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1. INTRODUCTION

Among the various classes of functions, the class of bianaytic functions, the
class of polyanalytic functions and the Gevrey classes occupy a major place in
mathematical analysis and in mathematical physics. Given a nonempty open
subset U of R?, a function f : U — C is said to be bianalytic if it satisfies,
for each z € U, the condition (%)2 F (z) = 0. Bianalytic functions originates
from mechanics where they played a fundamental role in solving the problems
of the planar elasticity theory. Their usefulness in mechanics was illustrated by
the pioneering works of Kolossoff, Muskhelishvili and their followers ([21]-[23],
[38], [39], [47]). By the systematic use of complex variable techniques these
authors have greatly simplified and extended the solutions of the problems of
the elasticity theory. The class of polyanalytic functions of order N (N € N*),
is a generalisation of the class of analytic functions and of that of bianalytic
functions. The class Hy(U) of polyanalytic functions of order N on U is the
set of functions F : U — C of class CV on U such that the following condition
holds for each z € U : (%)N F(z) = 0. The class of polyanalytic functions
was studied intensively by the russian school under the supervision of M. B.
Balk ([11]). The lines of current research on polyanalytic functions are various
: the problem of the best uniform approximation by N —analytic polynomials
([30]-[32], [51]), the study of wavelets and Gabor frames ([2]-[5], [9]), the time-
frequency analysis ([5], [7], [8]), the sampling and interpolation in function
spaces ([1]), the study of coherent states in quantum mechanics ([19], [36]),
[37]), the image and signal processing ([6], [7]), etc. Gevrey classes, which
are also, but in a completely different way, a generalisation of real analytic
functions, were first introduced by Gevrey ([16]). Indeed they are intermedi-
ate spaces between the space of real-analytic functions and the space of C'*°
smooth functions. Given s > 0, the Gevrey class G* (U) is defined as the set
of all functions f : U — C, of class C*> on U such that there exist a constant
R > 0 satisfying for every z € U and (a1, az) € N? the following estimate :

%(w) < Roataatl (g 4 ap)*@1792)  The Gevrey classes play an im-
portant role in various branches of partial and ordinary differential equations
and especially in the analysis of operators whose properties cannot be appre-
hended by the classical analytic framework. The field of applications of Gevrey
classes is very wide : the Gevrey class regularity of the equations of mathe-
matical physics ([20], [25], [26], [48], [49], [53]), the study of singularities in
micro-local analysis ([43]-[45]), the Gevrey solvability of differential operators
([12], [44], [45]), the divergent series and singular and the singular differential
equations ([34], [41]), the study of dynamical systems ([17], [42]), the evolution
partial differential equations ([14], [29], [46]), etc. However despite this great
interest devoted to polyanalytic functions and to Gevrey classes there is still, at
our knowledge, no interplay between them. Our main goal in this paper is then
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to contribute to bridging this gap. In order to achieve this task, we consider the
intersection of a Gevrey class on the unit disk D and the class of polyanalytic
functions of order N on D and then look for some property which characterizes
this class of functions. Indeed we obtain, in the main result of this paper, the
complete description of these so-called Gevrey polyanalytic classes of order NV
by specific expansions into N —analytic polynomials on suitable neighborhoods
of D. We establish two applications of our main theorem. The first application
concerns the proof for the Gevrey polyanalytic classes of order NV on the unit
disk D of an analogue to the E. M. Dyn’kin’s theorem ([13]). Let us recall that
this theorem basically says that a function f : R — C of class C*°on a region R
of C belongs to a class X of smooth complex valued functions on R if and only
if it has an extension F : C — C of class C! on C so that %—Ig satisfies a growth
condition of the form |%—§ (z)| < AHx (Bo(2,R)), z € C\R, where A,B > 0
are constants, g (z, R) is the euclidean distance from z to R and Hy : RT™* — R
is a function related to the class X, depending only on this class and such that

\ 1(1)1?>0Hx (t) = 0. Hx is then called the weight function of the class X while
-0,

the function F' is said to be a pseudoanalytic extension of the function f with
respect to the class X. The second application of our main theorem concerns
the construction, for Gevrey polyanalytic classes of order NV, of their degree of
the best uniform approximation on D by N —analytic polynomials.

