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ABSTRACT. In the present manuscript, for four weakly compatible map-
pings in pairs, some theorems using expansion mappings have been estab-
lished in C*-algebra valued metric space. Also, we proved the theorems
using (F.A.) property and (CLR) property. The proved results are the
extension and generalization of several results available in metric spaces.
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1. INTRODUCTION

Problems originated in various disciplines of mathematical analysis, such as
differential equations, integral equations, mathematical economics, game the-
ory etc., are solved using fixed point theory. The study of fixed point theory for
self mappings has been fascinating areas of research for the last few decades.
The formal theoretic approach of fixed point was originated from Picard’s work.
However, it was Stefen Banach [17] who underlined the idea into an abstract
framework and provided a constructive tool to establish the fixed points of
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mapping in the metric space.

Various researchers discovered the number of fixed point results in the metric
space and several generalized metric spaces using the different definitions and
approaches (see [2], [5], [7], [8], [10], [13], [14], [16], [20], [21] and references cites
therein). Ma et al. [9] introduced a generalized space called C*-algebra valued
metric space by replacing the set of real numbers with the positive elements of
unital C*-algebra. Later on, Ma et al. [15] introduced compatible and weakly
compatible mapping in C*-algebra valued metric space and gave certain fixed
point results in this framework.

In the present article, for four weakly compatible mappings in pairs, some
theorems using expansion mappings have been established in C*-algebra valued
metric space. Also, we proved the theorem using (E.A.) property and (CLR)
property. The proved results are the extension and generalization of several
results available in metric spaces. To support the findings, suitable examples
are also discussed.

2. PRELIMINARIES

In this section, we gave some notations and definitions mentioned in [9].

A x-algebra A is a complex algebra with linear involution * such that for
all a, 8 € A. (o, 8)* = f*a* and a** = a. The pair (A, *) is called a unital
x-algebra if it contains the unity element In. If a unital x-algebra satisfying
la*|l = ||e]|, for all o € A is called Banach x-algebra. A Banach C*-algebra
satisfying |[a*a|| = ||a|/?, for all & € A is called C*-algebra. If a = a* and
o(a) = v € R : BIy — « is non-invertible, « is called the positive element of
A. If « € A is positive, we write it as a > 04, where 04 is zero element of
A. The partial ordering on A can be defined as follows: a > § if and only if
a — B+ 0. Throughout the paper, by A, we denote a unital C*- algebra with
the unity element I,.

Definition 2.1. [9] Suppose I' is a non-empty set. The mapping dy : I'xT" — A
satisfies the following conditions :
(1) da(p,q) = 0a and du(p,q) = 04 if and only if p =g ;
(i) da(p,q) = da(q.p) ;
(iii) da(p,r) = da(p,q) +da(q,r) for all p,q,r € T.
Then, dp is called a C*-algebra valued metric on I' and (I', A, dy) is called a
C*-algebra valued metric space.

Definition 2.2. [9] A sequence {9, } in (I', A, dy) is said to be

(i) convergent with respect to A, if for given € > 0, there exists a positive
integer k such that ||da(9,,9)| <, for all n > k;
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(#4) Cauchy sequence with respect to A if for any ¢ > 0, there exists k € N
such that ||da(Vn, V)| < €, for all n,m > k.

(T, A, dy) is called a complete C*-algebra valued metric space if every Cauchy
sequence with respect to A is convergent.

Definition 2.3. [15] If two self mappings T and S commute at all of their
coincidence points, i.e. TSp = STp forall pe {p €T : Tp= Sp}, then T and
S are called weakly compatible.

Remark 2.4. [15] In the metric spaces, if the mappings T and S are compatible
then they are weakly compatible, where as the converse is not true. The same
results holds for the C*-algebra valued metric spaces.

Aamri and El Moutawakil [17] introduced the concept of (E.A.) property in
metric space.

Definition 2.5. [17] Let f and g are two self-mappings of a metric space (T, d).
Then, the pair (f, g) is said to satisfy (F.A.) property if there exists a sequence
{¢,} in T such that

lim f9,= lim g¢g¥,=7 forsome 7el.
n——+oo n—-+4oo
The (E.A.) property allows to replace the completeness requirement of the
space with a more natural condition of closedness of the range.

Sintunavarat and Kumam introduced [18] the concept of (CLR) property in
which there is no requirement of closedness of the space.

Definition 2.6. [18] Let f and g are two self-mappings of a metric space
(T, d). Then, the pair (f,g) is said to satisfy (CLRy) property if there exists a
sequence {9, } € I" such that
lim f9, = lim g9, = fr forsome 7e€&T.
n—-+oo n—-+oo
From the above, if fT" is closed subspace of T" in (E.A.) property then it
must satisfy (CLRy) property.

