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ABSTRACT. In the present paper we derive a generalized Griiss inequality
on time scales and recapture several published results of different authors
of various papers and thus unify corresponding discrete and continuous
versions. Moreover, we use our obtained consequence to the case of quan-

tum calculus.
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1. INTRODUCTION
In 1935, Gerhard Griiss proved an inequality to estimate the deviation of the
integral mean of the product of two functions from the product of the integral
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means. The below inequality is called Griiss inequality which is extracted from
[11] and for other details of Griiss type inequalities (see [7]).

7 i - /j g(T)h(r)dr — ﬁ /:g(T)dT /j h(r)dr

< My —ma)(M; —mo)
- 4

(1.1)

holds.

This paper was motivated by the discovery of a very elementary proof [11] of
the Griiss inequality and the desire to understand the meaning of the quantity
on the right-hand side of the inequality. As a result of Theorem 3.1, we find
several inequalities that either imply or generalize the Griiss inequality in the
discrete version, continuous version and quantum calculus version.

Many generalizations of this inequality have been proved by several authors
and its applications of the Griiss type inequalities have been found in statistics,
coding theory, and numerical analysis. If you are interested in the historical
development and further refinements of the Griiss Inequality, you may want to
explore research papers and publications in mathematical journals that discuss
inequalities, inner product spaces, and related topics.

The pattern of current paper is consist of four sections. In the section one
and two, we would present some preliminaries about Griiss inequality and time
scales that are needed in the remainder of the paper. In the section three, we
would get time scales version of generalized Griiss inequality (1.1) and use our
established result for the especial cases of discrete, continuous, and quantum
calculus. In the section four, we would give conclusion of the paper.

2. TIME SCALES ESSENTIALS

Time scale calculus is a mathematical framework that unifies and extends the
concepts of difference equations and differential equations. It provides a way
to study dynamic systems that involve both continuous and discrete aspects.
It also provides a comprehensive approach to calculus for functions defined on
time scales, which can include both continuous and discrete intervals. Time
scales are a generalization of the real numbers that incorporates both continu-
ous and discrete points. The idea of theory of time scales calculus was initiated
and introduced by German mathematician Hilger (1988) in his PhD thesis [12]
(supervized by Aulbach) in order to unify discrete and continuous analysis and
to expend the discrete and continuous theories to cases “in between”. Since
then, mathematical research in this field has exceeded more than 1000 publica-
tions and a lot of applications in the fields of science i.e., operations research,
economics, physics, engineering, statistics, finance and biology [6]. Even the
theory of time scale calculus may be used in most of the branches of science
in which dynamic processes are explained by discrete-time / continuous-time
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models. We prefer the researcher to the book [4] written by Bohner and Peter-
son about the introduction to the singled variable time scale calculus and its
implementations.

In 2004, Bohner introduced the calculus of variations on time scale, he used
the delta derivative and delta integral [5], and it has since then been fur-
ther developed by several different authors in several different publications (see
[1, 10, 13, 14, 15, 16, 17]). Many classical results of calculus of variations as nec-
essary or sufficient conditions of optimality have been generalized to arbitrary
time scale.

Definition 2.1. A time scale is an arbitrary nonempty closed subset of the
real numbers.

The most important examples of time scales are R, Z and ¢ := {¢‘|¢ € Ny}.

Definition 2.2. If T is a time scale, then we define the forward jump operator
0:T — T by o(f) :=inf{r € T|r > 0} for all § € T, the backward jump oper-
ator p: T — T by p(0) := sup{r € T|r < 0} for all § € T, and the graininess
function p : T — [0,00) by p(6) := o(d) — 0 for all @ € T. Furthermore for a
function g : T — R, we define g7 () = g(o(9)) for all # € T and g”(0) = g(p(0))
for all # € T. In this definition we use inf @ = sup T (i.e., p(f) = 0 if 0 is the
maximum of T) and sup @ = inf T (i.e., p(f) = 6 if 6 is the minimum of T).

These definitions allow us to characterize every point in a time scale as
following classification of points:

(i) 0 right-scattered = 6 < o (6),

(#4) 6 right-dense = 6 = o (6),

(#i7) 0 left-scattered = p(0) < 0,

(iv) 6 left-dense = p(0) = 0,

(v) 0 isolated = p(#) < 0 < o (6),
)

(vi

Definition 2.3. A function g : T — R is called rd-continuous (denoted by
Cyrq) if it is continuous at right-dense points of T and its left-sided limits exist
(finite) at left-dense points of T.