The paper is structured as follows. In section 2, we state some notations
and definitions and prove a fundamental result which is necessary for the proof
of the first application of our main result. In section 3, we give the definition of
polyanalytic functions of order N and recall their main properties. In section
4, we recall the definition of Gevrey classes and the quantitative version of
the closure of these classes under the composition of functions and finally we
state the definition of polyanalytic Gevrey classes on an open subset U of the
complex plane. In section 5, we state the main result of this paper. The section
6 is devoted to the proof of the main result. Section 7 presents our applications
of the main result of the paper. Finally section 8 is an appendix which provides
the proofs of some technical estimates which are crucial for the proof of three
results : the proof of the direct part for N = 1 (proposition 8.1.), the proof
of the converse part of corollary 1 (proposition 8.2.), the proof of the converse
part of corollary 2 (proposition 8.3.).

2. PRELIMINARY NOTES

2.1. Basic notations. Let h a function defined on a nonempty subset F of C.
We denote by ||h||eo,z the quantity :

hlls, = supl(u)] € B¥ U {0}
ue
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Let S be a nonempty subset of C, then we set for each z € C :
0(28) = inf |z —u
0(z,S) represents the euclidean distance from z to S.
For all x € R we set :
] :=max({pe€Z:p<z})
We set for every n € N :
Jn)={peN:0<p<n-1}

We set for each « € N® and s € I (n) :

n n
al:= Hozj!, laf == Zaj
j=1 j=1

Let 0 := (01,02), 0’ := (0, 0%) € N?. We set :

o=x0 & (01 <o]and oy < 0})

o\ (o} [
(=)= ()(C)

We denote by dv (¢) the usual Lebesgue measure on C.

Let ¢ € C and r > 0. We denote by A (¢,7) (resp. A (¢, 7)) the usual open
(resp. closed) disk of center ¢ and radius r. T'((,r) denotes the usual circle of
center ¢ and radius r. D := A(0,1) (resp. D := A(0,1)) is called the open
(resp.closed) unit disk of the complex plane. It is then clear that :

0ifze D
D =
o(=D) { |z| — 1 else

In this case we set :

For all r, R > 0 and n € N* we set :

Dpr := A(O,l—‘rR), BR Z:Z(O,l—‘rR), Dk,R,n = DR 2

For each m € N*\{l} we denote by L,, the function defined on the set
= { 81,0y 8m_1) ER™M L1 <5y <. < sm_l} by the formula :

Cm (81, Smfl)

HEDE ()

p=1 J#p

For each real numbers r and g such that r > rg > 0 we set :

jm (7"0, T)

—C, (1+rr°,1+2<rro>...,1+(m1) (TTO)>
mro mro mro
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Proposition 2.1. The following estimate holds for each m € N* and e > 0 :

Tn (145 14¢) <(m—1) (?)27%2 <1+§>2m2 (2.1)

Proof. Indeed we have :

jm(l—l—i,l—i—g)

2

e)’” 2
Y e
- ) I1 (144 (o)) +1
S\ (1+2 (%)) -1) = .
A=) = T ey

2m71

m—1
1 5 11 E
. j e : |+
Jj=1 J (2 + % (2+5)> p=1 J#p ‘.7 _p| (2 + (Jmp (2-7—5))
2m—2 2m—2
5 2
< (m—1)<;n <1+)

Thence we achieve the proof of the proposition. O

IN

From now on V € N* and k > 0 are arbitrary but fixed real numbers.

2.2. Some function spaces and differential operators. C (ﬁ) represents
the set of continuous complex valued functions on D while C§° (C) denotes the
set of complex valued functions defined and of class C*° on C and of compact

support.
We denote by % the well-known Cauchy-Riemann operator differential op-
erator defined by the formula :

o _1(0 0
0z 2\ 0z Z@y

while % is the differential operator whose definition is :

9. _1(0 .9
0z 2\odx Oy

For each a := (a1, as) € N2, we denote by D the differential operator :

Do Hlel
© Qz gy
while % is the differential operator defined by :

glel AR A S
0210z~ \ 0z 0z
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The following proposition will play a fundamental role in the proof of the
first application of our main result.

Proposition 2.2. For every ¢ € C§° (C) and N € N* the following relation

holds :
1

0 () = /C | ](V_‘ff,](v_ 5 (2) e

Proof. Tt is well-known ( [52]; page 126, exercise 11-4) that the function :

(z —iy)"

Yy (2,y) = 7. (N — 1) (z +iy)

is a fundamental solution of the differential operator ( %)N . Let us then write
Vv (z,y) in the form :

ZN-1
. (N —=1)z
where z := x+iy. Consequently for each ¢ € C§° (C) and N € N* the following
formula holds for all z € C:

VN (Z) =

o\
o0 = [[rwi-0(5) v@w©
C
_ E-0"" (o\"
- [ (#) sow©
C
The proof of the proposition is then complete. O