The (CLR) property was extended by (Wu et al. [19], 2017) to b-metric space
for three mappings.

Definition 2.7. [19] Let A, B, C : T — T be three self-mappings of a b-metric
space (I',dy) . The pair A, B satisfies the common limit in the range of C
property (CLR¢) if there exists a sequence {¥,,} C T and a point ¥ € I" such
that lim Ad,, = lim Bv, = Cd € CT.

n—-+oo n—-+o0o
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3. MAIN RESULTS

3.1. Common fixed point theorem.
Theorem 3.1. Let (I', A,dy) be C*-algebra valued metric space and A, B, f
and g are four self mappings on T satisfying the following conditions:
(i) AT C ¢gT" and BT C fT;
(ii) for every ¥,c € T, a, B,v € AT with [la]], [|B]], Iv]| > 1,
dA(fﬁv g§) = ad&(fﬁa Aﬁ)dA(Aﬂa gg) + ﬂdﬁ(gga B§) + ’YdA(Aﬁv Bg)

If one of fT, gI", AT' and BT is a complete subspace of I', the pairs (A, f) and
(B,g) have a coincidence point. Moreover, if the pairs (A, f) and (B,g) are
weakly compatible then the mappings A, B, f and g have a common fixed point
in I

Proof. Let ¥ € I be an arbitrary point. From (i), we can construct a sequence
{sn} in T as follow :
Sont1 = A2y = g¥2n11 and  Goni2 = Biani1 = fanio.

Define dy, = da(Sn,Sn+1)- Suppose that da,, = 0Oa ie. da(Son,S2nt1) = Oa
for some n. Then, Ay, = g¥onyr1 = BI2y_1 = fU2,. Thus, A and f have
coincidence point. Hence, the result.
Now, suppose that dg,, > 0s for all n € N. Then, substitute ¥ = 92, and
¢ = Y241 in condition (i7), we have
da(fV2n,902n41) =  adp(fO2n, AV2,)da(AV2n, g¥2141)
+Bda(gV2n+1, B2nt1) + vda(BU2nt1, Ad2y),

or

da(SansSant1) = ada(S2n, S2nt1)da(S2nt1, S2nt1) + Bda(Sent1, S2nt2)
+yda(S2n+1;S2n+2)s
or
da(S2ns Sont1) = Bda(Sony1, Sont2) + Yda(S2nt1, S2ny2)-

Thus, we have

1
dA2n+1 = mdAmL = hdAznﬂ

where ||h|| < 1 as |8 + 7] > 1.

On the same argument, we can conclude that da,, = hda,, ., da,, , = hda,, ,
and so on. In general, we have

dp, X hdy, , foral neN,
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e
da(Snssnt1) = hda(Sn—1,%n)
j hsz(Cn—Qagn—l)
=< h"da(<0,51)-

For any p € N and by using triangle inequality, we get

dA(Qner, gn) j dA(§n+p7 §n+p71) + dA(§n+p717 <n+p72) +--- 4+ dA(gnJrlu Cn)

n+p—1
<D hmdalso<r)
n+p—1
n+p—1
<Y lwem)P
n+p—1
<> Ish™
n+p—1
A |9 7 Z (h™)? =0 as n— +oo,

where |k|? = d(co,<1) for some x € AT and I, is the unity element in A. Hence,
{sn} is a Cauchy sequence. Since, fT' is complete subspace of I". Therefore,
{c} is contained in fI" and has a limit in fT', u (say). Let v € f~'u, then
fv = p. Next, we shall show that Av = p. Assume that, Av # p. Substituting
¥ =v and ¢ =¥, in condition (i7), we get
da(fr,g0n-1) = ada(fv, Av)da(Av, g¥,—1) + Bda(9Vn—1, BOp—_1)
—|—’}/dA(Al/, Bﬁn_l),

or
dA(fV7 gn) t CldA(fl/, AV)dA(AVa gn) +ﬂdA(§n—lv§n)
+7dA(§n—17 AV)
Taking limit as n — 400 on both sides, we get

da(p, ) = odp (p, Av)dy (Av, p) + Bdp(p, 1) + yda(p, Av),
or
adp (p, Av)da (Av, i) + yda(u, Av) < 04.
Taking norm on both side, we get ||da(Av, p)||||eda(Av, 1) + || < 0. This im-
plies ||da(Av, p)|| = 0; hence Av = p.
Thus, we have fv = u = Av where v is the coincidence point of the pair(A, f).
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Since, AT' C gI', Av = p implies p € gT'. Let w € g~ 'y, then gow = u. Using
same argument as above, we can easily verify that Bw = gw = pu, i.e w is
the coincidence point of the pair (B, g). On the similar lines, the result holds
if gT" is complete instead of fT'. Now, if BT is complete, then by condition (i),
i € BT C fT" and the result holds. Similarly, if AT" is complete u € AT’ C gT",
the result holds.

