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1. INTRODUCTION AND PRELIMINARIES

Most of well known results on stability of functional equations are given for
those equations in several variables. In 1983, Hyers [14] surveyed the stability
of isometries and, later, jointly with Rassias, the stability of homomorphisms in
[15]. Another survey on Hyers—Ulam stability of functional equations in several

*Corresponding Author

Received 21 March 2018; Accepted 17 April 2019
©2021 Academic Center for Education, Culture and Research TMU
163



164 Y. J. Cho, S. M. Kang, Th. M. Rassias, R. Saadati

variables is given by Forti [13]. Especially, in 2003, Agarwal et al. discussed
Hyers—Ulam stability for functional equations in single variable including the
forms of linear functional equations, nonlinear functional equations and itera-
tive equations.

Recently, some authors have published some papers on stability of functional
equations in several spaces by the direct method and the fixed point method, for
example, fuzzy Menger normed algebras ([21]), fuzzy metric spaces ([25]), fuzzy
normed spaces ([26]), non-Archimedian random Lie C*-algebras ([16]), non-
Archimedian Banach spaces ([24]), non-Archimedian random normed spaces
([31]), random multi-normed space ([2]), random lattice normed spaces ([17],
[10]), random normed algebras ([23]), random normed spaces ([3], [4], [18], [22],
[27], [28]). For more details on stability of functional equations on these spaces,
see Cho et al. [8] and [9].

Let QT be the set of distribution mappings, i.e., the set of all mappings
G :RU{—00,00} — [0,1] such that G is left-continuous and increasing on R,
G(0) is zero and G(+00) is one. O C QF includes all mappings G € Q* for
which ¢~ G(+00) is one and £~ g(z) is the left limit of the mapping ¢ at the
point z, i.e., £~ g(x) = lim;_, .- g(t).

In QF, we define “ <” as follows:

H<F <= H(s)<F(s)

for all s in R (partially ordered). Note that the function w, defined by

0, ifs<

1, ifs>u,

is a element of QT and wy is the maximal element in this space (for some more
details, see [7, 29, 30]).

Definition 1.1. ([29]) A continuous triangular norm (shortly, a ct-norm) is a
continuous mapping « from [0,1] x [0, 1] to [0, 1] such that

(a) k(r,t) = k(r,t) and k(r,k(t, s)) = k(k(r,t),s) for all v, ¢, s € [0, 1];

(b) k(r,1) =7 for all r € [0, 1];

(¢) k(r,t) < k(s,p) whenever r < s and t < p for all ,¢,s,p € [0, 1].

Some examples of the t-norms are as follows:

(1) I{P(Ta t) =rt;

(2) kar(ryt) = min{r, t};

(3) kp(r,t) =max{r+t—1,0} (: the Lukasiewicz t-norm).
Also, we define

_yr; = KV g, ).
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Definition 1.2. ([30]) Suppose that & is a ct-norm, V is a linear space and ¢
is a mapping from V to O7. In this case, the ordered tuple (V, &, T) is called
a random normed space (in short, RN -space) if the following conditions are
satisfied:

(RN1) &,(t) = wp(t) for all ¢t > 0 if and only if v = 0;
(RN2) &an(t) =&, (I ) for all v € V and a € R with a # 0;
(RN3) &uqo(t+5) > K(&u(t), & (s)) for all u,v € V and t,s > 0.

Let (V,|| - ||) be a linear normed space. Then
s

§ols) = ——

s+ vl

for all s > 0 defines a random norm and the ordered tuple (V. kar) is a
RN-space.

Definition 1.3. ([21]) Assume the a algebraic structure on RN-space (V, £, T)
is such that
(RN4) &up(ts) > k' (Eu(t), & (s)) for all u,v € V and ¢, s > 0, where «’ is a

ct-norm.

Then (V, &, k, k') is a random normed algebra.

Suppose that (V,] - ||) is a linear normed algebra. Then (V, &, kpr, kp) is a
random normed algebra, where
u(s) =

S
s+ vl

for all s > 0 if and only if
[uvl] < [ullllo]] + sl[v]l + t]|u]
for all u,v € V and ¢, s > 0). For some more details, see [1, 6, 11, 16, 19, 20, 22].

Definition 1.4. A random Banach *-algebra B is a random Banach algebra
(B, &, k, k') over the field of complex numbers with together an involution on
B which is a mapping g — ¢* from B into B satisfies the following conditions:
for all g, h € B,

(RBA1) g** =g;

(RBA2) (ag + bh)* =ag* + bh*;

(RBA3) (gh)* = h*g*.