3. POLYANALYTIC FUNCTIONS OF ORDER NN : DEFINITION AND MAIN
PROPERTIES

Let U be a nonempty open subset of C. The set Hy(U) of polyanalytic
functions of order N on U is the set of functions F : U — C of class C on U
such that :

o\ N
(VzeU): (82) F(z)=0
Then H;(U) is the set of holomorphic functions on U, while Hz(U) is the set
of bianalytic functions on U. It is well known ([11], pages 10 and 11) that a
function F : U — C is polyanalytic of order N if and only if it is of the form :

N-1
(VzelU): F(z) = ZFp(z)E” (3.1)
p=0

where Fy, ..., F)y_1 are holomorphic on U. We can prove by an easy induction
on N that the representation (3.1) of F' is unique. For every p € J(N), the
function F), is called the holomorphic component of order p of F' and labelled
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by the notation F, := IC,, (F) . It follows also from the formula (3.1) that every
function f € Hy (U) is of class C* on U. We denote by Iy the vector space
of complex polynomial functions P of the form :

N—1
z€Cr P(z):= ZQP(Z)E”,
p=0

where Qo,, ..., @n—1 are holomorphic polynomials. The members of Il are
called N-analytic polynomials. The degree of P # 0 is then the integer :
d° (P) := deg (@)

= max
0<p<N—1, Q#0
where deg (Q,) denotes the usual degree of @, € C[X]. We will set d° (0) =
—o0. With the convention that
(VneN):—oc0<n
Iy, is, for each n € N, the vector subspace of IIy defined by :
HN,n = {PE 1IN : dO(P) S’I‘L}

For each continuous function f : D — C, the N—approximating number of
order n is :

Enan(f)i= inf |1 = Pl

Let X be a nonempty subset of C (E) A degree of the best uniform N —poly-
nomial approximation of functions of X is a set R : ={m,, : u € A} of functions
m, : Rt — R* (A a nonempty set) such that :

(Vf € C(D)): [(F €X) & ((Fue ) (Vn e N): En (F) < my (n)]

The following results, whose proofs can be found in ([11], pages 21-25 and
27), will play a fundamental role in the current paper.

Theorem 3.1. Let v, := ['(¢,7,) be N circles where 0 < rg < 71 < ... <
ry—1 <t and f € Hy (A(¢,r)).

1. Maximum modulus principle for polyanalytic functions of order N on

A(C,r) :
a) The following estimates hold

1 N—-1
~ < —, ... .
”‘f”OOaA(C;TO) - EN <’r0, ’ T0 > Ogglga]iz(71 Hf”oo,’Yp (3 2)

b) If we assume that :

1Flloo.a ¢\ F(g,ro) < 00
then the following estimates hold :

HfHoo,Z(g,ro) < Jn (ro,7) ||f||oo,A(g,r)\Z(<,ro) (33)
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IN (10, 7) 1f oo, AN B(c,r0)
(Vp € T(N)) < 1Ky (D)l Sy < DALINEC T,
0
2. Weierstrass theorem for polyanalytic functions of order on A((,r) :
Let (fn),>1 be a sequence of polyanalytic functions of order N on A((,7)
which is uniformly convergent on every compact subset of A (¢, ) to a function

f. Then f € Hy (A (¢, 7)) and for each (p,q) € N? the sequence (M) .

(3.4)

0zPOz4
is uniformly convergent on every compact subset of A((,r) to the function
3p+qf
0zP0z1 "

By means of the theorem 3.1. we prove easily the following result.

Proposition 3.2. Let (f,),~; be a sequence of polyanalytic functions of or-
der N on an open disk A (C,_r). Let us assume that the sequence (fy),~, s
uniformly convergent on every compact subset of A((,r) to the function f .
Then f € Hy (A (¢, 7)) and, for everyp € J (N — 1), the sequence of functions
(Ko (fn)),> is uniformly convergent on every compact subset of A ((,r) to the

function IC, (f) .

The following result plays a crucial role in the proof of the second application
of the main result of this paper.

Proposition 3.3. Bernstein-Walsh inequality for N-analytic polynomials on
the unit disk :

For each P € Iy, and z € C\ D, the following inequality holds :
1 ntN—
P@I < @ -1y (51) 1Pl gl
Proof. We have for each j € J(N):

. 1
16 Pz, < 2 (3:1) 1Pl
2

On the other hand, by virtue of the well known Bernstein-Walsh inequality
([10]), we have for every z€ C\ D and j € J(N —1):

15 (P) () < 2 1K (Pl 5, 2"

It follows that :

N-1 i
PO < Y IGR)E)
j=0
N-1 ) 1 )
< Y2 (31) 1Pl ™
§=0

1 AN
< @) (5) 1Pl

Thence we achieve the proof of the proposition. O
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4. GEVREY CLASSES AND GEVREY POLYANALYTIC CLASSES OF ORDER NN

Definition 4.1. Let k,s > 0 and N € N* be given fixed numbers. Let U be a
nonempty subset of C and I an interval of R.