Next if, the pair (4, f) and (B, g) are weakly compatible. Then,
uw=Av = fv = gw = Bw,
then
gn = gBw = Bgw = By,
fu = fAv=Afv=Ap.

We claim that By = p. If possible, let Bu # p.

dp(p, Bp) = da(frv,gpn) = ada(fv, Av)dy(Av, gu) + Bd(gp, Bp)
+da(Bu, Av)

vda(p, Bp)

(v — Ip)da(p, Bp).

Oa

1Y

Taking norm on both side, we get

(v = DIl da e, Bu)| <0,

implies ||da(p, Bp)|| = 0. Hence, By = p. On the similar lines, we can show
that Ay = p. Thus, we get Ay = fu = gu = Bu = p. Hence, p is the common
fixed point of A, B, f and g.

Uniqueness: To prove uniqueness, let x be another common fixed point dif-
ferent from p ie. x # pof A, B, f and g. Then,

da(x, 1) = da(fx,gp) = ada(fx, Ax)da(Ax, gp) + Bda(gp, Bu)
+yda(Bpu, AX)

adp (X, X)da (X, 1) + dap, p) + vdap, X)
Y (1, X)

(v — In)da(p, X)-

Y 1Yy

Oa

Y

Taking norm on both side, we get

1y = DlHlda (e, )1 <0,

implies ||da(p, x)|| = 0. Hence, x = p. O
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3.2. Common fixed point theorem using (E.A.) property.

Theorem 3.2. Let (T',A,dy) be C*-algebra valued metric space and A, B, f
and g are four self mappings on T satisfying the following conditions:

(i) AT C ¢gT" and BT C fT;
(ii) for every ¥,c €T, o, B,v € AT with [la]], [|B]], Iv] > 1,
da(f9, g¢) = adp(f9, A0)da(AD, g<) + Bda(gs, BS) + vda(AD, BS);
(#i7) the pair (A, f) and (B,g) are weakly compatible;
(iv) one of the pair (A, f) or (B, g) satisfy (E.A.) property.
If the range of one of the mapping fT" or gI" is a closed subspace of T, then the
mappings A, B, f and g have a unique common fized point in T.
Proof. Firstly, we assume that the pair (B, g) satisfies (F.A.) property. Then,
by definition (2.5), there exists a sequence {¢,} in I' such that lir+n B(,) =
n—-+0oo
lim ¢(d¥,) =7 for some 7 € T.

n—-+oo

Further, BT' C fT', there exists a sequence {¢,} in I" such that B(¢,) =
f(sn). Hence, liIE f(sn) = 7. We claim that lirf A(sn) = 7. Let if possible
n—r+00 n—-+0o0

hIJIrl A(¥,) = 11 # 7. Then, substituting ¥ = ¢, and ¢ = 9,, in condition (i),
n——+00o

we have
dA(fgru gﬁn) = OédA(ana Agn)dA(ACna gﬂn) =+ BdA(g'&n; Bﬁn) + ’YdA(Agna Bﬁn)
Taking norm and limit as n — 400 on both side, we get

da(1,7) ¥ adp(r,71)da(71,7) + Bda(1,7) + vda(T1,7)
0 > |[dal(r,m)|lleda(r, 1) + |-

This implies ||da (71, 7)|| = 0; then 7 = 7 i.e. HI—P A(sy) = hr—{l B(W,) =r.
n—-+0oo n—-+0oo

Now, we suppose that fI" is closed subspace of I' and fu = 7 for some p € I

Subsequently, we get

lim A(g,) = lim B(d,) = lim g¢(¥,) = lim f[f(s)=71=fu.

n—-+o0o n——+00 n—-+o0o n—-+o00

We claim that Ay = fu. Substitute ¥ = p and ¢ = ¥,, in condition (ii), we
have

da(f 1, 90n) = ada(f i, Ap)da(Ap, g9n) + Bda(gin, Biyn) + yda(Ap, Biy,).
Taking norm and limit as n — +oo on both side, we get
da(m,7) = adp(r, Ap)da(Ap, 7) + Bda (T, 7) + yda(Ap, 7)
0 = |lda(Ap, 7)lllada (T, Ap) + 7.

This implies ||da(Ap, 7)]| =0ie. Ap=r71
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Now the weak compatibility of the pair (A, f) implies that Afu = fAu or
At = fr.

Since A" C gI', there exits v € " such that Ay = gv = fu = 7. Now, we
prove that v is coincidence point of pair (B, g), i.e Bv = gv = 7. Substituting
¥ = p and ¢ = v in condition (i7), we get

da(fu.gv) = ada(fu, Ap)da(Ap, gv) + Bda(gv, Bv) + vdu(Ap, Bv)
0y = (B+)da(r,Br).