If, in addition, pg-g(ts) = T"(ug(t), ug(s)) for all g € B and t,s > 0, then B
is a random C*—-algebra (in short, RC*—algebra).

Assume that B is a random Banach * — algebra. A derivation on B is a
mapping v from B to B such that:

v(Ag+h) = dv(g) +d(h), (1.1)
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v(gh) = v(g)h + gu(h) (1.2)
for each g,h € B. A mapping ¢ : B — B is called a *-derivation on B when
(g%) = (9) = 6(9)"
for all g € B.
Note that
g(u+v) =g(u) +g(v), (1.3)
g(u+v) +g(u—wv) = 2g(u) +29(v) (1.4)

Assume that T is a nonempty set. A mapping A : T' x T" — [0, o0] is called
a generalized metric (GM) on I if

(1) A(a,b) =0 if and only if a = b for all a,b € T
(2) A(a,b) = A(b,a) for all a,b e T}
(3) A(a,b) < A(a,c)+ Ale,b) for all a,b,c €T
The pair (T, A) is called a generalized metric space (shortly, GM -space).

Theorem 1.1. ([5, 12]). Assume that (I, A) is a complete GM-space and a
self-mapping J on T is a strictly contraction with Lipschitz constant 0 < L < 1.
Then, for all a € T, either

A(J"a,J"a) = oo

for each n > 0 or there exists ng € N such that
(1) A(J"a,J"a) < oo for all n > ng;

(2) the sequence {J™a} converges to a point b* € T';

(3) J(b*) =0

(4) Jb* = b* and b* is a unique fized point in E = {b € T : A(J™a;b) <
oo}

(5) (1 —L)A(D,b*) < A(b,Jb) for allb e E.

Note that, in this paper, all random spaces have the ct-norm minimum.

In this paper, we study to approximate the homomorphisms and deriva-
tions for 3-variable Cauchy functional equations in RC*-algebras and Lie RC*-
algebras by the fixed point method.

2. APPROXIMATIONS OF HOMOMORPHISMS IN RC*-ALGEBRAS

Let A is a C*-algebra with the norm || - ||4 and A, B are a RC*-algebras.
Assume that a mapping h : A — B is defined by

Dyh(u,v,w) := yh(u+ v+ w) = h(yu) = h(yv) = h(yw)
forally € S* :=={pue C: |u| =1} and u,v,w € A.



On Nonlinear random approximation of 3-variable cauchy functional equations 167

If, for any C-linear mapping F' : A — B, we have
F(uwv) = F(u)F(v), F(u")=F(u)"
for all u,v € A, then F is called a homomorphism in RC*-algebras.
Now, we approximate the homomorphisms in RC*-algebras for
Dyh(u,v,w) := vh(u+ v+ w) — h(yu) — h(yv) — h(yw) = 0.
Theorem 2.1. Assume that h : A — B be a mapping for which there exists a
mapping ¢ : A> — Ot such that
¢(u, v, w, t),
En(uv)—h(u)h(v) (1) ¢(u,v,0,1),
Enur)—nw)- (1) = o(u,u,u,t)
for all v € S', u,v,w € A and t > 0. If there exists K < 1 such that

u v w
3Kt) > (=, =, —,t
qb(u,v,w, >—¢(37373’)

for all u,v,w € A, then there exists a unique RC™*-algebra homomorphism
F: A— B such that

gh(u)—F(u)((3 - 3K)t) > ¢(u7u7u7t) (24)
forallue A andt > 0.

gD«,h(u,v,w)(t) 2
>

Proof. Assume that
Z :={0:A— B: amapping}
and define the generalized metric (GM) on ) as follows:
A(o,0) = inf{0 € Ry : {pu)—o(u) (01) > O(u, u,u,t)}

for all uin A and ¢ > 0. Mihet and Radu [18] proved that (>, A) is a complete
GM-space.
Now, define a linear function A : Y — > such that

Ao(u) == %0(371,)
for all u € A. Then we have
A(Ao, Ao) < KA(o,0)
for all p,o € Y. Putting vy =1 and v = w = u in (2.1), we have