(1) The Gevrey class G* (U) is the set of functions f : U — C of class C™
on U such that :

(Va € N?) : [D*fl oo < BEH ol

By > 0 being a constant, with the convention that 0° = 1.
(2) The Gevrey class G* (I) is the set of functions f: I — C of class C*
on I such that :

(VneN): Hf(") < Btipsn

o0,

By > 0 being a constant.
(3) The Gevrey polyanalytic class of order N on U, H% (U), is the set of
functions f € Hy(U) such that :

(Y € N%) + D% fll gy < BE o )

By > 0 being a constant. It follows that :
HE(U) = Hy(U) NG (U)
Remark 4.2. We prove easily by direct computations that H¥ (U) is the set of
functions f € Hy(U) such that :
an-i—mf
02" 0z™ || v

B3 > 0 being a real constant.

(V(n,m) € N?) : < BT (4 ) (THE) ()

Remark 4.3. We prove, by an easy induction on N > 1, that the following
equivalence holds for each f € Hy (U) :

feHy (U)s [(YpeJ(N)): Ky (f) € HY (U)]

A slight refinement of the proof by D. Figueirinhas ([15], theorem 2. 5. pages
11 — 13) of the closure of Gevrey classes under composition provide us with
the following result which is essential for the proof of direct part of our main
result.

Theorem 4.4. Let I be an interval of R and f € G*(I), s > 1. Let U be an
open set of C and g : U — C a function of class C* on J such that f (I) CU
and g € G*(U). The function h := go f belongs also to G* (I) and if we
assume that :

IN

(n)
Hf 00,1

1Dl

cdin®™, neN

02d|2a| |oz|$‘0‘| , a € N?

IN
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(c1, di, ca, do > 0 being constants) then we will have :

Hh(") < cgdyn®, neN
oo, I
where : J
€C1C202
c3 1+ cordy’ 3 1(1+ecida)

5. STATEMENT OF THE MAIN RESULT
Our main result, in this paper, is the following.
Theorem 5.1.

(1) Let F € HY (D). Then there exist constants C > 0, R > 0 and § €]0, 1]
and a sequence (Pp)nen+ of N—analytic polynomials such that :

(Vn € N*) : HPnHoo,Dk,‘R,n < Cdn
“+oo
(Vze€ D): 3 Pu(z) = F(2)
n=1
(¥n € N*): d° (P,) < n*F*

(2) Conversly, let (fn)nen-be a sequence of N—analytic polynomials such
that :

(Vn € N) : [[falloo, Dy g, < C6"
for some constants C > 0, R > 0 and § €]0,1[. Then the function
series > fn converges uniformly on D to a function f € HX (D).

6. PROOF OF THE MAIN RESULT
6.1. Proof of the direct part of the main result.
6.1.1. Proof of the direct part for N=1.

Lemma 6.1. Let
F: D — C
—+oo
z = Y apaP
p=0

be a function which belongs to HF(D). Then there exists constants Py, Py > 0
such that :

(Vp € N) : |a,| < Prexp (77)2]),6%1)
Proof. Let us associate to every ¢ € [0, 1] the function :

o0 [0,27] — C
0 — F(tew)

Assume that F' € Hf(D), then there exists Py > 1 such that :
(vn € N) : ||[F™||so.p < Potin(ti)n
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Direct computations based on the result of theorem 4. 4. prove that :
(Vt € ]0,1]) (Vn € N¥)
6 loo,o20] < (L4 €Po)" "+
On the other hand for every n € N* and t € ]0,1[, the function cp,(f”) is a
2m—periodic function whose Fourier coefficient of order p € N* is :

27
1 .
N, NP _ (n) —ipl
i"p"tPa, 27r/(pt (0)e="P"do
0
It follows that :
(Y@ e ™)) (v eelo )
4y S (1 Py )

prEp

Thence we have :

p
But straightforward computations show that the following relation holds for all

p € N*) - |ay| < 2Py inf nn(+H) (1770
r S\

p € N*:
inf pn(+%) 1+ePo
neN* p
ke A+£)rp ke (144)(rp+1)
. 1+ePy\ Ft 14 ePy\ *!
= min Tp , (rp+1)
p p
where r, := Le‘l (1+ 6790)_%"'1 p’«%lJ. Consequently there exists two con-
stants Py, P2 > 0 such that :
n(1+3) P
. n k 1 _k_
Y N*) : f 7 < <_ k+1)
e My S T e P
1+4+ePo