Taking norm on both side, we get

(BI+ v IDllda (T By)| < 0,

implies ||ds (7, Bv)|| < 0. Hence, 7 = Bv. Thus, Bv = gv = 7 and v is a coin-
cidence point of B and g.

Further, the weak compatibility of pair (B, g) implies that Bgv = gBwv, or
Bt = g1. Therefore, 7 is a common coincidence point of A, B, f and g.

Now, we prove that 7 is a common fixed point of A, B, f and g. Substituting
¥ = p and ¢ = 7 in condition (i¢), we get

da(Ap, Bt) = da(fu, g7)
= ady(fp, Ap)da(Ap, g7) + Bda(g7, BT) + vda(Ap, BT)
= ~da(r, BT)
O = (y—Ip)da(r,BT).

Taking norm on both side, we get
1y = Dllllda(r, BT)|| < 0,

implies ||da(7, BT)|| = 0. Hence, we have Br = 7. Thus, At = Bt = fr =
gT =T.

On the similar lines, the result holds if we assume that gl is closed subspace
of I'. Similarly, (E.A.) property of the pair (A, f) will give a similar result.
Uniqueness: To prove the uniqueness, let w is another common fixed point
of A, B, f and g. Then, substituting ¥ = @ and ¢ = 7 in condition (i7), we get

dp(w, ) = da(fw,gT)
= adp(fw, Aw)dy(Aw, g7) + Bdp(gT, BT) + vdpa(Aw, BT)
= ~da(w, 1)
On = (y—1Ip)da(w, 7).

Taking norm on both side, we get

1(v = Dlllda(e, 7)] <0,
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implies ||da(zo, 7)|| = 0. Hence, 7 is the unique common fixed point of A, B, f
and g. O

3.3. Common fixed point theorem using (CLR) property.

Theorem 3.3. Let (I',A,dy) be C*-algebra valued metric space and A, B, f
and g are four self mappings on T satisfying the following conditions:

(i) AT C ¢gT" and BT C fT;
(i) for every ¥,y €T, o, 8,7 € AT with ||, [IB]], ]| > 1,

da(f9, 9<) = adp(f9, A0)da(AD, g<) + Bda(gs, BS) + vda (A, Bs);
(#i1) the pair (A, f) and (B, g) are weakly compatible;
(iv) one of the pair satisfy (CLR) property.
Then, the mappings A, B, f and g have a unique common fixed point in T.

Proof. Firstly, we suppose that the pair (B, g) satisfies (CLRpg) property. By
definition (2.6) there exist a sequence {¢,,} in I' such that

lim B(¥,) = lim g¢g(¥,)=Bd=r,

n—-+oo n—-+oo

for some ¥ € T.

Since, BI' C fT', we have BY = fu, for some p € I'. We claim that
Ap = fu =7 (say). Substituting ¢ = p and ¢ = ¥, in condition (i7), we get
da(f1 99n) = adn(fp, Ap)da(Ap, g9n) + Bda(gin, Bn) + vda(Ap, Biy).
Taking limit as n — +o00 and norm on both side
dp(r,7) ¥ adp(r, Ap)da(Ap, 7) + Bda(r,7) + vda(Ap, )
0 > |[da(r, Ap)llllevda (Ap, 7) + 7.

This implies ||da(Ap, 7)|| =0 ie. Ap=r7.
Since, AI" C ¢TI, there exists v € I" such that gv = Ay = fu=r.

Now, we prove that gv = Br = 7. i.e v is the coincidence point of (B, g).
Substituting ¥ = p and ¢ = v in condition (ii), we get

da(fu,gv) = ada(fu, Ap)da(Ap, gv) + Bda(gv, Bv) + vda(Ap, Bv)
0y = (B+~)da(r,Br).
Taking norm on both side, we get
18+ Nllllda(r, Br)|| <0,

implies ||da (T, Bv)|| = 0, we get Bv = 7 i.e Bv = gv = 7 and v is a coincidence
point of B and g.
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Further, the weak compatibility of pair (B,g) implies that Bgrv = gBv, or
Bt = gr. Therefore, T is a common coincidence point of A, B, f and g.

Now, we prove that 7 is common fixed point of A, B, f and g. Substituting
¥ = p and ¢ = 7 in condition (i¢), we get
da(Ap, Br) = da(fp,g7) = ada(fu, Ap)da(Ap, g7) + Bda(gT, BT)
+7yda(Ap, BT)
~vdp (T, BT)
(v = Ia)da(r, BT).

dp (1, BT)
Oa

Y 1Y

Taking norm on both side, we get
1y = Dllflda(r, BT)|| <0,

implies ||da (7, BT)|| = 0. Hence, Bt = 7. Thus, Ar = Bt = fr=gr=71ier7
is a common fixed point of A, B, f and g.

