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1. INTRODUCTION

The pair of the Lommel functions are introduced by FEugen Von Lommel
(see [17])
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The differential equation for Lommel function is a non-homogeneous form of
the Bessel differential equation (see [16, 17, 18]):
2
22% + z% + (2% =)y = 2L

Studies of special matrix polynomials and orthogonal matrix polynomials are
very important by virtue to their applications in particular areas such as
physics, statistics, engineering, Lie groups theory, splines, interpolation and
quadrature, and medical imaging. Because of this study, some mathematicians
have demonstrated that some results in the literature can be extended to ma-
trix functions and matrix polynomials (see for example [8, 9, 10, 11, 13, 15, 20,
21, 23, 24, 25, 26, 29]).

Motivated by the results of Sastre and Jédar [19], Cekim and Altin [2],
Cekim and Erkug-Duman [3], and Shehata [22, 27, 28], we present in this pa-
per a new class for the pair of the Lommel matrix functions. The organization
of the paper is as follows: We rephrase some results from the previous works
which is used in this study in Section 1. In Section 2, we look back on briefly
some known facts on the hypergeometric matrix functions and derive some of
its properties, prove new interesting properties, a matrix differential equation
and some matrix transformations of the hypergeometric matrix functions are
obtained. We give the generalized hypergeometric matrix functions and derive
some of its properties. Section 3 is devoted to the Lommel matrix functions,
using hypergeometric matrix functions, and this includes a matrix differential
equation of second order, matrix recurrence relations and integral representa-
tion which are satisfied by the Lommel matrix functions. We define a pair of
the modified Lommel matrix functions and some properties related to these
functions are also given in Section 4.

1.1. Preliminaries. Firstly, we will give some basic facts, lemma, definition,
notation or terminology and properties of the matrix functional calculus, used
in the next sections.

During this paper, for a matrix A in CV*¥ g(A) symbolize the spectrum
of the set of all eigenvalues of A. The two-norm is described by

A
1Al = sup 1A2llz.
z#0 ||lz]l2

where ||z|]z = (z2)2 denotes the well-known Euclidean norm of a vector x

in CN. Furthermore, the identity matrix and the null matrix or zero matrix in
CN*N will be symbolized by I and 0, respectively.

In this work, we symbolize by u(A) the logarithmic norm of A, which is
defined by [8, 9] as follows:
A+ AH }

w(A) = max {z : z eigenvalue of , (1.1)
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where A" denotes the conjugate transpose. We also denote by the number
fi(A) as

H
fi(A) = min {z : z eigenvalue of A +2A } (1.2)

From [9], it follows that [le/?|| < et*(4) for t > 0. Hence we have

Ay [ P> 1

Definition 1.1. Let A be a matrix in CV*V. We say that A is a positive
stable matrix if

Re(p) >0 Y pueo(4). (1.4)

Theorem 1.2. [7] If U(z) and V(z) are holomorphic functions in an open set
Q of the complex plane, and P, Q are commutative matrices in CN*N with
o(P) C Q and 0(Q) C Q, then

U(P)V(Q) = V(Q)U(P).

Definition 1.3. [12] For a positive stable matrix 4 in CM*¥  the Gamma
matrix function I'(P) is described by

I(P) = /Ooo e tP=1at; P71 =exp ((P —I)ln t). (1.5)

Definition 1.4. For A in CV*¥ | the matrix form of the Pochhammer symbol
is given by
(A =AA+T)...(A+ (n—1I) =T(A+nI)I"'(A), n€N, (A) = I1,(1.6)

where A 4+ nl is an invertible matrix for every integer n > 0 and I'(A) is an
invertible matrix, its inverse coincides with T'=1(A).

Fact 1.1. (Jédar and Cortés [14]) Let us denote the real numbers M(A), m(A)
for A in CN*N such that

M(A) = max{Re(z) : z € 0(A)}, and m(A) = min{Re(z) : z € 0(A)}. (1.7)

Then we get

N-1 1

A|[Nzt)k

||etA|| < etM(A) E (H Hk' 2 ) ., t>0 (].8)
k=0 ’

and

N-1
(|A N 1
||nA||§nM(A)Z (AN tnm)®  lnn)* , neN (1.9)
k=0
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Theorem 1.5. (Jddar and Cortés [12]) Let A be a positive stable matrix in
CN*N | Thus, one has the following property

L(A) = lim (n— D(A)n] 0 for neN. (1.10)

Definition 1.6. [12] For positive stable matrices P and @ in CV*V | the defi-
nition of B(P, Q) Beta matrix function is given by

1
B(P,Q):/O tP=1(1 — )9 Ldt. (1.11)

Lemma 1.7. [12] Let P, Q and P + Q be positive stable matrices in CN*N
satisfy the conditions PQ = QP, and P+ nl, Q +nl and P+ Q + nl are
invertible matrices for all eigenvalues n > 0. Then we get