It follows that :
(VP € N*) : ‘ap| < P1exp (—'PkaL-H)

Thence we achieve the proof of the proposition. O

End of the proof of the direct part for NV = 1.
Let us set for every z € Cand n € N :
P, (2):= Z apz”
k41 kt1 k+1

2 () " <pca (50 (n)

Then (P,,),en+ is a sequence of 1—analytic polynomials such that :

k41

(Vn € N*) : d° (P,) < n'F
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Furthermore the following inequality holds for each n € N* and z € D, », |
R

[P (2)]

lap| 21"

IA A
MM
S

(e}

Z
R

Y

I
SN—

27(%>n% §p<27(%) (n+1)%

p
: (1 + ZQn_i>

< Prexp (—?n) <2<ktl> (n+ 1)% - 27<%)n% + 1) .
%
g
-(1—!—71271'16)
%
< 2% exp (—7;271) ((n+ 1)% I 1) (1 + ZQn}c)

But we will prove in the proposition 8.1. in the appendix below, that there
exists a constant Ps > 0 such that

k+1
-

(¥n e N): 2 Pexp (—7;271> ((n F1)E —pt 4 1) :

%
. (1 + 712n_’1v>
Py \
< ()
Consequently the following relation holds :

n ()

But e~ % € ]0, 1 thence we achieve the proof of the direct part of the main
result for N = 1.
|

P2
4 "

(¥n € N): 1Pl .

6.1.2. Proof of the direct part in the general case N > 2. Let f € HY(D). Then
there exist, thanks to the remark 3 above, a functions gy, ..., gy belonging to
HY (D) such that :

N-1
(ze€D): f(z)= D g, ()7
p=0

Hence there exist for each p € J (N) a triple (Cp, Rp,d,) € RT™* x RT* x]0, 1]

of constants and a sequence (Q, ) of holomorphic polynomials such that

neN*
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(Vn € N*) : d° (Qnp) < n'*
(Vn € N): |@npllo b, ., < Coy

(72 € D)5 3 Qua(2) = 9p(2)

Let us set R := min (Ry, ..., Rnv—1) , 0 := max (dg, ...,0n-1) , C := max (Cyp, ..., Cn_1),
N-1

Qn(2) ==Y Qnp(2)ZP. Then ¢ € ]0,1] and Q,, is for each n € N a N—ana-
p=0

lytic polynomial such that :

k41
k

(VneN*):d° (Qn) <n
(Vn € N) : |Qullag py ., SNC(1+ RN 1em

Furthermore we have for each z € D :
N
f(Z) = ng (Z)Ep
p=0
+o0
= D Qn(2)
n=0

Thence we achieve the proof of the direct part of the main result.
|

6.2. Proof of the converse part of the main result. Let A > 0 and for
each n € N, a function f,, € H1(Dg, 4,,) such that :

{ (VneN*): f, € Hv(Dk,a.n)
(Vn € N*) ¢ || falloo, D a. < Cp"

where C' > 0, p € ]0,1] are constant. Without loss of the generality we can
also assume that A < 1. It follows, by virtue of the Weierstrass theorem for
polyanalytic functions of order NN, that the function series ) f,|, converges
uniformly to a function f € Hy (D). For every n € N* and p € J(N), let a,
be the holomorphic component of order p of f,,. Let a, be the holomorphic
component of order p of f. By virtue of the remark, for each p € J (V) the
function series ) ay, , is uniformly convergent on every compact of D to the
function a,. Then the inequalities (3.4) and (2.1) entail that the following
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estimate holds for each (p,n) € N2 :

IN

A
IN (1 + §n_%, 1+ An~* Cp"

2N -2 2 . 2N -2
< C(N )(N) <1+Ank) o"

larle.p,

,n

(W31

2
1 2N=2 2N —2
< C’(N—l)(/(l)N) n k p"
10 2N -2 AN 2
< C(N-1) <N) (suptk \/ﬁt) NG
A t>0

But direct computations prove that :

(VI € N) : sup (t%\/ﬁt) = 2 1% (6.1)

120 ekn (%)

lapnlloepy < QU
4

It follows that :

where :
2N—2

2N -2
Q:=C(N-1) (101\7) N -2 | | 2
ek In (%)

A
Thence, in view of the Cauchy’s inequalities for holomorphic functions, we can

write :

alh),

(Vn e N*) - ‘

A\
©
7 N

| no
N———
3
|~
e
|
=3
/N
%ﬂp
N~—
3
ﬁ
)
3

IN
©

Thence the following estimates hold :