Uniqueness: To prove that the uniqueness, let w is another common fixed
point of A, B, f and g. Then, substituting ¢ = @ and ¢ = 7 in condition (i),

we get
dp(w,7) =dp(fw,g7) = adp(fw, Aw)dy(Aw,gT) + Bda(gT, BT)
+7dp(Aw, BT)
= vyda(w,T)
0y = (V—IA)dA(w,T).

Taking norm on both side, we get

1y = Dllllda(z, 7)]| =0,

implies ||da(w,T)|| = 0. Hence, 7 is a unique common fixed point of A, B, f
and g. (I

Theorem 3.4. Let (T',A,dy) be C*-algebra valued metric space and A, B, f
and g are four self mappings on I' satisfying the following conditions:

(i) AT C ST and BT C TT;
(i7) for every ¥, € T, a, B,y € AT with |||, |81l 7] > 1,
dp(T9,5¢) = adpy (T, AY)da (A9, S<) + Bda(Ss, Bs) + vda(AY, Bs);
(731) the pair (A,T) and (B,S) are weakly compatible;
(iv) A, T satisfies (CLRg) and B, S satisfies (CLRr) property.
Then, the mappings A, B, f and g have a unique common fixed point in T.

Proof. As A, T satisfies (CLRg) and B, S satisfies (CLRr) property, there
exist two sequences {¢,,} and {¢,} in I" and p,v € T such that lim A9, =

n—-+oo
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lim T9, = So € ST" and lim Bg, = hIJIrl S¢, = Tv € TT. Substituting
n—-+oo

n—-+oo n—-+o0o
¥ =14, and ¢ =, in condition (i¢) and taking limit as n — +o0, we get

dp(TVY, S¢,) = adp(TO,, AYy)da(ADy, S<n) + Bda(Ssn, Bsr)
+ydy (A, Bsy)
da(So,Tv) = ady(Se,So)da(Se,Tv) + Bda(Tv,Tv) + vda(Se, Tv)
= yda(Se,Tv)
Oy = (v—1Ia)da(So,Tv).

Taking norm on both side, we get
(v = Zu)lllda(Se, Tv)|| < 0,

implies ||da(Se, Tv)| = 0. Hence, Tv = Sp.
Now, substituting 9,, = ¥ and ¢ = « in condition (i¢) with limit as n — 400,
we get

dp(TV,,S0) = adp(TO, AV, da(AD,, So) + Bda(So, Bo) + vdy(AY,, Bo)
da(So,S0) = ada(So,So)da(Se,So) + Bda(Se, Bo) + vda(Se, Bo)
= (B+7)da(Se, Bo).

Taking norm on both side, we get ||da(So, Bo)|| < 0. Hence, Bo = So.

Similarly, one can proved that Av = Tw. Hence, we get Av = Tv = Bp =
So=C(.

Since, A, T are weakly compatible mapping so
Al = ATv=TAv =TC(.

Substituting ¥ = ¢ and ¢ = g in condition (i7), we get

da(T¢,S0) = ady(T¢, AQ)du(AC, So) + Bdx(Soe, Bo) + vdu(A(, Bo)
da(T¢,¢) = ~da(T¢,Q)
On = (v—1a)da(TC, Q).

Taking norm on both side, we get

1(y = L) [lllda(T°¢, Q)| < 0,

implies ||da(T¢,¢)|| = 0. Hence, T¢ = ¢ = AC.
Similarly, S¢ = B¢ = (.

Uniqueness: To prove the uniqueness, let n be another common fixed of
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A, B, T and S. Substituting ¢ = ¢ and ¢ = 7 in condition (i%), we get
dA(<7 77) = dA(TC7 577)

adp (T¢, AQ)da(AC, Sn) + Bda(Sn, Bn) + vda(AC, Bn)

’YdA(Cﬂ?)
(v = Ia)da(C,m)-

Y

Oa

Y

Taking norm on both side, we get

(v = Za)llllda (S m)I < 0,
implies ||da(¢,n)|| = 0. Hence, ¢ = n. O

Theorem 3.5. Let (I',A,dy) be C*-algebra valued metric space and A, B, f
and g are four self mappings on I' satisfying the following conditions:

(i) AT C ST and BT CTT;

(1) for every 9, € T, a,y € AT with ||a]], ||v| > 1,

da (T, A0)dy (A9, S¢) + du(Bs, S¢)da(S<, TV)
dA(Aﬂa B§)

dp(T9,5¢) = +vda(AY, Bq);
(7it) the pair (A,T) and (B,S) are weakly compatible;
(iv) A, T satisfies (CLRg) and B, S satisfies (CLRy) property.