B(P.Q) = [(P)I(QT (P +Q). (112)

Also, for a matrix A(k,n) in CV*¥ for n > 0 and k > 0, the relation is
given by Defez and Jédar [4]

n

SN Alkn) =) A(k,n— k). (1.13)

n=0 k=0 n=0 k=0
Definition 1.8. Let us take A a matrix in C¥N>*¥ gsuch that

v is not a negative integer for every v € o(A). (1.14)

Then the Bessel matrix function J(z) of the first kind of order A was given
in [19] as follows:

0o A+2kT
Jaz) =3 CD 144 5+ 1) (12) '

= k! 2 .
A P (1.15)
= (22) ™Y A+T) o/ (—;A—f— I —4>; |z| < o005 |arg(z)] < .

2. PROPERTIES OF HYPERGEOMETRIC MATRIX FUNCTIONS
In this section, we firstly give the definitions of hypergeometric matrix func-
tions 1F2 and 3F0.
Definition 2.1. Let A;, By and By be commutative matrices in CV*¥ satis-

fying the following condition
By + kI and By + kI are invertible matrices Vk € NU {0}. (2.1)

Then we define the first hypergeometric matrix function 1F5 as
ok

z
k!
k=0

1F5(A1; B1, Bg; 2) = (A)k[(B)k] M (Ba2)k) (2.2)
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Now, we find an interesting radius of convergence R of 1F5. For this aim,
with the help of method in [20] and (2.2), then we give
) %

H (A)k[(B1)] M [(Ba)k] ™

1 1
= zlimsup(HUkH)k = hm sup(

k!
—A1
= lim sup U‘ - 1)!k3A1
k—o0
_ —Ba2 x
x (:_ i = DB %31(:_1)!(% SRR ] 23)
= ]ilrcrisolip [H (P—l(Al)F(Bl)F(BQ))kAIk_BI k_Bzm ]

L T

(k — 1)lK! P (k — 1)lk!

k—o0

1 1
, S R IE =B 1R =521 ] *
< limsup < limsup

Substitute from (1.8) and (1.9) into (2.3), one gets

N—-1 1 ;
L. 1 M(Ay) (I A1 [ N2 Ink)?
E S hmsup{(k_l)!k!k Z -

k—oc0 . .]'
7=0
= (1B ||N21nk> = (1B |V by ¢ 29
x k;‘m(Bl)( v Ue )k—m(32>( yo 2 )}

s=0 ! r=0 !
By using (1.8), we can write
N-1 1 N—-1

3 J
S UANERY e SO e
j=0 I 3=0 J:
Then we have

M(A1) .—m(B1) j.—m(B '

l <limsup{ JeM (A1) .—m(B1) |.—m(B2) 6|A1|e|31|6||32|(N1nk)3NS}k —o
R ™ oo 2m(k — 1)(E2)k =12 k(%)F

Thus, the power series (2.2) is convergent for all complex numbers z. That
is, the function 1F% is an entire function under the condition in (2.1) of the
definition (2.2).

On the other hand, we take in consideration the differential operator 6 =

de,D *ddz,ﬁz = kz*. Thus we have

9(91+Bl—1)(91+32—1) VP

Jkl(B) k1] (B2)g—1] "

k:l
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Replace k by k + 1, we have
0OI+B,—1)01+By—1I)1F

X k+1
=3 S A [(BOA (B2 = 20 T+ Av) 1B
k=0

Thus, the next result has been obtained:

Theorem 2.2. Let Ay, B, and By be commutative matrices in CN*N satisfying

the spectral condition (2.1). Then the function 1F5 is a solution of the following
matriz differential equation of the three order

0(9[+BlI)(91+BQI)Z(91+A1):| 1F> = 0. (2.5)
Definition 2.3. Let us define the second hypergeometric matrix function 3Fj
as

3F0(Ay, A, Az; —; 2) ZZ*,(Al)k(Az)k(Ag)k (2.6)
k=0

where A;, A; and Aj are commutative matrices in CV*V,

Similarly, for 3Fj, we have

.k 2k = %
0 3Fp = ; W(Al)k(Aﬂk(AB)k = ; = 1) (A1) (A2)k(A3)k-
Replace k by k + 1, thus we have
 k+1
03F =) T(Al)k+1(A2)k+1(A3)k+1
k=0

=20 T+ A) (O T+ Ay)(0 1+ As) 5Fy.

This result is summarized below.

Theorem 2.4. Suppose that Ay, Ay and Az are commutative matrices in
CNXN . Then the function 3Fy satisfy the matriz differential equation of the
three order

To derive interesting relations, we will benefit from the following corollary
given by Defez and Jédar in [5].

