
Iranian Journal of Mathematical Sciences and Informatics

Vol. 19, No. 2 (2024), pp 61-75

DOI: 10.61186/ijmsi.19.2.61

Coupled Coincidence and Coupled Common Fixed Points of
(ψ, ϕ) Contraction Type T-coupling in Metric Spaces

Fuad Abdulkerim, Kidane Koyas∗, Solomon Gebregiorgis

Department of Mathematics, Jimma University, Ethiopia

E-mail: Fuadabdulkerim993@gmail.com

E-mail: kidanekoyas@yahoo.com

E-mail: solomonggty@gmail.com

Abstract. In this paper, we define (ψ, ϕ)-Contraction Type T-coupling,

establish a theorem satisfying such contraction condition, and prove the

existence and uniqueness of coupled coincidence and coupled common

fixed points in metric space. Here ψ and ϕ are two altering distance

functions and T is a SCC-Map for metric spaces. Our results extend

and generalize several related results in the existing literature. We also

provided two examples to verify our main results.
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1. Introduction

The theoretical framework of metric fixed point theory has been an active

research field and the contraction principle is one the most important theorems

in functional analysis. The contraction principle introduced by Banach [2] has

wide range of applications in a fixed point theory. The family of contractive

mappings in different spaces is a great interest and has already been studied

extensively in the existing literatures(see [10, 11, 18, 22, 23]).

∗Corresponding Author

Received 27 November 2018; Accepted 6 May 2024

©2024 Academic Center for Education, Culture and Research TMU

61

 [
 D

O
I:

 1
0.

61
18

6/
ijm

si
.1

9.
2.

61
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 ij
m

si
.c

om
 o

n 
20

25
-0

6-
09

 ]
 

                             1 / 15

http://dx.doi.org/10.61186/ijmsi.19.2.61
https://ijmsi.com/article-1-1468-fa.html


62 F. Abdulkerim, K. Koyas, S. Gebregiorgis

The concept of coupled fixed point and the study of coupled fixed point

problems appeared for the first time in some papers of [15, 16, 17]. Bhaskar

and Lakshmikantham [3] introduced the concept of coupled fixed point of map-

ping. Lakshmikantham and Ciric [14] also introduced the concept of coupled

coincidence point. The concept of coupling was introduced by [8, 9]. The

results on existence of coupled fixed point and coupled coincidence points ap-

peared in many papers [1, 4, 5, 6, 8, 9, 10, 20, 21]. They proved the existence

and uniqueness of strong coupled fixed point for couplings using Kannan type

contractions for complete metric spaces.

Choudhury et al. [9] posed an open problem regarding the investigation of

fixed point and related properties for couplings satisfying other type of inequal-

ities. Aydi et al. [1] proved the existence and uniqueness of strong coupled fixed

point for (ψ, ϕ)-contraction type coupling in complete partial metric spaces.

Rashid and Khan [20] attempted to answer this open problem by introducing

SCC-Map and ϕ-contraction type T -coupling and generalize ϕ-contraction type

coupling given by Aydi et al. [1] to ϕ-contraction type T -coupling and proved

the existence theorem of coupled coincidence point for metric spaces which are

not complete.

In this paper, we generalize the works of Rashid and Khan [20] by defining a

new contractive type namely (ψ, ϕ)-Contraction Type T -coupling and establish

a theorem satisfying such contraction condition, and prove the existence and

uniqueness of coupled coincidence and coupled common fixed points in metric

space. Our results extend and generalize several related results in the existing

literature. We also provided two examples to verify our main results.

2. Preliminaries

In this section, we need to recall some basic definitions, lemmas, and neces-

sary results from existing literature.

Definition 2.1. A sequence {xn} in a metric space (X, d) is said to converge

to a point x ∈ X if and only if lim
n→∞

d(xn, x) = 0.

Definition 2.2. A sequence {xn} in a metric space (X, d) is called a Cauchy

sequence if lim
n,m→∞

d(xn, xm) = 0. Furthermore, a metric space (X, d) is called

complete if every Cauchy sequence {xn} in (X, d) converges to a point x ∈ X.

Lemma 2.3. Let (X, d) be a metric space. we have

(1) If d(x, y) = 0, then x = y.

(2) If x ̸= y, then d(x, y) > 0.