Then, the mappings A, B, f and g have a unique common fixed point in T".

Proof. As A, T satisfies (CLRg) and B, S satisfies (CLRy) property, there
exist two sequences {¥,} and {¢,} in T and p,v € T such that lim A¥, =

n——+oo

lim 79, = So € ST and lim Bg, = lirf S, = Tv € TT. Substituting
n—-+oo

n—-+oo n—-+o0o
¥ =14, and ¢ =g, in condition (i¢) and taking limit as n — +o0, we get

adA<T'l9n; Aﬂn)dA(Aﬁna Sgn) + dA(Bgny S§n)dA<S§n7 Tﬂn)

da(TVy, Ssn) da(AVy, Bsy,)

Y

+vda (A, Bsy)

adA(Sg, S0)da(So,Tv) + day(Tv, Tv)da(Tv, So)
- da(Se, Tv)

+vda(So, Tv)

vda(Se, Tv)

(y = 1)da(So, Tv).

Y

dA(ng TU)

Y 1Y

Oa

Since, [|[(v — 1)|| # 0; hence the result holds for ||da(Se,Tv)|| = 0 implies
So="Tv.

Now, substituting 9,, = 9 and ¢ = « in condition (i¢) with limit as n — 400,
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we get

adA(Tﬁm AVy,)dp(ADy,, So) + da(Bo, So)ds(Se, TY,)
dA(A19H7 BQ)

1Y

dA(quru SQ)

+vda(AY,, Bo)
adA(SQv So)da(Se,So)+ da(Bo, So)da(Se, So)

1Y

+vda(So, Bo)
0n = ~da(So,Bo).

Hence, ||da(Se, Bo)|| = 0 implies Sp = Bo.
Similarly, one can proved that Av = Twv. Hence, we get Av = Tv = Bp =
So = (. Since A, T are weakly compatible mapping so
A = ATv=TAv =T¢C.
Putting ¢ = ¢ and ¢ = « in condition (i7), we get

dA(AC7 BQ)

adA(T<7 T¢()da(T¢, ¢) + da(¢, Q)da(C, TC)
dA(TC7<)

da(T¢,¢)
Op = (v—1)da(TC, Q).

Since, ||(7—1)]|| # 0; hence the result holds for ||da(T¢, ¢)|| = 0 implies T'¢ = ¢.
Hence, T¢ = ( = AC

Y

+7da(T¢, Q)

Similarly, S¢ = B¢ = (. Hence ( is common fixed point of A, B,T and S.

Uniqueness: To prove the uniqueness, let n be another common fixed of
A,B,T and S. Substituting ¥ = ¢ and ¢ = 7 in condition (i), we get

duy(C,m) = da(T¢, Sn)
o (TG AQ)da(AG, Sn) + da(Br, Sn)da(Sn, TC)
- da(A¢, Bn)
Op = (y—1)da(¢,n).

Since, ||(y — 1)|| # 0; hence results holds for ||da(¢,n)|| = 0 implies ¢ = 7.
Hence, ¢ = 7. O

+7vda(AC, Bn)

Theorem 3.6. Let (I', A,dy) be C*-algebra valued metric space and A, B, f
and g are four self mappings on T satisfying the following conditions :

(i) AT C ST and BT C TT;
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(ii) for every ¥,c €T, o, B,v,6 € AT with ||al, || B]l, [¥[l, 6] > 1,

d2(T9, A9) + d*(Bs,Ss)  d*(Ss, AY) + d2(Bs, T)
d 117;97 S } ) b ) b
wlI0.86) = 0 g A, 59) T d(Be.T9) T da(A0. 55) + da(Bs, )
v (da (A9, TY) + dy(S<, B<)) + b (AV, Be);

(791) the pair (A,T) and (B,S) are weakly compatible;
(iv) A, T satisfies (CLRg) and B, S satisfies (CLRt) property.

Then, the mappings A, B, f and g have a unique common fixed point in T.

Proof. As A, T satisfies (CLRg) and B, S satisfies (CLRy) property, there
exist two sequences {¥,} and {¢,} in T and p,v € T such that lim A¥, =

n—-+o00

lim 79, = Sp € ST and lim Bg, = lim S¢, =Tv € TT. Substituting

n—+oo n——+oo n—+oo
¥ =14, and ¢ =g, in condition (i¢) and taking limit as n — +o0, we get
N d*(TY,, AY,) + d?(Bsy,, Ssn)

dp(AVn, Ssn) + da(Bs,, TV,)
8 d?(Ssn, AVy) + d*(Bsy, TV,,)

dp (A, S6,) + da(Bsn, TV,)

+7(da (A0, TY,,) + da(Ssn, Bsn)) + 0da (A0, Bsy,)
N d*(Sp, So) + d*(Tv,Tv) ny d?(Tw, Se) + d*(Tv, Sp)

dp(Se,Tv) +du(Tv,Se) " da(Se,Tv) + dp(Tv, So)
+7(da(So, So) + da(Tv, Tv)) + dda(Se, Tv)

= Bda(Se,Tv) + dda(Se,Tv)

Oy = (B+6—1)da(So,Tv).

dA(Tﬁ'ru Sgn)

Y

dA(SQa TU) i

Since, ||(8 + 0 — 1)|| # 0; hence the results holds for ||da(Se, Tv)|| = 0 implies
So="Tv.