0 dense = p(0) =0 = o(0).

Theorem 2.4. (Existence of Antiderivatives). Let g be rd-continuous. Then
g has an antiderivative G satisfying G® = g.

Proof. See Theorem 1.74 of paper [4]. O
Definition 2.5. If g is rd-continuous and 6y € T, then we define the integral
0
G(0) = / g(s)As for 0ecT. (2.1)
0o

Therefore for g € C,q we have f}f g(s)As = G(¢) — G(k), where GA = g.
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Theorem 2.6. Let g, h be rd-continuous, k,¢,l € T and o, 5 € R. Then

(i) [ lag(8) + Bh(8 )]M—cvfg YA + B [ h(6)A0
(i1 A =— [} g(6)A0,

)f g(0)
(iii) [ g >A0=f,ig<e>A0+ffg(9>Ae,
(iv) [ g(0)Ag=0.

Proof. See Theorem 1.77 of paper [4]. O

Theorem 2.7. (Jensen’s Inequality). Let k,¢ € T and k1,01 € R. If G :
(k1,41) = R is continuous and convex and h : [k, €] — (k1,¢1) is rd-continuous.

Then
l
<f h(0 e ) . s Ge(h_(e))Ae_ 22)

K

Proof. See Theorem 6.17 of [4]. O

In 2007, Bohner et. al. gave a Griss inequality on time scales and they
obtained unified results to the literature and they also gave results to the
case of quantum calculus. In this paper, we would obtain generalization of
Griiss inequality on time scales and recapture the results of [3] for discrete and
continuous versions. Moreover, we will use our weighted results to the case of
quantum calculus.

3. GENERALIZATION OF GRUSS INEQUALITY ON TIME SCALES

With the same manner as in [11] and [3], the weighted Griiss inequality may
be derived for general time scales.

Theorem 3.1. (Genemlized Griss Inequality). Let k,0,7,0 € T, g,h € Crq
and w > 0 with f T)AT =1 and g,h : [k, {] = R. Then for

my < g(1) < My, ma < h(7) < M, (3.1)

we have

‘ /: w? (1) AT /: W (7)g7 ()R (1) At — /: O (e

/j w? (T)h? (1)AT| < E(M1 —ml)(M2—m2)</: w”(T)AT>2, (3.2)

Proof. For proving the theorem we 1st consider g(7) = h(7) and
¢
/ w? (7)g° (T)AT = 0. (3.3)

If we define v(7) = w(r )916;1)7::, then we get
M, —
o(r) = (M —ma)v(7) + myw(r)
w(T)



https://ijmsi.com/article-1-2314-fa.html

[ Downloaded from ijmsi.com on 2026-09-05 ]

Generalization of Griiss Inequality on Time Scales

with v(7) € [0, 1]. Since

/:(1/”(7))2AT /: vo(T)AT

IN

|
>
3

We have

Dlgg) = [ wioar [ mrar- (/ Z wﬂ(ﬂgﬂ(r)AT)g

w?(T)

Now consider the case

¢
/ w?(T)g° (1)AT = G #£ 0,

where G € R and let ¢1(7) = g(7) — G. Therefore

/ ¥4
/ w® ()8 () Ar / w* (7)(¢° (7) — G)A

.
¢ ‘
= / w? (1)g° (1)AT — G/ w? (T)AT
¢
= G(l — / w"(T)AT)
K
= 0
with
gl(T) € [ml - G, M1 - G]
Hence g; satisfies the assumption from the earlier part of this proof so that

D(g1.91) < E[Ml -G —(my — G)P(/:w"(r)AT)2

_ i(M1 - m1)2</:w”(7')A7>2.

97
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Moreover we have

D(glvgl) =

and thus

D(g,9) = D(91,91) < i(M1 - m1)2</: w"(r)A7—>2.

Now we consider the case of general functions g and i and assume (3.1). Then

L

Dl = [ "wr () / ()7 () () Ar [ v mar
x/:wff(f)hffmm

M wir)ar [ ) (<g“(f> +h7(7)? ~ (97(7) - h"(r))2>Ar

—4(/: w? (1)g° (1) AT /: w"(T)h"(T)AT> .

