ(dA(Aϑn, Tϑn) + dA(Sςn, Bςn)) + δdA(Aϑn, Bςn)

dA(Sϱ, Tυ) ⪰ α
d2(Sϱ, Sϱ) + d2(Tυ, Tυ)

dA(Sϱ, Tυ) + dA(Tυ, Sϱ)
+ β

d2(Tυ, Sϱ) + d2(Tυ, Sϱ)

dA(Sϱ, Tυ) + dA(Tυ, Sϱ)

+γ(dA(Sϱ, Sϱ) + dA(Tυ, Tυ)) + δdA(Sϱ, Tυ)

= βdA(Sϱ, Tυ) + δdA(Sϱ, Tυ)

θA ⪰ (β + δ − 1)dA(Sϱ, Tυ).

Since, ∥(β + δ − 1)∥ ̸= 0; hence the results holds for ∥dA(Sϱ, Tυ)∥ = 0 implies

Sϱ = Tυ.

Now, substituting ϑn = ϑ and ς = ϱ in condition (ii) with limit as n → +∞,

we get

dA(Tϑn, Sϱ) ⪰ α
d2(Tϑn, Aϑn) + d2(Bϱ, Sϱ)

dA(Aϑn, Sϱ) + dA(Bϱ, Tϑn)

+β
d2(Sϱ,Aϑn) + d2(Bϱ, Tϑn)

dA(Aϑn, Sϱ) + dA(Bϱ, Tϑn)

+γ(dA(Aϑn, Tϑn) + dA(Sϱ,Bϱ)) + δdA(Aϑn, Bϱ)

dA(Sϱ, Sϱ) ⪰ α
d2(Sϱ, Sϱ) + d2(Bϱ, Sϱ)

dA(Sϱ, Sϱ) + dA(Bϱ, Sϱ)
+ β

d2(Sϱ, Sϱ) + d2(Bϱ, Sϱ)

dA(Sϱ, Sϱ) + dA(Bϱ, Sϱ)

+γ(dA(Sϱ, Sϱ) + dA(Bϱ, Sϱ)) + δdA(Bϱ, Sϱ)

= αdA(Bϱ, Sϱ) + βdA(Sϱ, Tυ) + γdA(Bϱ, Sϱ) + δdA(Sϱ, Tυ)

θA ⪰ (α+ β + γ + δ)dA(Bϱ, Sϱ).
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Hence, ∥dA(Sϱ,Bϱ)∥ = 0 implies Sϱ = Bϱ.

Similarly, it may be proved that Aυ = Tυ. Hence, we get Aυ = Tυ = Bϱ =

Sϱ = ζ. Since A, T are weakly compatible mapping so

Aζ = ATυ = TAυ = Tζ.

Substituting ϑ = ζ and ς = ϱ in condition (ii), we get

dA(Tζ, Sϱ) ⪰ α
d2(Tζ,Aζ) + d2(Bϱ, Sϱ)

dA(Aζ, Sϱ) + dA(Bϱ, Tζ)
+ β

d2(Sϱ,Aζ) + d2(Bϱ, Tζ)

dA(Aζ, Sϱ) + dA(Bϱ, Tζ)

+γ(dA(Aζ, Tζ) + dA(Sϱ,Bϱ)) + δdA(Aζ,Bϱ)

dA(Tζ, ζ) ⪰ βdA(Tζ, ζ) + δdA(Tζ, ζ)

θA ⪰ (β + δ − 1)dA(Tζ, ζ).

Since, ∥(β + δ − 1)∥ ≠ 0; hence the results holds for ∥dA(ζ, T ζ)∥ = 0 implies

ζ = Tζ. Hence, Tζ = ζ = Aζ

Similarly, Sζ = Bζ = ζ. Hence, ζ is common fixed point of A,B, T and S.

Uniqueness: To prove the uniqueness, let η be another common fixed of

A,B, T and S. Substituting ϑ = ζ and ς = η in condition (ii), we get

dA(ζ, η) = dA(Tζ, Sη) ⪰ α
d2(Tζ,Aζ) + d2(Bη, Sη)

dA(Aζ, Sη) + dA(Bη, Tζ)

+β
d2(Sη,Aζ) + d2(Bη, Tζ)

dA(Aζ, Sη) + dA(Bη, Tζ)

+γ(dA(Aζ, Tζ) + dA(Sη,Bη)) + δdA(Aζ,Bη)

dA(ζ, η) ⪰ βdA(ζ, η) + δdA(ζ, η)

θA ⪰ (β + δ − 1)dA(ζ, η).