Now, substituting ¢, = 9 and ¢ = g in condition (i) with limit as n — +oo,
we get
N d*(TY,, AY,) + d*(Bo, Sp)

dp(AD,,, So) + du(Bo, T1,,)
I d*(So, AY,,) + d*(Bo, TY,,)
dp (A%, So) + da(Bo, TY,)

+y(da (A, TVY,) 4+ da(Se, Bo)) + dda (A9, Bo)
0,(50.50) = o d*(So, So) + d*(Be, Se) |, ,d*(Se,So) + d*(Bo, So)
da(So,S0) + da(Bo,S0)  da(Se,Se) + da(Bo, Se)

+7(da(Se, So) + da(Be, Se)) + dda(Bo, Se)
ady(Bo, So) + Bda(Se, Tv) + yda(Be, Se) + dda(Se, Tv)
(a+ B+~ +d)da(Bo, So).

dA(Tﬁm Sp) =

Oa

Y
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Hence, ||da(So, Bo)|| = 0 implies Sp = Bo.
Similarly, it may be proved that Av = Tv. Hence, we get Av = Tv = Bp =
So = (. Since A, T are weakly compatible mapping so
Al = ATv=TAv =T¢.
Substituting ¥ = ¢ and ¢ = p in condition (i%), we get
d*(T¢, AQ) + d*(Bo, So) | ,d*(Se, AQ) + d*(Bo,T¢)

TGS =0 e S0) T du(Bo,TQ) T dn(AC, So) + du(Bo, TC)
+7v(da(AC, TC) + da(Se, Bo)) + dda(AC, Bo)
da(T¢,C) = Bda(TC¢,¢)+dda(TC,Q)
Op = (B+6—1)dp(TC,Q).

Since, ||(8 + 6 — 1)|| # 0; hence the results holds for ||da(¢,T¢)|| = 0 implies
¢ =T¢. Hence, T¢ = (¢ = AC

Similarly, S¢ = B¢ = (. Hence, ¢ is common fixed point of A, B,T and S.

Uniqueness: To prove the uniqueness, let 1 be another common fixed of
A, B,T and S. Substituting ¢ = ¢ and ¢ = 7 in condition (i%), we get

d*(T¢, AC) + d*(Bn, Sn)

du(C,m) = du(T¢, Sn) = CIn(AC. S+ da (B TC)
5 d*(Sn, AQ) + d*(Bn, T¢)
dp(AC, Sn) + da(Bn,TQ)
+7(da(AC, TC) + da(Sn, Bn)) + dda(AC, B)
dua(C,n) = Bda(C,n) +da(C,n)
0 = (B+06—1)dal(C,n).

Since, [|(8+ 0 —1)|| # 0; hence the results for ||da(¢,n)|| = 0 implies ( =»n. O

ExaMPLE 3.7. Let I' = [1,5] and A = C. Define dy : I' x I' — A by
dp(9,6) = |9 —¢|. Then, (T',A,dy) is C*-algebra valued metric space.
Define four self maps A, B, f and g on T’ by

5 if 9<3 943 if 9 <3
Aw)=4""" . B@={ 2% "=
3 if9>3 3 if ¥9>3
9-29 if ¥v<3 21 if 9<3
g(d) = . . W)= .
3 if 9 >3 3(4—0) if 9> 3.

Clearly, AT’ C gI" and BI' C fT" for all ¢ € T".
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To prove that (A, f) satisfy (CLR,) and (B, g) satisfy (CLRy) property, con-

sider sequences {U,} and {c,} defined by ¢, = 3 — —— and ¥, = 3 +
n n
n3 —2n’
We have lim AY, = lim fv,=3=g3€g¢gl'and lim Bg,= lim gg, =
n—-4o0o n—-4o00o n—-+4o0o n—-+4oo

3=f3¢e fT.
It is easily proved that the pairs (A, g) and (B, f) are weakly compatible.
Following cases arises :

Case (1): Let19,§<3,1et§:2anda:ﬂ:’y:g

A9 =5, fO=21, Bgzg and g¢=05.