Theorem 2.5. [1, 5] Let A and B be matrices in CN*N such that A and B— A
are positive stable matrices with AB = BA and B + nl is an invertible matriz
forn € NU{0}. Then the following identity holds

Py < Y 1) — (B~ A)l(B)] (2.5)
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Now, we demonstrate that well-known hypergeometric matrix functions oF}
and oF} satisfy various transformation formulaes.

Theorem 2.6. Let A be a matriz in CN*N where A+ nl and (2A —I) +nl
are invertible matrices for n € NU{0}. Then we get

2 Fy ( —nl, I —A—nl; 4 1) = (24 = D2a[(A)n] 7 2A-D)a] ™" (229)

Proof. Taking A — T — A —nl and B — A in (2.8), we have
oFi(—nI, I — A—nl; A;1) =(2A + (n — 1)), [(A),]
=T(24+ (2n — 1)[)T71(2A — I)T'(2A — 1) (2.10)
x T(2A+ (n — )T (AT YA + nl).

By (1.3), we can rewrite the formula
T(2A+ (2n — )T 7124 — 1) = (24 — I)a,
L(2A -~ DI 24+ (n—DI) = [(2A - I),] 7}, (2.11)
D(AT YA +nl) =[(A),] "

From (2.11) into (2.10), we get (2.6). O

Theorem 2.7. If A is a matriz in CN*N providing the conditions A+ kI and
(2A —I) + kI are invertible matrices for k € NU {0}, then we get

oF1 (—; A; z) ofF1 (—; A, z) =5 <;(2A —1);A,2A - I, 42). (2.12)

Proof. From (1.13) and (2.9), we have

oF1 (—;A;z> oF1 (—;A; z) = i zm: [(A)m;ﬂ;[_?ﬁ}_lzm

m=0n=0
o~ (I = A—mD, (A" (=mD), Al
:mZo;)( )7[1(!)] )n [( 7)n!] .
:Z 2F1(—mI,I—A_m];A;1>WZm
m=0
3 2m (1 -1 12"
ZZZ’”(Q(M—I)) (Aym] 124 = D] 20

= 1F2<;(2A—I);A,2A—I;4z).
O

Theorem 2.8. If A is a matriz in CN*N providing the conditions A + kI,
A+ (k+ 1) and 2A + kI are invertible matrices for every integer k > 0, then
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we get
1

Proof. From (1.13) and (2.9), we have

oF (—;A;z> oF (—;A+I; z> _ i i [(A)m—n] A+ D)n] 2™

nl(m —n)!

m=0n=0

M

" (I —A—mI),[(A Jn*:mfn Al
Z%( Jnl(A+1)n] = ( )[()]Z

m=0 ! "
- io 2F1<—mI,I—A—mI;A+I;1>Wzm
= 2A)2m[(A+ I)m]’l[(QA)mrl%zm

m=0

m
_17

=S o (Geasn) (a+ D a2
m=0 m :
=1k (;(2A+I);A+I,2A;4z>.

O

Theorem 2.9. For A is a matriz in CN*N providing the conditions A F kI
and (2A — I) + kI are invertible matrices for k € NU {0} and |arg(z)| < ,
then the product of two Bessel matrix functions hold the following feature

P 2A+1
Ta(2) T asr(2) :(2) YA+ T (A +21)

) (2.14)
X 1 Fy <A+ 5I;A+ 21,2A + 2I; —z2>.

Proof. From (1.15) and (2.13), we obtain (2.14). d

3. LOMMEL’S MATRIX FUNCTIONS: DEFINITIONS AND PROPERTIES

In this section, the pair of Lommel’s matrix functions with the help of hy-
pergeometric matrix functions are introduced.

Definition 3.1. Let A and B be matrices in CV*¥ so

Re(w) is not an odd negative integer for all u € o(A &+ B). (3.1)
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Then, we define the Lommel matrix functions s4 g(z) of the first kind in the
form:

sap(z) =" "T(A-B+I)""(A+B+1)"!
4
LA 2 5 2k 3.2
== Z(—1)’€<2> F(i(A—BJrI))F(;(AJanLI)) (32)

x Tt <;(A —B+3I+ 2k[)>r1 (;(A +B+3I+ 21<:I)>,

X 1F2<I;2(A—B+3[),2(A+B+3[);_ZQ)

where A = B+ I and A + B + 3I are invertible matrices, AB = BA and
larg(z)| < .

Thus, the Lommel matrix function s4 g(z) is an entire function under the
condition (3.1).

Definition 3.2. Let A and B be matrices in CV*¥ so

Re(y) is an odd positive integer for all u € 0(A £ B), and AB = BA. (3.3)

Then, we define the Lommel matrix function s4 g(z) of the second kind in the
form
1

2([—A+B),;(I—A—B);—;—4), (3.4)

Sap(z) =21 3F, <I7 ©

where |arg(z)| <7 —0, 8 > 0 for |z] — oo.