=

Note that

(M + My —my — m)?(/: wG(T)AT>2

e

D(g+h,g+h) <
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by what we have shown earlier. By using the below notations

/ (g (r)Ar =g, / (O (AT =

which results in

and
2

¢
( / w® (1)(g7 (1) + h%))m) — G+ )

and Jensen’s inequality (given in Theorem 2.7) for the convex quadratic func-
tion

¢ ¢ 2 )
[ vt @) - wewyar > ( / wff(T)(g”(T)—h”(T))AT) =5,

and

+
z\
o~
g
q
\]
S~—
>
\‘
/N
x\..
~
g
q
\]
N~—
e}
q
\]
S~—
+
>
q
\]
S~—
S~—
>
\‘
~
[\v]

IN
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Y 2
X (/ w"(T)AT) .
K
If My — my = My — mo, then clearly

Dg.n < 10— ( [

but if M7 — my1 # My — mgy, then we state

L

w"(T)AT) 2,

M2 — M2
Mg — Mo
and suppose g1(7) = rg(7), h1(7) = sh(r) and obtain
mlzrmlggl(T)Serle, m2:5m2gh1(7)S5M2:M2.

Now we get

_ Ms; —m

My —my = \/ﬁ(Ml_ml):\/(Ml_ml)(M2_m2)
_ [ Mi—m o _
= M(Mg — mg) = Mg mo

D(g,h) =rsD(g,h) = D(g1,h1) <

and

(My — miy)(My — 1i22)

X (/: w"(T)AT>2

_ imwl —my)(M; — m2>( / [ w”<T>AT>2

£

1 =

_ i(Ml —my)(Ms — ’”2)(/” wU(T)AT>2'

If we consider the case of —g, then we summarize
¢

D(—g,h) = =D(g,h) < i(*ml + M) (M — mz)(L wU(T)AT)Q,

and finally we get
¢

D(g, h)] < My — ma) (M —m2>( / w"(r)Ar>2.

Thus (3.2) holds. O

| =

Remark 3.2. If put w = ﬁ in Theorem 3.1, then we recapture the result of
Theorem 3.1 of [3].

If we implement the Griiss inequality to several time scales, we obtain some
well-known and new results.

Discrete Case:
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Corollary 3.3. We suppose T=7Z. Let k =0, L =n, 7 = b and g(¢) = ye.
Then

n

n n n n 2
1
E wy 2 WpYp2h — bE—l WpYp bE—l wp2p| < Z(Ml —mq)(Mz — m2)< E wb) ,

b=1 — b=1
where

my < yp < My, mg < 2 < M.

In the discrete case the sharpness of this inequality holds only for even n.

The following inequality holds for even and odd n, is sharp in our sense.
" " 1n 1n
I SLIEEY <25 (-2 [5] Jan-mo

X (My — my) < > wb> 2.(3.5)

b=1

n

n
WyYb E WpZp
1 b=1

Remark 3.4. If put w = ﬁ in Corollary 3.3, then we recapture Corollary 3.3

of [3] and Corollary 1.3 of [g].

Remark 3.5. If put w = e% in (3.5), then we recapture discrete inequality

(which are cited in [3] and [2]) for even and odd n .
Continuous Case:

Corollary 3.6. Let T =R. We have

/: w(T)dr /: w(r)g(T)h(T)dr — /: w(r)g(T)dr /: w(T)h(T)dr

L

S E(Ml 7m1)(M2 mﬂ(/ﬁ ’w(T)d’T> 5 (36)
where
my < g(7) < My, mao < h(1) < Mo,

which is exactly the result of Theorem 1.1 of [9]. The constant % in the right-
hand side of (3.6) is the best possible.

Remark 3.7. If put w = ﬁ in Corollary 3.6, then we recapture the Griiss
inequality shown in [11] and Corollary 3.2 of paper [3].

Quantum Calculus Case:
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Corollary 3.8. We suppose T = ¢, 1 < q, kK = q™, £ = ¢" and w = w°.

Then
Py w1 < 5 wcg(qcﬂ))
Demm W < Z?;rln wc> c=m
n—1 1
X<;nwch(qc+1)> < Z(Ml—ml)(Mg—mz),
where
m1 < g(q°) < My,  ma < h(q°) < M.

This corresponds to the result obtained in Corollary 3.4 of paper [3].

4. CONCLUSION

In this section, we have given generalization of Griiss inequality on time

scales and obtained unified results to the previous research papers [2, 3, 8, 9, 11]
and recaptured all results of [3] for discrete and continuous versions. Moreover,

we

have used our weighted results to the quantum calculus case.
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