(V(l,n) € Nx N : [[al), oo, p < PEHHE) /5" (6.2)

1y !

where Py := max | Q, Q <f\ ( ~ 1(1)> ) ,1 | . Consequently the function
e n ;

©)

series Y ap7y is uniformly convergent on each compact subset of D, and we
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obtain the following estimate :
P 1
¢ 4 Lp(14+L)1
(€M)l loop < g PROH)
Consequently :
(¥p € J(N)): ap € H{(D)

Let us consider the function f € Hy (D) defined by the formula :
N-1
(Vze D): f(z) = Zap(z)zp
=0

Then we have for each (I,m) € N2 :

(Vz € D)
8l+mf N-1
‘azlazm(z)‘ < Lotlade)
=0
< N!N,P4'Pil(1+%)l
T
< N!Np4pi+m(l+m)(l+%)(l+m)

-
It follows that f € HY (D).
The proof of the converse part of the main result is then achieved.
O

Remark 6.2. It follows easily from the relation (6.1) that if (fn),cn- @5 @
sequence of N—analytic polynomials such that

(vn € N%) :{|fnlloo, Dyan < Cp"

for some constants C' >0, A > 0 and p €]0,1[ then there exist some constants
P > 1 such that the following estimates hold for each (n,a) € N* x N2 :

1+4
1D%fu Nl b, , < plaltt|q(HR)lel ugn
4,

7. APPLICATIONS
7.1. E. M. Dyn’kin’s theorem for the Gevrey class H% (D).
Corollary 7.1. Let f € Hy (D).

1. If f € H% (D) then there exists a function F : C — C of class C™ on
C with compact support such that :

Flp=f
{ (Vze C\ D) : ’(%)NF(,Z)‘ < Cyexp |:_CQ (2| — 1)71€}

where Cy, Cy > 0 are constants.



104 H. Zoubeir, S. Kabbaj

2. Conversly, if there exists a function F : U — C of class C* on an open
neighborhood U of the closed unit disk D such that :

Flp=f
_ N _
(VzeU\D): ‘(%) F(z)‘ < Ciexp [—C’g (Iz] = 1) k}
where Cy, Cy > 0 are constants then f € HY (D).

Proof. 1. Assume that f € HY (D) then, according to theorem 5. 1., there
exists constants A €]0,1[, C > 0, p €]0,1] and a sequence of N—polynomial
functions (f,)nen such that :

{ (Vn € N) : ||f’l’LHOO7Dk,A,n < Cp*
(Vo € D) : Y020 fulz) = f(2)

On the other hand there exist ([50], lemma 3.3., page 77) for each n € N a
function h, : C — [0,1] and a family of positive constants (L, ),en2 such that

(Vz € Dk)%n) tha(z) =1
(vZ €C\ Dy ) S ha(2) =0
(Vv € N2) (Vz € R?) : [D¥h,,(2)] < Lyn'F
We set for each p € N :

n

M, := maxL,
[v|<p

We denote by F,, the function defined by :

{ (VZ € Dk,A,n) : Fn(z) = hn(z)fn(z)
(Vz€ C\ Dyan):F.(2)=0

The function F,, is of class C* on C and satisfies the condition :

Fn'D :fn|D
k,

n kA n

INFS
[

Since :
(Vn € N) ¢ |[Fyloo,c < Cp"

it follows that the function series > F), is uniformly convergent on C to a
continuous function F with compact support contained in D 4. Furthermore
we have for all z € D :

+oo
F(z) = Y Fu(2)
n=0

+o00
n=0
= f(2)
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Thence F is an extension to C of f. Let n € N, a € N2> and z € C. If z €
C\ Dy, 4, then we will have :

,n

D®F,(2) =0
Now if z € D, 4 ,, then we have :
[ D F(2)]
< D ID ha(2)] [DF fu(2)]

BLa
But there exists, thanks to remark 4.2., a constant P5 > 1 such that the

following estimate holds for each v € N? :

+1 1+L
ID%fn oo, p, o < PRI | (R 05n

[N

Hence we can write :

IDFy ()]

< Y GMnF D ()]
B<a

< DS Mg (3 PETI o (DI g
B

< PsMiay (2P5)! o R g

It follows that the function series Y D®F),(z) is for all @ € N? normally con-
vergent on C. Hence the function F = "> | F), is of class C* on C and we
have for each z € C\ D and o € N? :

{ DF(z) = Y12 D*F,(z)
(

)N F2) =25 (2) Fulz)