Since, ∥(β+ δ−1)∥ ≠ 0; hence the results for ∥dA(ζ, η)∥ = 0 implies ζ = η. □

Example 3.7. Let Γ = [1, 5] and A = C. Define dA : Γ × Γ → A by

dA(ϑ, ς) = |ϑ− ς|. Then, (Γ,A, dA) is C∗-algebra valued metric space.

Define four self maps A,B, f and g on Γ by

A(ϑ) =

{
5 if ϑ < 3

3 if ϑ ≥ 3
, B(ϑ) =

{
ϑ+3
2 if ϑ ≤ 3

3 if ϑ > 3

g(ϑ) =

{
9− 2ϑ if ϑ ≤ 3

3 if ϑ > 3
, f(ϑ) =

{
21 if ϑ < 3

3(4− ϑ) if ϑ ≥ 3.

Clearly, AΓ ⊂ gΓ and BΓ ⊂ fΓ for all ϑ ∈ Γ.
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To prove that (A, f) satisfy (CLRg) and (B, g) satisfy (CLRf ) property, con-

sider sequences {ϑn} and {ςn} defined by ςn = 3 − n

n3 − 2n
and ϑn = 3 +

n

n3 − 2n
.

We have lim
n→+∞

Aϑn = lim
n→+∞

fϑn = 3 = g3 ∈ gΓ and lim
n→+∞

Bςn = lim
n→+∞

gςn =

3 = f3 ∈ fΓ.

It is easily proved that the pairs (A, g) and (B, f) are weakly compatible.

Following cases arises :

Case (i): Let ϑ, ς < 3, let ς = 2 and α = β = γ = 6
5

Aϑ = 5, fϑ = 21, Bς =
5

2
and gς = 5.

dA(Aϑ,Bς) =
5

2
, dA(fϑ,Aϑ) = 16, dA(fϑ, gς) = 16,

dA(gς,Bς) =
5

2
and dA(gς, Aϑ) = 0.

Therefore,

αdA(fϑ,Aϑ)dA(Aϑ, gς) + βdA(gς,Bς) + γdA(Aϑ,Bς)

= α16 ∗ 0 + β
5

2
+ γ

5

2
⪯ 16 = dA(fϑ, gς).

Thus,

dA(fϑ, gς) ⪰ αdA(fϑ,Aϑ)dA(Aϑ, gς) + βdA(gς,Bς) + γdA(Aϑ,Bς)

for all ϑ, ς < 3.

Case (ii): Let ϑ, ς = 3 and α = β = γ = 6
5

Aϑ = 3, fϑ = 3, Bς = 3 and gς = 3.

dA(Aϑ,Bς) = 0, dA(fϑ,Aϑ) = 0, dA(fϑ, gς) = 0,

dA(gς,Bς) = 0 and dA(gς, Aϑ) = 0.

Therefore,

αdA(fϑ,Aϑ)dA(Aϑ, gς) + βdA(gς,Bς) + γdA(Aϑ,Bς) = 0 = dA(fϑ, gς).

Thus,

dA(fϑ, gς) ⪰ αdA(fϑ,Aϑ)dA(Aϑ, gς) + βdA(gς,Bς) + γdA(Aϑ,Bς)
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for all ϑ, ς = 3.

Case (iii): Let ϑ, ς > 3, let ϑ = 4 and α = β = γ = 6
5

Aϑ = 3, fϑ = 0, Bς = 3 and gς = 3.

dA(Aϑ,Bς) = 0, dA(fϑ,Aϑ) = 3, dA(fϑ, gς) = 3,

dA(gς,Bς) = 0 and dA(gς, Aϑ) = 0.

Therefore,

αdA(fϑ,Aϑ)dA(Aϑ, gς) + βdA(gς,Bς) + γdA(Aϑ,Bς) = α3 ∗ 0 + β0 + γ0

⪯ 3 = dA(fϑ, gς).