En(3u)—3h(u) (t) = (u,u,u,t) (2.5)
for all u € A and ¢t > 0. So, we have

h(u) — Sh(3u)(t) = Olu,u,u,31)
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for all u € A. So, we have A(h,Ah) < %. Thus, by Theorem 1.1, there exists
a function F' : A — B such that the following (1)—(3) hold:

(1) AF =F, ie., we have
F(3u) = 3F(u) (2.6)

for all u € A. Also, F is a unique fixed point of A in the set

T = {UEZZA(Q,O’) < 00}.
So, F'is a unique function satisfying (2.6) such that there exists 8 > 0 satisfying

fF(u)fh(u) (et) > ¢(’U,, U, U, t)
for each u € A and t > 0.
(2) A(A™h,F) — 0 when n — oo. Then we have

fm PG gy (2.7)

n—oo 3N

for each u € A.
(3) A(h,F) < 2= A(h,Ah). Then we have

A(h, F) <

33K
and so (2.4) holds.
From (2.1) and (2.7), it follows that
EF (utv+w)— F(u)— F(v)— F(w) (1)
= M $n@n (utvtw)—h(@mu)—h(E3m0) —h(3mw) (3")
> nh_}n;o ?(3"u, 3", 3"w) = wy(t)
for each u,v,w € A and t > 0 and so
Flu+v+w)=F(u)+ Fv)+ F(w) (2.8)
for each u,v,w € Aand t > 0. Put w =0 in (2.8), we have
Flu+v) = F(u) + F(v) + F(0) = F(u) + F(v)
for each u,v € A. Put v =w = w in (2.1), we have
~vh(3u) = h(3vyu)
for all v € S! and u € A. Also, we have
vF(3u) = F(3vu)

for all v € S! and u € A. Then we can conclude that F : A — B is a C-linear
mapping.
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On the other hand, by (2.2), we have

EP(uo)—FF@)(t) = Hm &uonuw)y—n@Erun@re)(9")

n—oo

lim ¢(3"u,3"v,0,9"t)
n—oo

Y

Y

lim ¢(3"u,3"v,0,3"t)
n—oo
wo (t)
for all u,v € A and ¢ > 0. Then we have
F(uv) = F(u)F(v)
for all u,v € A. Also, (2.3) implies that

€r)-p-(t) = T Egnus)neanu)- (3"F)
> nh_}rr;o o(3"u, 3"z, 3"u,t)
= wo(t)
for all u € A and ¢ > 0, which implies that F : A — B satisfies

for all u € A and is a RC*-algebra homomorphism. This completes the proof.
a

Corollary 2.2. Assume that p < 1 and 7 > 0. Suppose that h : A — B be a
function satisfies the following:

t
€ntue) (V) 2 T T ol + Ty (2.9)
t
Eh(uv)—h(u)h(v) (t) > T (Tl ) (2.10)
t
gh(u*)fh(u)*(t) > W (2.11)

for all v in S', u,v,w in A and t > 0. Then there exists a unique RC*-algebra
homomorphism F : A — B such that
t

Shw)—F)(t) > ——r—— (2.12)
B
forallu e A and t > 0.
Proof. Apply Theorem 2.1 and put
t

¢(u7v7w) =
t+ r((lull? + {vf|? + [lwl]*)

for all u,v,w € A and ¢t > 0. Then K = 3771, 0
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Theorem 2.3. Assume that h : A — B be a function for which there exists a
mapping ¢ : A> — O% satisfying the conditions (2.1), (2.2) and (2.3). If there
exists K < 1 such that

b(u, v, w, Kt) > $(3u, 30, 3w, 3t)

for all u,v,w € A and t > 0, then there exists a unique RC*-algebra homo-
morphism F : A — B such that

Eh(u)—F ) (K1) > d(u,u,u, (3 — 3K)t) (2.13)
forallue A andt > 0.

Proof. Define a linear function A : Y — > such that

Ao(u) := 30 (%)

for all u € A. Note that (2.5) implies that
U U U
Eh(u)—?)h(ﬁ)(Kt) > ¢ (77 Q0 7) 2 ¢(u7 u, u, St)
3 3°'3°3
for all u € A and t > 0. Hence A(h,Ah) < %, which, applying Theorem 2.1,

implies that there exists a function F': A — B such that
(1) AF =F, F(3u) = 3F(u) for all u € A and there exists § > 0 such that

Er(u)—h(u) (0t) > d(u,u,u,t)
for all u € A and ¢ > 0.
(2) A(A™h,F) — 0 as n — oo which we conclude that the equality
() -
for all u € A.
(3) A(h,F) > 2= A(h, Ah) which we conclude that the inequality