Lemma 2.4. Let {xn} and {yn} be sequences such that xn → x and yn → y

as n→ ∞ in a metric space (X, d). If d(xn, yn) → 0 as n→ ∞, then x = y.
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Definition 2.5. [9] Let (X, d) be a metric space A and B be two nonempty

subsets of X. Then a function F : X ×X → X is said to be a coupling with

respect to A and B if F (x, y) ∈ B and F (y, x) ∈ A where x ∈ A and y ∈ B.

Definition 2.6. [3] Let X be a nonempty set. An element (x, y) ∈ X ×X is

called a coupled fixed point of the mapping F : X ×X → X if F (x, y) = x and

F (y, x) = y.

Definition 2.7. [6] An element (x, y) ∈ X ×X where X is any nonempty set,

is called a strong coupled fixed point of the mapping F : X ×X → X if (x, y)

is the coupled fixed point and x = y that is, F (x, x) = x.

Definition 2.8. [9] Let A and B be two nonempty subsets of a complete metric

space (X, d). A coupling F : X×X → X is called a Banach type coupling with

respect to A and B if it satisfies the following inequality:

d(F (x, y), F (u, v)) ≤ k
2 [d(x, u) + d(y, v)]

where x, v ∈ A, y, u ∈ B, and k ∈ [0, 1).

Theorem 2.9. [9] Let A and B be two nonempty closed subsets of a complete

metric space (X, d). Let F : X ×X → X be Banach type coupling with respect

to A and B. Then A ∩B ̸= ∅ and F has a unique strong coupled fixed point in

A ∩B.

Definition 2.10. [13] Let A and B be two nonempty subsets of a given set

X. Any function T : X → X is said to be cyclic (with respect to A and B) if

T (A) ⊂ B and T (B) ⊂ A.

Definition 2.11. [20] Let A and B be two nonempty subsets of a given set X.

Any function T : X → X is said to be self-cyclic (with respect to A and B) if

T (A) ⊆ A and T (B) ⊆ B.

Definition 2.12. [14] An element (x, y) ∈ X×X is called a coupled coincidence

point of the mappings F : X ×X → X and g : X → X if F (x, y) = g(x) and

F (y, x) = g(y).

Definition 2.13. [14] An element (x, y) ∈ X ×X, where X is any nonempty

set, is called a coupled common fixed point of the mappings F : X ×X → X

and and g : X → X if F (x, y) = g(x) = x and F (y, x) = g(y) = y.

Definition 2.14. [6] An element (x, y) ∈ X×X where X is any nonempty set,

is called a strong coupled common fixed point of the mappings F : X×X → X

and g : X → X if x = y. That is, F (x, x) = g(x) = x.

Definition 2.15. [20] An element (x, y) ∈ X × X is called a strong coupled

coincidence point of the mappings F : X ×X → X and g : X → X if x = y.

That is, F (x, x) = g(x).
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Definition 2.16. [12] A function ψ : [0,∞) → [0,∞) is called an altering

distance function, if the following properties are satisfied:

(i) ψ is monotonically non-deceasing and continuous.

(ii) ψ(t) = 0 if and only if t = 0.

Definition 2.17. [20] Let A and B be any two nonempty subsets of a metric

space (X, d) and T : X → X be a self-map on X. Then T is said to be

SCC-Map with respect to A and B), if

(i) T (A) ⊆ A and T (B) ⊆ B,

(ii) T (A) and T (B) are closed in X.

Definition 2.18. [20] Let A and B be two nonempty subsets of a metric

space (X, d) and ψ, ϕ are two altering distance functions. Then a coupling

F : X ×X → X is said to be (ψ, ϕ)-contraction type coupling with respect to

A and B if it satisfies the following inequality:

ψ(d(F (x, y), F (u, v))) ≤ ψ(max{d(x, u), d(y, v)})− ϕ(max{d(x, u), d(y, v)})

for any x, v ∈ A and y, u ∈ B.

Theorem 2.19. [20] Let A and B be two nonempty closed subsets of a complete

metric space (X, d) and F : X ×X → X is a (ψ, ϕ)-contraction type coupling

(with respect to A and B). That is, there exist altering distance functions ψ,

ϕ such that

ψ(d(F (x, y), F (u, v))) ≤ ψ(max{d(x, u), d(y, v)})− ϕ(max{d(x, u), d(y, v)})

for any x, v ∈ A and y, u ∈ B. Then

(i) A ∩B ̸= ∅.
(ii) F has a unique strong coupled fixed point in A ∩B.

