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ABSTRACT. In this paper we introduce rough ¢—convergence of real num-
bers as a generalization of rough convergence as well as ¢—convergence.
We study some of its basic properties and relations of the above conver-
gence concept with already known different types of convergence.

In 2001, H.X.Phu proved that “The diameter of a r—limit set is not
greater than 2r”. We investigate the above result for rough ¢—convergence
by introducing r — ¢ limit set and surprisingly the result comes out to be
not true. So our main aim is to find out the different behaviour of the

new convergence concept based on r — ¢ limit set.
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1. INTRODUCTION

The idea of rough convergence was first introduced by H. X. Phu [16] in
finite dimensional normed spaces. In [17, 18], he showed that the set LIM"x is
bounded, closed and convex and studied the basic properties of this interesting
concept. It should be mentioned that the idea of rough convergence occurs quite
naturally in numerical analysis and has interesting applications there. He also
investigated the relations between rough convergence and other convergence
types and the dependence of LIM"z on the roughness degree 7. In [5], Aytar
generalizes the concept of rough convergence. For extensive study on rough
convergence, one may refer to [1, 2, 3, 6, 7, 8, 9, 10, 11, 12, 14, 15, 21].

An Orlicz function (see [19]) is an even, continuous and non-decreasing on
R function ¢ : R — R, such that ¢ (z) =0 < 2 = 0 and wler;o¢ (x) = oo.
Note that ¢ (z) = ¢ (|z|),Vz € R and ¢ (R) = R™.

In [19], Rao and Ren describe that Orlicz functions have important roles
and applications in many areas such as economics, stochastic problems etc.

An Orlicz function ¢ : R — R is said to satisfy the Ags-condition, if there
exists an M > 0 such that ¢ (2z) < M¢ (), for every € RT.

Let us follow some basic examples (see also [20]).

(i) The function ¢ : R — R with ¢ () = |z| is an Orlicz function.
(i) The function ¢ : R — R with ¢ (z) = 23 is not an Orlicz function.
(iii) The function ¢ : R — R with ¢ (z) = 22 is an Orlicz function satisfying
the As-condition.
(iv) The function ¢ : R — R with ¢ (z) = e/*l — |z| — 1 is an Orlicz function
not satisfying the As-condition.

In this paper, we introduce a concept of rough ¢—convergence on R, as a
generalization of rough convergence and ¢—convergence, where ¢ an Orlicz
function.

2. DEFINITIONS AND PRELIMINARIES

Throughout the paper R, 7, ¢ stands for the set of all real numbers, a non-
negative real number and Orlicz function respectively.
Now, we recall the concepts of rough convergence, ¢—convergence as follows:

Definition 2.1. [16] Let z = (x;) be a sequence of real numbers and r be a
non-negative real number. (x;) is said to be rough r—convergent to z, € R,
denoted by xiim*, if

Ve>0,3i. €N:ii>i. = |z —x| <r+e
or, equivalently, if limsup |x; — 2| < r. This is the rough convergence with r

i—00
as roughness degree. For r = 0, we have the classical convergence.
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Definition 2.2. [4] Let = (x;) be a sequence of real numbers and r be a
non-negative real number. Then, the set
LIM"z; = {x* eER:z; > x*}

is known as the rough limit set of x = (z;).

Definition 2.3. [13] Let ¢ : R — R be an Orlicz function. A sequence z = (z,,)
is said to be ¢—convergent to xg if lim ¢ (x,, — x¢) = 0. In this case, xg is called

the ¢—limit of (z,,) and denoted by ¢ — limx = xg.

If a sequence (z,) is ¢—convergent to xg, we denote it by xnfmo.

Remark 2.4. If we take ¢ (z) = |z|, then, ¢p—convergent concepts coincide with
usual convergence. Also, it is easy to check, if x = (z,) is p—convergent to xg,
then any of its subsequence is ¢p—convergent to xy as well.