Thus,

dA(fϑ, gς) ⪰ αdA(fϑ,Aϑ)dA(Aϑ, gς)+βdA(gς,Bς)+γdA(Aϑ,Bς) for all ϑ, ς > 3.

Hence, by the Theorem 3.4 the mappings A,B, f and g have unique common

fixed point. Indeed, 3 is common unique fixed point.

Example 3.8. Let Γ = [1, 6] and A = C. Define dA : Γ × Γ → A by

dA(ϑ, ς) = |ϑ− ς|. Then, (Γ,A, dA) is C∗-algebra-valued metric space.

Define four self maps A,B, f and g on Γ by

A(ϑ) =

{
4 if ϑ ≤ 4

11 if ϑ > 4
, B(ϑ) =

{
4 if ϑ ≤ 4

ϑ+ 3 if ϑ > 4

g(ϑ) =

{
4 if ϑ < 4

7ϑ− 24 if ϑ ≥ 4
, f(ϑ) =

{
16− 5ϑ if ϑ ≤ 4

0 if ϑ > 4.

Clearly, AΓ ⊂ gΓ and BΓ ⊂ fΓ for all ϑ ∈ Γ.

To prove that (A, f) satisfy (CLRA) property, consider sequences{ϑn} defined

by ϑn = 4− 1

n2 − 2n+ 3
.

We have lim
n→+∞

Aϑn = lim
n→+∞

fϑn = 4 = A(4).

It is easily proved that A, g and B, f are weakly compatible.

Following cases arises :

Case (i): Let ϑ, ς < 4, let ϑ = 3 and α = β = γ = 6
5

Aϑ = 4, fϑ = 1, Bς = 4 and gς = 4.

dA(Aϑ,Bς) = 0, dA(fϑ,Aϑ) = 3, dA(fϑ, gς) = 3,

dA(gς,Bς) = 0 and dA(gς, Aϑ) = 0.
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Therefore,

αdA(fϑ,Aϑ)dA(Aϑ, gς) + βdA(gς,Bς) + γdA(Aϑ,Bς)

= α16 ∗ 0 + β ∗ 0 + γ ∗ 0
⪯ 3 = dA(fϑ, gς).

Thus,

dA(fϑ, gς) ⪰ αdA(fϑ,Aϑ)dA(Aϑ, gς)+βdA(gς,Bς)+γdA(Aϑ,Bς) for all ϑ, y < 4.

Case (ii): Let ϑ, ς = 4 and α = β = γ = 6
5

Aϑ = 4, fϑ = 4, Bς = 4 and gς = 4.

dA(Aϑ,Bς) = 0, dA(fϑ,Aϑ) = 0, dA(fϑ, gς) = 0,

dA(gς,Bς) = 0 and dA(gς, Aϑ) = 0.

Therefore,

αdA(fϑ,Aϑ)dA(Aϑ, gς) + βdA(gς,Bς) + γdA(Aϑ,Bς) = 0 = dA(fϑ, gς).

Thus,

dA(fϑ, gς) ⪰ αdA(fϑ,Aϑ)dA(Aϑ, gς) + βdA(gς,Bς) + γdA(Aϑ,Bς)

for all ϑ, ς = 4.

Case (iii): Let ϑ, ς > 4, let ς = 5 and α = β = γ = 6
5

Aϑ = 11, fϑ = 0, Bς = 8 and gς = 11.

dA(Aϑ,Bς) = 3, dA(fϑ,Aϑ) = 11, dA(fϑ, gς) = 11,

dA(gς,Bς) = 3 and dA(gς, Aϑ) = 0.

Therefore,

αdA(fϑ,Aϑ)dA(Aϑ, gς) + βdA(gς,Bς) + γdA(Aϑ,Bς)

= α11 ∗ 0 + β ∗ 3 + γ ∗ 3
⪯ 11 = dA(fϑ, gς).

Thus,

dA(fϑ, gς) ⪰ αdA(fϑ,Aϑ)dA(Aϑ, gς) + βdA(gς,Bς) + γdA(Aϑ,Bς)

for all ϑ, ς > 4. Hence, by the Theorem 3.3 the mappings A,B, f and g have

unique common fixed point. Indeed, 4 is common unique fixed point.
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