Definition 2.20. [14] Let X be nonempty. The mappings F : X × X → X

and g : X → X are called weakly compatible if g(F (x, y)) = F (gx, gy) and

g(F (y, x)) = F (gy, gx) whenever gx = F (x, y) and gy = F (y, x).

3. Main Results

Before presenting and proving the main theorem, we introduce the following

definition.

Definition 3.1. Let A and B be two nonempty subsets of a metric space

(X, d) and T : X → X is a SCC-Map on X (with respect to A and B). Then

a coupling F : X × X → X is said to be (ψ, ϕ)-contraction type T -coupling

(with respect to A and B) if there exist altering distance functions ψ, ϕ such

that

ψ(d(F (x, y), F (u, v))) ≤ψ(max{d(Tx, Tu), d(Ty, Tv)})−
ϕ(max{d(Tx, Tu), d(Ty, Tv)}) (3.1)
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for any x, v ∈ A and y, u ∈ B.

Theorem 3.2. Let A and B be any two nonempty closed subsets of a complete

metric space (X, d), T : X → X is a SCC-Map on X (with respect to A and

B), and a coupling F: X ×X → X be (ψ, ϕ)-contraction type T -coupling (with

respect to A and B), then

(i) T (A) ∩ T (B) ̸= ∅.
(ii) F and T have a coupled coincidence point in A×B.

(iii) If F and T are weakly compatible, then F and T have a unique coupled

common fixed point in A×B.

Proof. Since A and B are non-empty subsets of X and F is (ψ, ϕ)-contraction

type-T coupling with respect to A and B, then for x0 ∈ A and y0 ∈ B, we

define the sequence {xn} and {yn} in A and B respectively such that

Txn+1 = F (yn, xn) and Tyn+1 = F (xn, yn). (3.2)

If for some n, Txn+1 = Tyn and Tyn+1 = Txn, then using (3.2), we have

Txn = Tyn+1 = F (xn, yn) and Tyn = Txn+1 = F (yn, xn). This show that

(xn, yn) is a coupled coincidence point of F and T . So, we are done in this

case. Thus we assume that Txn ̸= Tyn+1 or Tyn ̸= Txn+1 for all n ≥ 0.

Let us define a sequence {Dn} by

Dn = max{d(Txn+1, T yn), d(Tyn+1, Txn)}. (3.3)

Then by lemma 2.3, we have {Dn} ⊆ [0,∞) for all n ∈ N. Now using (3.1) and

(3.2) and the fact that xn ∈ A and yn ∈ B for all n, we have

ψ(d(Txn, Tyn+1)) = ψ[d(F (yn−1, xn−1), F (xn, yn))]

= ψ[d(F (xn, yn), F (yn−1, xn−1))]

≤ ψ[max{d(Txn, T yn−1), d(Tyn, Txn−1)}]−
ϕ[max{d(Txn, T yn−1), d(Tyn, Txn−1)}]. (3.4)

Using the properties of ϕ, we have

ψ(d(Txn, Tyn+1)) ≤ ψ(max{d(Txn, T yn−1), d(Tyn, Txn−1)}).

Again using the properties of ψ, we get

d(Txn, T yn+1) ≤ max{d(Txn, T yn−1), d(Tyn, Txn−1)}. (3.5)

Now, using (3.1) and (3.2) and the fact that xn ∈ A and yn ∈ B for all n, we

have

ψ(d(Tyn, Txn+1)) = ψ[d(F (xn−1, yn−1), F (yn, xn))]

≤ ψ[max{d(Txn−1, T yn), d(Tyn−1, Txn)}]−
ϕ[max{d(Txn−1, T yn), d(Tyn−1, Txn)}]. (3.6)
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Now, using the properties of ψ and ϕ, we get

d(Tyn, Txn+1) ≤ max{d(Txn−1, T yn), d(Tyn−1, Txn)}. (3.7)

By using (3.5) and (3.7), we get

max{d(Tyn, Txn+1), d(Tyn+1, Txn)} ≤ max{d(Txn, T yn−1), d(Tyn, Txn−1)}.
That is,

max{d(Txn+1, Tyn), d(Tyn+1, Txn)} ≤ max{d(Txn, Tyn−1), d(Tyn, Txn−1)}.
(3.8)

From (3.3) and (3.8), we have Dn ≤ Dn−1 for all n ≥ 1.

Therefore, {Dn} is monotonically decreasing sequence of non-negative real

numbers.