3. MAIN RESULTS

Definition 3.1. Let ¢ : R — R be an Orlicz function and r be a non-negative
real number. A sequence x = (z;) is said to be rough r — ¢—convergent to

z, € R, denoted by z; = Ty, if
Ve>0,3i.eN:i>i.= ¢(z;—xs) <r+e (3.1)
or, equivalently, if limsup ¢ (x; — z,) < 7.
i—»00
This is the rough ¢—convergence with r as roughness degree. For r = 0 we
have the ¢p—convergence. But our proper interest is the case r > 0.
If (3.1) holds, x, is an r — ¢ limit point of (x;), which is usually no more

unique (for r > 0). So, we have to consider the so-called r — ¢ limit set ( or,
shortly: r — ¢ limit ) of (x;) defined by

LIM" %x; = {x* eR:x; =P x*} .
A sequence z = (z;) is said to be rough ¢—convergent if LIM"~?z; # (). In

this case, r is called a convergence degree of (x;).
This is illustrated by following examples:

EXAMPLE 3.2. Let ¢: R — R be an Orlicz function, defined by ¢ (z) = z2.
Consider a sequence (z;), defined by

z1=—1,00=2,295_1 =0 and x5 =1 for j =2,3,4,...
Obviously, the sequence (z;) is not ¢—convergent. But by definition we have

z; =Y 1 for r = 1, and altogether
LIM %z, — { 0, for r <
1 T [ _

Vrn/r] forr >

NN
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EXAMPLE 3.3. Let ¢: R — R be an Orlicz function, defined by ¢ (z) = 22
Take a sequence (x;), where x; = (—1)""1 i =1,2,3.4,...

Then, (z;) is not convergent. But by definition we have x; "1 for r >4,
and altogether
for r < 4

0
{ [1-y/r, -14+/7] for r > 4.

Sometimes we are interested in the set of r — ¢ limit points lying in a given
subset S C R, which is called r — ¢ limit in S and denoted by

LIM®™ g, = {x* €Sz =P m*} .

LIM" %z, =

It is obvious that,
LIM®™?2,= LIM"~?z; and LIM®"?2; = SN LIM" ™ ?z;.
It is clear that when ¢ (z) = |z|, rough ¢—convergence coincides with rough
convergence, i.e., rough convergence is a special type of rough ¢—convergence,
or, more generally, rough ¢—convergence is a generalization of rough conver-
gence.

ExAMPLE 3.4. Let ¢: R — R be an Orlicz function, defined by

¢ (x) = V/lz|.
Consider a sequence (z;), defined in the Example 3.2. By definition of r — ¢
limit set,

1
LM%, — 0 for r < 7
’ [1-r% r?] forr > %

But in case of rough convergence, the r—limit set is given by

0 forr <

LIM z; =
i { [1-r, r] forr >

N[ =0

i.e., for % <r <%, the sequence is rough convergent but not rough ¢p—convergent.

Ifr > %, the sequence seems to be both rough convergent and rough ¢p—convergent.

Definition 3.5. A sequence x = (z;) is said to be ¢—bounded if there exists
B > 0 such that

|6 (z:)| < B, Vi € N.

Proposition 3.6. Let ¢ : R — R be a convex Orlicz function which satisfies
As-condition. Then, a sequence x = (x;) is p—bounded iff there exists anr > 0
s.t. LIM" %2 #£ (.

Proof. Let x = (x;) be ¢—bounded. Then, there exists a B > 0 such that
|¢(z;)] < B Vi € N. Define r = sup{|¢(z;)| : ¢ € N}. Then, we have
¢ (2:)] < rVieN,ie, |p(x;—0) <7 Vi € N. Then, the set LIM" ™z
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contains origin and hence LIM"~?z # 0.