<
AP < 5735

and then the inequality (2.3) holds and the reminder is similar of the proof of
Theorem 2.1. This completes the proof. (I

Corollary 2.4. Assume that p > 2 and 7 > 0. Suppose that h : A — B be a
function satisfying the conditions (2.9), (2.10) and (2.11). Then there exists a
unique RC*-algebra homomorphism F : A — B such that

t

2 T T 1.
t+ g5 llull?

En(uw)—F(u)(t)

forallu e A and t > 0.
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Proof. Apply Theorem 2.3 and put

( ) = !
o(u,v,w) :
t+7([ull? + )P + |lw]|?)

for all u,v,w € A and ¢t > 0. Then K = 3'~~. O

3. APPROXIMATIONS OF DERIVATIONS ON RC*-ALGEBRAS
For any C-linear function 0 : A — A, if we have
d(uv) = §(u)v 4+ ud(v)
for all u,v € A, then ¢ is called a derivation on A

Now, we show the approximation of derivations on RC*-algebras for D h(u,v,w) =
0.

Theorem 3.1. Assume that h : A — A be a function for which there exists a
function ¢ : A> — OF such that

€Dy h(u,w) (t) = d(u,v,w,1), (3.1)
gh(uv)—h(u)v—uh(v) (t) > ¢(U, v, 0, t) (32)

for ally € S, u,v,w € A and t > 0. If there exists K < 1 such that

u v ow
Kt) > o=, =, —
¢(u7v,w73 )7¢(3’373)

for all u,v,w € A. Then there exists a unique deriation v : A — A such that
gh(u)—y(u) (t) > ¢(ua U, U, (3 - 3K)t) (33)

forallue A andt > 0.

Proof. Using the similar method presented in Theorem 1.1, we can conclude
that there exists a unique involutive C-linear mapping v : A — A satisfying
(3.3) in which

v(u) = lim f(3")

n—o00 3n

for all u € A.
On the other hand, we have
fzx(uv)fu(u)vfuu(v) (t)
= nh~>ngo fh(Q"uv)—h(3”u)-3"v—3"uh(3”v) (gnt)
> le #(3"u,3"v,0,9"t) > ILm d(3"u,3"v,0,3™t) = wp(t)
for all u,v € A and ¢t > 0. Then it follows that
d(uv) = 6(u)v + ud(v)

for all u € A. This completes the proof. O
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Corollary 3.2. Assume that p < 1 and 7 > 0. Suppose that h: A — A be a
function such that
t

gD h(u,v,w (t) Z ) (3'4)
RO = (fulle + Tolle + [[wlle)

¢ (t) > ! (3.5)
h(uv)—h(uw)v—uh(v = .
RO = ot r(fulle + ol

for all v € S', u,v,w € A and t > 0. Then there exists a unique derivation

v: A— A such that
t

e (3.6)
t+ 255 ull

Eh(u)—v(u)(t) >

forallue A andt > 0.

Proof. Apply Theorem 3.1, define
t
t+ 7([[ul]” + [lv]?)
for all u,v,w € A and t > 0 and K = 3°~!. Then we have the conclusion. O

d(u,v,w,t) ==

Theorem 3.3. Assume that h : A — A be a function for which there exists a
function ¢ : A3 — Ot such that (3.1) and (3.2) hold. If there exists K < 1
such that

o(u,v,w, Kt) > ¢(3u, 3v, 3w, 3t)
for all u,v,w € A and t > 0, then there exists a unique derivation v : A — A
such that

gh(u)*v(u) (t)>¢ <u7 U, u, @_I?I()t> (3.7)

forallue A andt > 0.
Proof. The proof is similar to the proof of Theorem 3.1. O

Corollary 3.4. Assume that p < 1 and 7 > 0. Suppose that h: A — A be a
function satisfying the conditions (3.4) and (3.5). Then there exists a unique
derivation v : A — A such that

t

>
t+ g llull?

En(u)—v(w) (t) (3.8)

forallue A andt > 0.

Proof. The proof follows by using Theorem 3.3, defining

( t) == !
o(u,v,w,t) :
t+7([[ull” + [loflP + [Jwl]]”)

for all u,v,w € Aand t >0 and K = 377, O
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4. STABILITY OF HOMOMORPHISMS IN LIE RC*-ALGEBRAS

We remember the random Lie RC*-algebra which is a Lie product

uv — vu

[u,v] := 5

on RC*-algebra.