There exists r ≥ 0 such that lim
n→∞

Dn = r. That is,

lim
n→∞

{d(Txn+1, T yn), d(Tyn+1, Txn)} = r. (3.9)

Suppose r > 0.

Since ψ : [0,∞) → [0,∞) is non-decreasing, then for all a, b ∈ [0,∞), we have

max{ψ(a), ψ(b)} = ψ(max{a, b}). (3.10)

Now, using (3.4), (3.8), and (3.10), we get

ψ[max{d(Txn, T yn+1), d(Tyn, Txn+1)}] = max[ψ{d(Txn, T yn+1), d(Tyn, Txn+1)}]
≤ ψ[max{d(Txn, T yn−1), d(Tyn, Txn−1)}]−

ϕ[max{d(Txn, T yn−1), d(Tyn, Txn−1)}].

Letting n → ∞ in the above inequality, using (3.9) and continuities of ψ and

ϕ, we have ψ(r) ≤ ψ(r)−ϕ(r) < ψ(r) which is a contradiction. Hence ϕ(r) = 0

since ϕ is an altering distance function. So r = 0. Hence,

lim
n→∞

Dn = 0.

That is,

lim
n→∞

max{d(Txn, Tyn+1), d(Tyn, Txn+1)} = 0.

Thus

lim
n→∞

d(Txn, Tyn+1) = 0 and lim
n→∞

d(Tyn, Txn+1) = 0. (3.11)

Now, we define a sequence {Rn} by Rn = d(Txn, T yn) and show that Rn → 0

as n→ ∞. By using (3.1) and (3.2), we get

ψ(Rn) = ψ(d(Txn, T yn))

= ψ(d(F (yn−1, xn−1), F (xn−1, yn−1))

≤ ψ(max({d(Tyn−1, Txn−1)}))− ϕ(max({d(Tyn−1, Txn−1)})).
(3.12)
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By properties of ψ and ϕ, we have Rn ≤ d(Txn−1, T yn−1) = Rn−1. That is,

Rn ≤ Rn−1 for all n ≥ 1. Thus, {Rn} is monotone decreasing sequence of

non-negative real numbers which implies that there exists s ≥ 0 such that

lim
n→∞

Rn = lim
n→∞

d(Txn, T yn) = s. (3.13)

Taking n → ∞ in (3.12) and using continuities of ψ and ϕ, we have ψ(s) ≤
ψ(s) − ϕ(s) < ψ(s). Since ϕ is an altering distance function, it follows that

ϕ(s) = 0 which in turn implies that s = 0. That is,

lim
n→∞

Rn = lim
n→∞

d(Txn, T yn) = 0. (3.14)

Now, applying the triangle inequality and using (3.11) and (3.14), we have

lim
n→∞

d(Txn, Txn+1) ≤ lim
n→∞

d(Txn, Tyn) + lim
n→∞

d(Tyn, Txn+1) = 0 (3.15)

and

lim
n→∞

d(Tyn, T yn+1) ≤ lim
n→∞

d(Tyn, Txn) + lim
n→∞

d(Txn, Tyn+1) = 0. (3.16)

Now, we will prove that the sequences {Txn} and {Tyn} are Cauchy sequences

in T (A) and T (B) respectively. If possible, let {Txn} or {Tyn} is not a Cauchy

sequence. Then there exist ϵ > 0 and a sequence of positive integer {m(k)}
and {n(k)} such that for all positive integers k, with n(k) > m(k) > k, we have

gk = max{d(Txm(k), Txn(k)), d(Tym(k), Tyn(k))} ≥ ϵ. (3.17)

Furthermore, corresponding tomk, we can choose nk such that k is the smallest

positive integer with n(k) ≥ m(k) > k and satisfying (3.17), then

max{d(Txm(k), Txn(k)−1), d(Tym(k), T yn(k)−1)} < ϵ. (3.18)

Now, we show that:

d(Tyn(k), Txm(k)+1) ≤ max{d(Txm(k), Tyn(k)−1), d(Tym(k), Txn(k)−1)}.
By using (3.1) and (3.2), we get

ψ[d(Tyn(k), Txm(k)+1)] = ψ[d(F (xn(k)−1, yn(k)−1), F (ym(k), xm(k)))]

≤ ψ[max{d(Txn(k)−1, Tym(k)), d(Tyn(k)−1, Txm(k))}]−
ϕ[max{d(Txn(k)−1, Tym(k)), d(Tyn(k)−1, Txm(k))}].