Conversely, if LIMP‘z’xi # () for some r > 0, then, 3 z, such that z, €
LIM"?z. Since ¢ satisfies Ay-condition so there exists M € R* such that
¢ (2x) < M¢(x). Further z, € LIM" ?z, so for every ¢ > 0, there exists

i € N such that
2
i2i5:¢(xi—x*)<r+ﬂg. (3.2)

Now for any i > i,

¢ ()

I
N = O ©-

R <2x*>>

IN

—~

6 (2w~ 2.)) + 5 (6(20.)

(6 (i — ) + - (6(2.)

A
SIS

< — (r+¢(xs)) +e, using (3.2).

Let B = max {¢ (z1),¢ (x2),...,¢ (x;.—1), & (r + ¢(2.)) + 1}. Then, since ¢
is even and non decreasing on RT, ¢(x;) < BVi € N. Hence, z = (z;) is
¢—bounded. a

Proposition 3.7. Let ¢ : R — R be a convex Orlicz function. If yo €
LIM™ %z, and y; € LIM™~%z;, then,

ya = (1= N yo + Ayy € LIMI=NrotAn=e . o0 X [0, 1].

Proof. Let yo € LIM™ ®z;. Then, for each ¢ > 0, 3 4. € Ns.t. ¢ (z; — o) <
ro+¢e,Vi> .

Again, y; € LIM™~®z,. Then, for each £ > 0, 3 2/5 ENst ¢z, —y1) <
rAeVi>i.

Now,
¢ (zi—yxn) = ¢ (@i — (1= A)yo — Ay1)

=o((L—=XN)a;+ Az, — (L= X)yo — A\y1)

=¢((1=A)(zi —yo) + A(xi —y1))

<A =N o (xi —yo) + Ao (i — 1)

<(I=XN(ro+e)+A(r1+e)
=r+er=1-Nry+ \r1,Vi > mazx (zg,z;>
Hence, y € LIMIN7o+Am=¢,. x e 10,1]. O

Since ¢(R) = ¢(RT) = R*, we can define the function ¢~1 : RT — R* by
¢~ 1(y) = max{z € R : ¢(z) =y}, Vy > 0. The following result holds:
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Theorem 3.8. Let (x;) be a bounded sequence and r > 0 such that

o7 1(r)> 1 (lim supz; — lim inf:ri>.

i—00 1—>00
Then, LIM"%xz; = [lim supx; — ¢~ 1(r), liminfz; + ¢1(r)} .
i—00 t—>00
Corollary 3.9. The diameter of a r— ¢—limit set is not greater than 2¢=*(r).

ExXAMPLE 3.10. Let ¢ : R — R be an Orlicz function and ¢ (x) = |z|", n € N
and r be a non-negative real number. Then, the r — ¢ limit set of a sequence
x = (x;) is given by:
LIM" %, = [hm supx; — {/r, liminfx; + {I/F}
i—00 1—00
Justification. Let © = (x;) be r — ¢ converges to z, € R. Then, for each
€ >0, 3 i, € N such that

P(r; — ) <1 +6,Vi > i,

= |z — 2" <r+e

= |z — x| < Yr+e

Sz — Urte<a. <z, + Vr+e.

Therefore, x; — /1 <z, < x; + Y7, Vi > i. (since ¢ is arbitrary).

Let t = limsupz; and A; = {zr : k > i} and t; = sup {zr : k > i} = sup A;.
t—e¢is less tZ}TaOI? the greatest lower bound of ¢;’s and hence is certainly a lower
bound of ¢;’s. Hence, for any k € N, t — ¢ is less than ¢y, the lub of {t; : i > k}.
Therefore, t — € is not an upper bound of A; ,i € N. Thus, 3 i} such that
xq, >t —e¢c. For k =1, let i3 be such that x;, >t — . Since ¢t — € is not an
upper bound of A;, 41, 3 i2 > 41 + 1 > iy such that ¢t — e < z;,. Proceeding in
this way, we get a subsequence (z;,) s.t. t —e <wz;, ,VkeN, ie,t —e < a;
for infinitely many 3.