Definition 4.1. Assume that A4 and B are Lie RC*-algebras. If F: A — B
satisfies

F([u, v]) = [F(u), F(v)]

for all u,v € A, then F' is called a Lie C*-algebra homomorphism.

Theorem 4.2. Assume that h : A — B be a function for which there exists a
function ¢ : A3 — OT with (2.1) such that

En(fuo))—[h(w).h(w)] (1) = @(u,v,0,t) (4.1)

for all u,v € A and t > 0. If there exists K < 1 such that
U v ow
s Uy 73Kt > (77777)
oluv,w,3K1) 2 ¢ (3,33
for all u,v,w € A and t > 0, then there exists a unique Lie RC*-algebra
homomorphism F : A — B satisfying (2.4).

Proof. Applying the similar method presented in Theorem 1.1, there exists a
unique C-linear mapping h : A — A satisfies (4.1). The mapping F': A — B
is given by

F(u) = lim h(3")

n— 00 3n

for all u € A.
On the other hand, we have

EF(fu))—[F(u),F(v)] () Tim &y (9n fu,0) (a3 u) h(3m0)] (97)
lim ¢(3"u,3"v,0,9"t)

n—oo

lim (3"u, 3", 0,3"t)

n—oo

wo (t)

for all u,v € A and ¢t > 0. So, we have

AVARRLY,

F([u, v]) = [F(u), F(v)]

for all u,v € A. Hence F : A — B is a Lie RC*-algebra homomorphism
satisfying (4.1). This completes the proof. O
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Corollary 4.3. Assume that p < 1 and 7 > 0. Suppose that h : A — A is a
function satisfying (4.1) and

t
2
t+ 7 ((Jull? + [lvfl”)

En((u,v))~[h(w),h(0)) (£) (4.2)

for all u,v € A and t > 0. Then there exists a unique Lie RC*-algebra
homomorphism F : A — B satisfying (2.4).

Proof. The proof follows by using Theorem 4.2, defining

( t) = !
o(u,v,w,t) :
t+7([ull” + [loflP + [Jwl]]”)

for all u,v,w € Aand t >0 and K = 37~ O

5. APPROXIMATIONS OF LIE DERIVATIONS ON RC*-ALGEBRAS

First, we give a definition of a Lie derivation in a Lie C*-algebra A.
Definition 5.1. In a Lie C*-algebra A, a C-linear function v : A — A with
([, v]) = [v(u), v] + [u, v(v)]

for all u,v,w € A is a Lie derivation.

Theorem 5.2. Assume that h : A — A be a function for which there exists a
function ¢ : A3 — OT with (3.1) such that

En([uo]) = [h(w) ] —[wh@)] () = ¢(u,v,0,t) (5.1)
for all u,v € A and t > 0. If there exists K < 1 such that

o, v,w,3Kt) > ¢ (“ Y w)

333
forallu,v,w € A andt > 0, then there exists a unique Lie derivationv : A — A
satisfying (3.3).

Proof. Applying the similar method presented in Theorem 3.1, it follows that
there exists a unique involutive C-linear function v : A — A satisfying (3.3) in
which

v(u) = lim h(3"u)

n—oo 3N

for all u € A.
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On the other hand, we have

Ty ([u,0]) [ () 0] — [0 (0)] (£)

nh_{IOlo En (97 [u,0])— [h(3nw),370] - [37u,h(370)] (9T)
lim ¢(3"u,3"v,0,9"t)

n—oo

lim ¢(3"u,3"v,0,3"t)

n—oo

wo(t)

for all u,v € A and ¢t > 0. Thus we have

ARV

V([u, v]) = [v(w), o] + [u, v (v)]

for all u,v € A. This completes the proof. O

Corollary 5.3. Assume that p < 1 and 7 > 0. Suppose that h : A — A is a
function satisfying (3.2) and

S t

— b T(([[ull” + [v]l?)
forallu,v € A andt > 0. Then there exists a unique Lie derivationv : A — A
satisfying (3.3).

En((u,v])— [ (w) 0] [u,h(v)] () (5.2)

Proof. The proof follows by using Theorem 5.2, defining

9( t) = !
u, v, w,t) =
t+ 1wl + llofl? + [lw]?)

for all u,v,w € Aand t >0 and K = 37~ O
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