Using properties of ψ and ϕ, we have

d(Tyn(k), Txm(k)+1) ≤ max{d(Txn(k)−1, T ym(k)), d(Tyn(k)−1, Txm(k))}.
(3.19)

Similarly, we can show by the same steps that

d(Txn(k), Tym(k)+1) ≤ max{d(Tyn(k)−1, Txm(k)), d(Txn(k)−1, Tym(k))}.
(3.20)

From (3.19) and (3.20), we have

max{d(Tyn(k), Txm(k)+1), d(Txn(k), T ym(k)+1)} ≤ λ, (3.21)
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where λ = max{d(Txm(k), T yn(k)−1), d(Tym(k), Txn(k)−1)}.
It is a fact that for nonnegative real numbers a, b, c,

max{a+ c, b+ c} = c+max{a, b}.

Therefore, by the triangle inequality on (3.18) and the above fact, we have

λ = max{d(Txm(k), T yn(k)−1), d(Tym(k), Txn(k)−1)}
≤ max{d(Txm(k), Txn(k)−1) + d(Txn(k)−1, T yn(k)−1), d(Tym(k), T yn(k)−1) +

d(Tyn(k)−1, Txn(k)−1)}
= d(Txn(k)−1, T yn(k)−1) +max{d(Txm(k), Txn(k)−1), d(Tym(k), T yn(k)−1)}
< d(Txn(k)−1, T yn(k)−1) + ϵ. (3.22)

Thus from (3.21) and (3.22), we get

max{d(Tyn(k), Txm(k)+1), d(Txn(k), T ym(k)+1)} < d(Txn(k)−1, T yn(k)−1) + ϵ.

(3.23)

Now again by the triangle inequality, we have

d(Txn(k), Txm(k)) ≤ d(Txn(k), T yn(k)) + d(Tyn(k), Txm(k)+1) +

d(Txm(k)+1, Txm(k)) (3.24)

d(Tyn(k), Tym(k)) ≤ d(Tyn(k), Txn(k)) + d(Txn(k), Tym(k)+1) +

d(Tym(k)+1, T ym(k)). (3.25)

From (3.17), (3.23), (3.24), and (3.25), we get

ϵ ≤ gk = max{d(Txn(k), Txm(k)), d(Tyn(k), T ym(k))}
≤ d(Txn(k), T yn(k)) +max{d(Txm(k), Txm(k)+1), d(Tym(k), T ym(k)+1)}+

max{d(Tyn(k), Txm(k)+1), d(Txn(k), T ym(k)+1)}
< d(Txn(k), T yn(k)) +max{d(Txm(k), Txm(k)+1), d(Tym(k), T ym(k)+1)}+

d(Txn(k)−1, T yn(k)−1) + ϵ. (3.26)

Taking k → ∞ in (3.26) and using (3.14), (3.15), (3.16), and (3.17), we have

ϵ < ϵ, which is a contradiction.

Hence {Txn} and {Tyn} are Cauchy sequences in T (A) and T (B) respectively.

Since T (A) and T (B) are closed subset of a complete metric space X, {Txn}
and {Tyn} are convergent in T (A) and T (B) respectively.

Thus, there exist r ∈ T (A) and s ∈ T (B) such that

Txn → r and Tyn → s as n→ ∞. (3.27)

From (3.14), we have

d(Txn, Tyn) → 0 as n→ ∞. (3.28)

Therefore, from (3.27) and (3.28), we have

s = r. (3.29)
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As r ∈ T (A) and s ∈ T (B), it follows that s = r ∈ T (A) ∩ T (B).

This proves part (i) i.e., T (A) ∩ T (B) ̸= ∅.
Now, since r ∈ T (A) and s ∈ T (B), there exist a ∈ A and b ∈ B such that

r = T (a) and s = T (b).

From (3.27) and (3.29), we have

Txn → T (a), T yn → T (b) (3.30)

T (a) = T (b). (3.31)

Now, by (3.1), (3.2), (3.30), and (3.31) and the triangle inequality, we have

d(r, F (a, b)) ≤ d(r, Tyn+1) + d(Tyn+1, F (a, b)).

Letting n→ ∞, we get

d(r, F (a, b)) ≤ lim
n→∞

d(Tyn+1, F (a, b)).