Similarly, if s = liminfz;, then it can be shown that s+& > z;, for infinitely
many 4. e

Hence, t —e — /r <z, <s+e+ {rie. t— Yr<wz.<s+ {/r

or, limsupz; — {/r < z, < liminfx; + ¥/r.
i— 00 i—00

K3
In [16], Phu had proved that the diameter of a r-limit set cann’t be strictly
larger than 27, but in case of r — ¢ convergence this may not be true. We
present an example given below to illustrate the validity of our claim.

EXAMPLE 3.11. Let ¢: R — R be an Orlicz function, defined by ¢ (z) =+/]z|.
Consider the sequence (x;), defined in the Example 3.2. Tt is easy to show that
] 1] for r < L

LIM™z; = {

[1-r%, r?] forr > 7

-5
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Therefore,
diam (LIMT_%Q) = sup {|p —q|l:p,qe€ LIMT_d’J:i}
1++/3

=2r2 —1> 2r, for any r > 5
Definition 3.12. Let ¢ : R — R be an Orlicz function. A real number 7 is

said to be ¢—cluster point of a sequence x = (z;), if for every ¢ > 0, there

exists infinitely many 4’s in N such that ¢(z; — ) < e.
The set of all p—cluster points of a sequence = = (xy) is denoted by ¢(C.).

Theorem 3.13. Let ¢ : R — R be a convex Orlicz function which satisfies
Ag-condition. Then, there exists K > 0 such that for an arbitrary bounded
sequence x = (x;), a ¢—-cluster point ¢ of x and a r — ¢ limit point x, of x, we
have

¢ (xe —c) < Kr.

Proof. Since z, € LIM" %z, so for every ¢ > 0 there exists i. € N such that
G(r; — ) <r+e Vi>i.. (3.3)

Since ¢ satisfies As-condition, so there exists M € RT such that ¢ (2z) <
Mo (x) for every x € R. Also, ¢ € ¢ (C,) implies the existence of infinitely
many ¢’s in N satisfying ¢ (z; — ¢) < ¢ for every € > 0. Choose i = ig > i in
such a way that

¢ (x5 — ) <e. (3.4)
We prove that ¢ (2. — ¢) < Kr where K = 4L,

Suppose that
M
6 (2, —c) > 77" (3.5)

2(‘1’(1*_0)_%)

Choose ¢ = . Then, we have from Equation (3.4),

3M
Mr
(x5 — ) < 2(¢ (2. 3_]\;) — ) . (3.6)
As ¢ is even, convex, and satisfies Ao-condition, we have

6. =€) < 6 (20— 21) + 6 iy — )
=¢(xe—c) < %qﬁ (i — ) + (b(x*f—c) — %, by Equation (3.6)
=20 (z.—c¢) < %qﬁ(zio —Ty) — ?
= g +o(xe—c) < %d) (Tig — @) — %, by Equation (3.5)

%gﬁ)(mio —xy) > Mr+ 3Me + g

= (T, — ) > 7+,
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which is a contradiction to Equation (3.3). This completes the proof. |

Theorem 3.14. Letr >0 and ¢ : R — R be a convex Orlicz function. Then,
a sequence x = (x;) is rough ¢—convergent with roughness degree r if there
exists a sequence y = (y;) such that ¢ —limy = x, and ¢(x; —y;) < r for each
1€ N.

Proof. Assume that z; = Zx. Then, for every € > 0, there exists an i. € N
such that

O(r; —xe) <r+e Vi>ic. (3.7)
Consider the sequence y = (y;) defined by
T, ifp(r; —xy) <7
Yi = R .
Ti = TG otherwise.

Then, using the fact that ¢ is convex, it is easy to prove that

0, ifp(z;—ae) <r

a number < ¢ (x; — x,) —r, otherwise.

d)(yix*)—{

Now using Equation (3.7), we can say that ¢ (y; — 2.) — 0. In other words
¢ —limy = z..

Again using the fact that ¢ is convex it is easy to verify using the definition
of y = (y;) that ¢ (x; —y;) <r for each i € N. O
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