On the other hand we have for each n € N* :

=

Mm

A
3" “%or o(z,D) <

( ) z) = 0if o(z, D) >

But if 4 an ~% < p(z,D) < an ~% then we have the following estimates :

o\" ()
|(3z) F.(z)] < Z)JVID(P,NP)FH(Z)
=
< PsMuy (2Ps)Y NOFRIN R T /"
(Ll
< Pﬁelnép)"supt%e* <8p)t

t>0
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where Pg := PsMny (2735)N N@+%)N | The relation (6.1) entails then that the
following relation holds :

(2)ne

pﬁ,( s )
Let us then set P7 := L(f) and Pg := % (%)k In (%) .Thence we have

l—e 8

for every z € C\ D the following estimate :

2 k| < (1)
7% z < —e ) 7 Z e

1 1
4n "k <p(z,D)<4n"k

< (1 - elnép)> P Z elnip)"
(metpy) <0

< Prexp (—Pso(z, D))

< Prexp (—Ps (s - 1))

2. Let f € Hy (D). Assume that there exists a function F' : U — C of class
C® on a neighborhood U of the closed unit disk D such that :

Flp=f
{ (VzeU\D): ‘(%)NF(z)’ < Py exp (—Plo (|2 = 1)_k)

where Py, P1p > 0 are constants. Let Ry > 0 be such that the disk Dyyp, is
contained in Y. There exist ([50]) a function ® : C — [0, 1] of class C*° on C
such that :

(Vzeﬁpr%) (P(z) =1
(VZE(C\51+@> :®(2)=0

We denote by F the function defined by :

(vz e EH@) L F(2) = ®(2)F(2)
(VZ € C\DH@) L F(2) =0
Then it is clear that the function F is an extension of the function ftoC, and

that F is of class C* on C with compact support contained in ﬁl 42re and
3
that the following estimate holds :

(Vz eC \ﬁ) . ‘ <682>N ﬁ(z) < P11 exp (—7’12 (Jz| = 1)‘;:)
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with some convenient constants P11, P12 > 0. Thanks to proposition 2.1., the
following relations hold for every z € C :

1

oo = [t (2) oo

Let us denote by ¥ the function :

U: Cx (Diyp,\D) — C

NN

(2.0 = svoiesg (5) F(©)

Then we have the following estimates for each (I,m) € N? :

oltmy
Sup gz (AC)‘
(2,0)€DXD | 2rg, (FDU{z} 2'0z
3
N ~
v | @) o
= sup o max(\z—d,l) Y
(2:0)€EDXD  2rg, (EDU{z} 7|z — (|
3
2R N-1
< 7T_1P11 (2 (1+30>> .

exp (~Piz (I = 1)) 0

[+1
¢

. sup
(z,C)erDlJr%Q,C%ﬁU{Z} |z —

But there exists, according to proposition 8.2. in the appendix below, a
constant P13 > 0 such that :

exp (~Piz (I = 1)) 1
sup 7
(2)€DXD, 2y, (¢DU{} 2= ¢!
1 I+17(1+L)1
= —1 2R N1 713 ()
1Py (2 (1 + 250))

Consequently the following condition holds :

8“””\1/

2\ . . -
(V (l,m) eN ) : sup 9zl9z™

(Z,Q)GDXDLF%, (¢ﬁu{z}

<z,<>\ < PO+ D)
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gltm
aztozm

can interchange L;,, and the integral sign / / to write for each z € D :

It follows that, when applying the differential operator L;,, := to F, we

D1+%1\D
alerf al+mﬁ
a0z B = aagem ?)
al-&-m\I,
- // O (20 ()
+2Ro \D

Hence we can write for each z € D :

1+ m)(l-‘r%)(H—m)

omE 47Ro (Ro +3)
— F i S +m+1
algzm \© | = 9 P

Consequently f € H¥ (D).
The proof of the corollary is complete. O

7.2. Degree of the best uniform N-polynomial approximation of func-
tions of the Gevrey class HY, (D).

Corollary 7.2. For every k > 0, the set of the functions

@a,ﬁ : RT — R*
k
t — aexp (—ﬁtm)

where (o, 8) runs over RY* xRT* is a degree of the best uniform N —polynomial
approximation of the Gevrey class H% (D).