It follows that

ψ(d(r, F (a, b))) ≤ lim
n→∞

ψ(d(F (xn, yn), F (a, b)))

≤ lim
n→∞

ψ(max{d(Txn, Ta), d(Tyn, T (b))})−

lim
n→∞

ϕ(max{d(Txn, T (a)), d(Tyn, T (b))})

= ψ(max{d(r, T (a)), d(s, T (b))})−
ϕ(max{d(r, T (a)), d(s, T (b))})

≤ ψ(max{d(r, T (a)), d(s, T (b))}).

Similarly, ψ(d(s, F (b, a))) ≤ ψ(max{d(s, T (b)), d(r, T (a))}).
Since

ψ(max{d(r, F (a, b)), d(s, F (b, a))} = max{ψ(d(r, F (a, b))), ψ(d(s, F (b, a)))}
≤ ψ(max{d(s, T (b)), d(r, T (a))}) = 0,

we have

max{d(r, F (a, b)), d(s, F (b, a))} = 0.

So, F (a, b) = r and F (b, a) = s.

Hence, F (a, b) = T (a) = r and F (b, a) = T (b) = s.

Therefore, (a, b) ∈ A× B is the coupled coincidence point, and (T (a), T (b)) is

the coupled point of coincidence of F and T .

Now, we will show that the coupled point of coincidence of F and T is unique.

Let (a′, b′) be another coupled coincidence point of F and T.

So, we will prove that T (a) = T (a′) and T (b) = T (b′). The proof is as follows.
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Suppose T (a) ̸= T (a′). Using (3.1)

ψ(d(T (a), T (a′))) = ψ(d(F (a, b), F (a′, b′)))

≤ ψ(max{d(T (a), T (a′)), d(T (b), T (b′))})−
ϕ(max{d(T (a), T (a′)), d(T (b), T (b′))})

= ψ(max{d(T (a), T (a′)), d(T (a), T (a′))})−
ϕ(max{d(T (a), T (a′)), d(T (a), T (a′))})

= ψ(d(T (a), T (a′)))− ϕ(d(T (a), T (a′)))

< ψ(d(T (a), T (a′))).

So that ϕ(d(T (a), T (a′))) = 0 (since ϕ is an altering distance function) which

in turn implies that d(T (a), T (a′)) = 0. Hence T (a) = T (a′). Similarly, we can

show that T (b) = T (b′). Hence, the coupled point of coincidence of F and T is

unique.

Using (3.31), we have T (a) = T (b).

Thus, (T (a), T (a)) is the unique coupled point of coincidence of the mapping

F and T with respect to A and B. Now, we show that F and T have unique

coupled common fixed point. For this let T (a) = z, then, we have z = T (a) =

F (a, a) by the weakly compatibility of F and T , we have

Tz = T (T (a)) = T (F (a, a)) = F (T (a), T (a)) = F (z, z).

Thus, (T (z), T (z)) is coupled point of coincidence of F and T .

By the uniqueness of coupled point of coincidence of F and T , we have T (z) =

T (a).

Thus, we obtain z = T (z) = F (z, z).

Therefore, (z, z) is the unique coupled common fixed point of F and T . □

Remark 3.3. If we take T = I (the identity map) and A and B be any two

non-empty closed subsets of a complete metric space, then Theorem 3.2 will

reduce to Theorem 2.19 of Rashid and Khan [20].

The following are examples which support our main result.

Example 3.4. Let X = [0, 5] with a metric d defined on X by

d(x, y) = |x− y|.

Let A = {1} and B = {1, 2}. Then A and B are closed subsets of X.

We define F : X ×X → X by F (x, y) = min{x, y}, for all x, y ∈ X.

Let T : X → X be defined by

T (x) =

{
1 if 0 ≤ x < 2

2 if 2 ≤ x ≤ 5
.

Also, we define ψ, ϕ : [0,∞) → [0,∞) by ϕ(t) = t2 and ψ(t) = t3.

Then clearly ψ and ϕ are altering distances functions.
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First, we show that T is a SCC-map.

T (A) = {1} and T (B) = {1, 2}.
So, T (A) and T (B) are closed subsets of a complete metric space X = [0, 5].

Hence T : X → X is a SCC-Map.

Second, we show that F is T -coupling with respect to A and B. For all x ∈ A

and y ∈ B, we have F (x, y) = 1 ∈ B and F (y, x) = 1 ∈ A which show that F

is T -coupling with respect to A and B.

Third, we prove that F is (ψ, ϕ)-Contraction type T-Coupling w.r.t. A and B.

Let x, v ∈ A and y, u ∈ B i.e., x = 1 and y = 1, 2. Four cases will arise for y

and u.