5
dA(A'&a BC) = 57 dA(fﬁv Aﬁ) = 16, dA(fﬁﬂ gg) = 16,
5
da(gs,Bs) = 3 and dy(gs, AY) = 0.
Therefore,
ady (f0, A0)dp(AD, g5) + Bda(gs, Bs) + vda(AY, Bq)
20416*04'5;"'7;
= 16 = dA(f7.97g§)
Thus,

da(f9,95) = ada(f0, AV)da(AD, gs) + Bda(gs, BS) + vda(AY, Bs)
for all 9,¢ < 3.

Case (ii): Let d,c =3 anda==v=2

A0=3, f9=3, Bc=3 and g¢<=3.
dy(AY,Bs) = 0, da(fv,A9)=0, da(fd,g¢)=0,
da(gs,Bs) = 0 and da(gs, AD) = 0.
Therefore,
adp (f9, AY)dy(AY, g¢) + Bda(gs, Bs) + vda (A9, Bs) = 0 = da(f9, g9).
Thus,
da ([0, g¢) = ada(f9, AB)da (A9, gs) + Bda(gs, Bs) + vda (A9, Bs)
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for all ¥,¢ = 3.

Case (iii): Let ¥,¢ >3, let V=4 and a === ¢

A9 =3, f9=0, B¢=3 and gs=3.

dpa(AY9,Bs) = 0, da(f9,A49) =3, da(f9,g9s) =23,
da(gs,Bs) = 0 and da(gs, AY) =0.
Therefore,
adp (f9, A9)da(AY, g) + Bda(gs, Bs) + vda(AY, Bs) = a3 %0+ 50+ ~0
=< 3 =da(f9,g9).
Thus,

du(f9,9¢) = ady(f9, AY)da(AD, g<)+Bda(gs, Bs)+vda(AY, Bs) for all 9, ¢ > 3.
Hence, by the Theorem 3.4 the mappings A, B, f and g have unique common

fixed point. Indeed, 3 is common unique fixed point.

EXAMPLE 3.8. Let ' = [1,6] and A = C. Define dy : ' x I' = A by
dp(9,6) = |9 —¢|. Then, (T', A, dy) is C*-algebra-valued metric space.
Define four self maps A, B, f and g on T" by

4 ifv<a 4 o<
AW)=4" LU= Bw)= S
1 i 0> 4 9+3 i 9>4
4 if 9 <4 1650 if 9<4
1_9: s 7_9: -
o) {719—24 foze TV {0 if 9> 4.

Clearly, AT' C gI" and BT’ C fT for all ¢ € T'.

To prove that (A, f) satisfy (CLR4) property, consider sequences{%,} defined
1
by ¢, =4 —

n2—2n+3
We have lim AY, = lim fo¥, =4 = A(4).
n—+o0o n—-+oo

It is easily proved that A, g and B, f are weakly compatible.
Following cases arises :
Case (i): Let 9,c <4,let 9 =3 anda=f=~=2

A =4, fi=1, Bs¢=4 and gs=4.

dpa(AY,Bs) = 0, da(f9,49)=3, da(f9,gs)=23,
da(gs,Bs) = 0 and da(gs, AV) = 0.
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Therefore,
adp (f9, AY)da(AY, g) + Bda(gs, Bs) + vda(AY, Bg)
=al6x0+8%x0+vx*0
=3 =da(f9,95).

Thus,

da (9, g<) = adp(f0, AD)dy (A, gs)+Bda(gs, Bs)+vda(Ad, Bs) for all ¥,y < 4.

Case (ii): Let d,c =4 anda==v=2

A =4, fo=4, Bs¢=4 and gs=4.

dpa(AY,Bs) = 0, da(f9,A49)=0, da(fd,g9s)=0,

da(gs,Bs) = 0 and da(gs,AY) =0.
Therefore,

adp (f9, A9)da (AY, g¢) + Bda(gs, Bs) + vda (A9, Bs) = 0=da(fV,g9).
Thus,
du(f0,95) = adp(f0, AD)du(AD, g<) + Bda(gs, Bs) + vda(AD, Be)

for all ¥, ¢ = 4.
Case (4i7): Let ¥,¢ > 4,let c=banda=F=v= g

A9 =11, f¥=0, B¢=8 and gc=11.

dy(AY,Bs) = 3, da(fv,A9) =11, da(f9,g¢) =11,
da(gs,Bs) = 3 and da(gs, AY) =0.
Therefore,
ada (f0, AY)da(AD, g¢) + Bda(gs, Bs) + vda(AY, Bs)
=all*x0+8+%*3+7x*3
=11 = da(f9, g3).
Thus,

da(f9,95) = ada(f0, AV)da(AD, gs) + Bda(gs, BS) + vda(AY, Bg)

for all ¥,¢ > 4. Hence, by the Theorem 3.3 the mappings A, B, f and g have
unique common fixed point. Indeed, 4 is common unique fixed point.
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