Proof. 1. Let f € H% (D). According to the main result of this paper there
exists a sequence (P,),en+ of N—analytic polynomials such that :

(V?’L € N*) HP ||00 Dy, r,n < 0"

(Vz € D) : ;Pn() F(2)
(Vn € N*) 1 d° (P,) < n"t

where C' > 0 and ¢ €]0, 1] are constants. Let us denote for each n € N* by Q,
the finite sum @, := Y  P;. Then @,, € Iy, and the following inequalities

k‘+1
7 <n
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hold :
EN,n (.f) < Hf_Q"”oo,D
< Z ||Pj||oo,D
kt1
ik >n
<oy
k1
ik >n
C
< - sn
- 1—65

Consequently we have for each n € N :
Enp (f) < Praexp (_leﬁ)

where P14 := max (%,EN)O (f)) >0 and P15 :=1In (%) > 0.
2. Conversly, let f € C (ﬁ) which fullfiles the following condition :

(v € N) : Enn (f) < Prgexp (~Priyn )

where Py, P17 > 0 are constants. Then there exists for each n € N, a function
W, € N, such that :

_k_
||f - W”LHqu S 7)16 exp (—7317nk-+1>

We denote for each n € N*, by Y,, the finite sum > (W; —W;_1).
W iy

Then Y,, € Il and we obtain, for every z € D, s , by virtue of the proposition
5

3.3., the following estimates :

Yo (2)] < > (Wj(2) = Wj-a(2)]

k+1

kE+1
n kb <j<(n+1) k

1
n't <j<nt) E
P16 (eXP (-7’17J"“L“> +exp (-7’17 (J— 1)’“%1)) i
< P (VT 1) In (;, 1) exp (=P17rn) -

Z (1+6Xp (7317 (j’%—(j—l)ﬁ)))'

k+1 k+1
n'k <j<(ntn)

J+N
: <1 + 73317ni)
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But, according to the proposition 8.3. in the appendix below, we have the
following asymptotic estimates :

k
1 —

exp (—P17n) Z (1 +exp (P” (]W (- 1)’%1))) .

k
n<jFH <n+1

J+N
.@+§wz)

= 0.((%))

Consequently there exist a constant P1g > 0 such that the following estimate
holds for each n € N :

P n
Wallwp, , < Pis (e775)
£

Since the function series Y Y,, is uniformly convergent on D to the function f
it follows, thanks to theorem 5. 1., that f € HE (D).
The proof of the corollary is then achieved. ]

8. APPENDIX

Proposition 8.1. For each constant B > 0, there exists a constant Dy > 0
such that the following estimate holds :

(YneN) : e B ((n+1)% . 1) .

< oty

Proof. The following inequalities hold for each n € N :

e~ Br ((n+ D e s 1) (1 + Sni)

e—Bnegn ((’I’L+ 1)% _nkkl + 1)

(k—]:l> —3n (n% +1

IN
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Consequently there exist a constant D; > 0 such that :

(VneN) : e Bn ((n—l— 1)% et 1) .
%
B n
< Dl (B_g)n
Thence we achieve the proof of the proposition. O

Proposition 8.2. For each constants R, B > 0, there exists a constant Dy > 0
such that the following estimate holds :

exp (=B (I = 1)7*) 1
(Ml eN) sup T
(5,Q)EDXD, | 25, (EDU{z} |z — (|
< Dl2+1l(1+%)l

Proof. For each constants R, B > 0, we have for every [ € N :

exp (=B ¢/ - 1)) 1

sup . 71
(2:0)€DXD, , 2 . C¢DU{z} |z =]
—k
exp (-Blz—¢| ™)
< 1 sup T
(2)€DXD, , 2, C¢DU{z} |z — (]
< Bf%l!sup (t%e*’j
t>0

But, according to the relation (6.1), we can write :

B~ G sup (tHTl e_t)

) ()

Let us set Dy := max ((%) E 1). Then we have the following relation :

=
=~

exp (=B (I - 1)) 1
(VIeN) sup T
(2:00€DXD, 2, (#DU{z) |z — (]

< Dé+1l(1+%)z

Thence we achieve the proof of the proposition. O
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Proposition 8.3. For each constant B > 0, the following asymptotic estimate

holds :
e B Z (1+exp(8 (jkiﬂ_(j_l)k%l))).

1 k+1

n k <j<(n+1) F

(1 B Jj+N
: +§n_ )
-9 (1))

Proof. The following asymptotic relations hold for each constant B > 0 :

o—Bn Z (1+exp (B(]%*(*l)ﬁ))) <1+§n}c>j+N

k41 k+
n k& <j<(n+1) *

B
_ —Bn
= O+ e exp<(1+n A (1)) 3n> " E 1

k41 k41
n k<<

e

el

k+1
)
n o0
= [0) (n% e_gn)
n—+oo
= ,9.((%))
n—-+oo
Thence we achieve the proof of the proposition. O
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