Case (i): x = v = 1 and y = u = 1.

Case (ii): x = v = 1 and y = 1, u = 2.

Case (iii): x = v = 1 and y = 2, u = 1.

Case (iv): x = v = 1 and y = u = 2.

For case (i), i.e., x = v = 1 and y = u = 1, we have F (x, y) = F (1, 1) = 1,

F (u, v) = F (1, 1) = 1, T (x) = T (y) = T (u) = T (v) = T (1) = 1, d(1, 1) = 0,

and

0 = ψ(d(F (x, y), F (u, v))) ≤ ψ(max{d(T (x), T (u)), d(T (y), T (v))})−
ϕ(max{d(T (x), T (u)), d(T (y), T (v))})

= ψ(max{0, 0})− ϕ(max{0, 0})
= ψ(0)− ϕ(0) = 0,

which proves case (i).

For case (ii), i.e., x = v = 1 and y = 1, u = 2, we have F (x, y) = F (1, 1) = 1,

F (u, v) = F (2, 1) = 1, T (x) = T (y) = T (v) = T (1) = 1,

T (u) = T (2) = 2, d(1, 1) = 0, d(1, 2) = 1, and

0 = ψ(d(F (x, y), F (u, v))) ≤ ψ(max{d(T (x), T (u)), d(T (y), T (v))})−
ϕ(max{d(T (x), T (u)), d(T (y), T (v))})

= ψ(max{1, 0})− ϕ(max{1, 0})
= ψ(1)− ϕ(1) = 0,

which proves case (ii).

For case (iii), i.e., x = v = 1 and y = 2, u = 1, we have F (x, y) = F (1, 2) = 1,

F (u, v) = F (1, 1) = 1, T (x) = T (u) = T (v) = 1, T (y) = T (2) = 2, d(1, 1) = 0,

d(2, 1) = 1, and

0 = ψ(d(F (x, y), F (u, v))) ≤ ψ(max{d(T (x), T (u)), d(T (y), T (v))})−
ϕ(max{d(T (x), T (u)), d(T (y), T (v))})

= ψ(max{0, 1})− ϕ(max{0, 1})
= ψ(1)− ϕ(1) = 0,

 [
 D

O
I:

 1
0.

61
18

6/
ijm

si
.1

9.
2.

61
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 ij
m

si
.c

om
 o

n 
20

25
-0

6-
09

 ]
 

                            11 / 15

http://dx.doi.org/10.61186/ijmsi.19.2.61
https://ijmsi.com/article-1-1468-fa.html


72 F. Abdulkerim, K. Koyas, S. Gebregiorgis

which proves case (iii).

For case (iv), i.e., x = v = 1 and y = u = 2, we have

F (x, y) = F (1, 2) = 1, F (u, v) = F (2, 1) = 1, T (x) = T (v) = 1,

T (y) = T (u) = T (2) = 2, d(1, 1) = 0, d(1, 2) = d(2, 1) = 1, and

ψ(d(F (x, y), F (u, v))) ≤ ψ(max{d(T (x), T (u)), d(T (y), T (v))})−
ϕ(max{d(T (x), T (u)), d(T (y), T (v))})

ψ(0) ≤ ψ(max{1, 1})− ϕ(max{1, 1})
0 ≤ ψ(1)− ϕ(1) = 0,

which proves case (iv).

From the cases (i) to (iv) F and T satisfy all the conditions of Theorem 3.2.

Thus F and T have a strong coupled fixed points in A ∩B.

Clearly T (A) ∩ T (B) = {1} ≠ ∅.
1 is the unique strong coupled coincidence point and (1, 1) is the unique coupled

common fixed point of F and T in A ∩B as T (1) = F (1, 1) = min{1, 1} = 1.

Example 3.5. Let X = [−1, 1] with a metric d given by

d(x, y) = |x− y|

for all x, y ∈ X. Then (X, d) is a complete metric space.

Let A = [−1, 0] and B = [0, 1]. Then A ∩B = {0}.
We define F : X ×X → X by F (x, y) = y−x

8 , for all x, y ∈ X.

Let T : X → X be defined by

T (x) =


−1 if x < 0

0 if x = 0

1 if x > 0

.

Since T (A) = {−1, 0} ⊂ A, T (B) = {0, 1} ⊂ B, T (A) and T (B) are closed sets

in A and B respectively. Thus T : X → X is SCC-map with respect to A and

B.

Now, we show that F : X ×X → X is a coupling with respect to A and B.

(i) For every x ∈ A and y ∈ B, 0 ≤ y−x ≤ 2, we have 0 ≤ F (x, y) = y−x
8 ≤ 1

4 .

Thus, F (x, y) ∈ [0, 14 ] ⊂ B.

(ii) Also, for every y ∈ B and x ∈ A, −2 ≤ x − y ≤ 0, hence we have

− 1
4 ≤ F (y, x) = x−y

8 ≤ 0. Thus F (y, x) ∈ [− 1
4 , 0] ⊂ A.

From (i) and (ii), F is a coupling with respect to A and B.

It remains to show that F is (ψ, ϕ)-contraction type T -coupling with respect

to A and B.

We define ψ, ϕ : [0,∞) → [0,∞) by ψ(t) = t2, ϕ(t) = t
4 for all t ∈ [0,∞).

Clearly ψ and ϕ are altering distance functions.

We consider the following cases:
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Case (i): x = v = 0 ∈ A, y = u = 0 ∈ B.

In this case,

0 = ψ(d(F (x, y), F (u, v))

≤ ψ(max{d(Tx, Tu), d(Ty, Tv)})− ϕ(max{d(Tx, Tu), d(Ty, Tv)}) = 0

Case (ii): x = v = −1 ∈ A, y = u = 1 ∈ B.

In this case, F (x, y) = F (−1, 1) = 1
4 , F (u, v) = F (1,−1) = − 1

4 ,

d(F (x, y), F (u, v)) = d( 14 ,−
1
4 ) =

1
2 ,

ψ
(
1
2

)
= 1

4 ,

T (x) = T (−1) = −1, T (u) = T (1) = 1, T (y) = T (1) = 1, T (v) = T (−1) = −1,

max
{
d(Tx, Tu), d(Ty, Tv)

}
= max{d(−1, 1), d(1,−1)} = max{2, 2} = 2.

So, we have

1

4
= ψ(d(F (x, y), F (u, v)) ≤ ψ

(
maxd(Tx, Tu), d(Ty, Tv)

)
−ϕ

(
max {d(Tx, Tu), d(Ty, Tv)}

)
=

7

2
.

Case (iii): For −1 ≤ x, v < 0 and 0 < u, y ≤ 1,

|y − x| ≤ 2, |v − u| ≤ 2,max
{
d(Tx, Tu), d(Ty, Tv)

}
∈ {1, 2}, but

d(F (x, y), F (u, v)) = d(F (x, y), F (u, v)) = |F (x, y)− F (u, v)|

=

∣∣∣∣y − x

8
− v − u

8

∣∣∣∣
≤

∣∣∣∣y − x

8

∣∣∣∣+ ∣∣∣∣v − u

8

∣∣∣∣
≤ 1

4
+

1

4
=

1

2
.

Thus, since ψ is non-decreasing,

ψ(d(F (x, y), F (u, v))

≤ ψ

(∣∣∣∣y − x

8

∣∣∣∣+ ∣∣∣∣v − u

8

∣∣∣∣) ≤ ψ(1/2) = 1/4

≤ ψ
(
max {d(Tx, Tu), d(Ty, Tv)}

)
− ϕ

(
max {d(Tx, Tu), d(Ty, Tv)}

)
= ψ(1)− ϕ(1) =

3

4
or ψ(2)− ϕ(2) =

7

2
.

From cases (i)-(iii), F is (ψ, ϕ)-contraction type T -coupling with respect to A

and B and satisfies all the conditions of Theorem 3.2. Thus F and T have a

strong coupled common fixed point in A∩B = {0} ≠ ∅, F (0, 0) = T0 = 0, and

0 the unique coupled common fixed point of F and T .

4. Conclusion

Rashid et al. [20] established and proved a theorem of coupled coincidence

Point of (ψ, ϕ)-contraction type coupling in metric spaces. In this paper, we

establish and prove existence of coupled coincidence point and existence and
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uniqueness of coupled common fixed point theorem for (ψ, ϕ)-contraction type

T -coupling in metric spaces. Where ψ and ϕ are two altering distance functions

and T is a SCC-Map. We also provide two examples in support of our main

result. Our work extend coupled coincidence point of (ψ, ϕ)-contraction type

coupling in metric spaces to coupled coincidence and coupled common fixed

points of (ψ, ϕ)-contraction type T -coupling in metric spaces. Our result extend

and generalize comparable results in the existing literature.
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