Theorem 3.3. Let A, A—1I, B and B — I be matrices in CVN*N providing
the restriction (3.3), and AB = BA. The matriz recurrence relations and
difference differential equations for Lommel’s matriz functions Sa p(z) are

SA+2]7B(Z) = A+ _ [(A + 1)2 — B2}SA7B(Z), (35)

SA,B(Z)+§SA)B(Z):(A+B*I)SA_]73_1(Z), (3.6)
B

S;LB(Z)—;SA’B(Z):(A—B—I)SA,[’BJFI(Z)7 (37)

%B SA’B(Z) = (A + B — I)SA,LB,[(Z) - (A — B - I)SA,LBJFI(Z) (38)
and
2514,3(2) =(A+B—-1)Sa_15-1(2) + (A= B —1)Sa_1B+1(%), (3.9)

where |arg(z)] <m —43, 6 >0 for |z] — oo.



Proof. From (3.4), we have

. ki) (—1)’“(I)k<§(l —A-2I +:))k<5(1 —A—2I— B))k <;;>k

o [”,i vt (3 -4 2”5’>k<5“ —a-2-n) (4)]

—zA“{I ! (A+1)—B)(A+1+ B)

22

. g%) (=1)F(Dx (é(l — A +§)>k (;(I —A- B))k (i)%]
_ A (AT - BYaAT i (=D (D) (5(1 - A +j)>’“ (;(I - A- B))k (i)%
= !

Multiplying (3.4) by 2P and taking the derivative with respect to z, we have

dilz [ZBSAVB(Z)} = pAtB-2
) g;) (—1)(I)x(A+ B — 2kI — 1)(;];1— A+B)>k(;(1_ A— B))k (i)%

i (1o (3 - 4 +j>)k (2a-a-m) 8 "

e go (—1)k(1)k(§(l A+ B;!)k(é(l —A-B)+ I>k (i)%

:(A + B — I)ZBSA_LB_I(Z).

Thus, we have

51473(2) + gSA,B(Z) = (A + B — I)SA_]_’B_I(Z).
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On the other hand, we can similarly write

d
e [z_BSA’B(z)} = 0xA-B-21

Xli(nkﬂ(f)k(;(IA+B)+k1>lg;(1A+B)>k(;(1AB))k(j)%
o (1D (01 - B4~ 2
zzzABQIgg%( vt (30 A‘%:?>k+1< S Z”>k;<z> :

(—1)*(I)s <;(1 —A+B)+ I)k<;(1 A B))

0o 2 2k
—(A—B-—1 A—B-2I k| “
( )2 ;} k! 2
:(A —B— I)ZiBSA7[7B+I(Z).
Thus, we get

, B
Sup(z) — ;SA,B(Z) =(A—=B—-1)Sa-1.B+1(2).

With the help of subtracting and adding operation on these results, we have
the following formulaes
2
;B SA,B(Z) = (A+ B - I)SA—I,B—I(Z) - (A —B- I)SA—I,B+I(Z)7
251/473(2’) = (A + B — I)SA—I,B—I(Z) + (A — B - I)SA_LB_;_](Z).
|

Theorem 3.4. Let A, A—1, B and B — I be matrices in CN*N providing the
restriction (3.1) and AB = BA. Then the sa p(z) satisfy the following matric
recurrence relations and difference differential equations

SA+21,B(Z) = A _ [(A + 1)2 - B2}SA,B(Z), (3.10)
s’A’B(z)—l—gsAJg(z):(A—I—B—1’)8,4,1,13,1(,2)7 (3.11)
Shn(2) = Zsan(z) = (A= B-Dsa o1l (3.12)

%B sap(z)=(A+B—1Dsa_1p-1(z) —(A—B—1sa_rp+1(z) (3.13)
and
25y p(2) =(A+B—DNsa_rp-1(2) +(A=B—I)sa_1,3+1(2), (3.14)
where |arg(z)| < 7.

Proof. The proof is similar to Theorem 3.1. (]
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Corollary 3.5. Let A, B and —B be matrices in CN*N providing (3.3),
AB = BA. Then the S p(z) satisfy the following relation

Sa,p(z) =Sa,—B(2), (3.15)
where |arg(z)] <7 —4, 6 > 0.
Proof. Taking —B instead of B in (3.4), we obtain (3.15). O

Corollary 3.6. Let A, B and —B be matrices in CN*N providing the restric-
tion (3.1) and AB = BA. Then the sa p(z) satisfy the following relation

sa.B(z) =sa,-B(2), (3.16)
where |arg(z)| < .
Proof. The proof is similar to Corollary 3.1. O

Theorem 3.7. Let A and B be matrices in CN*N satisfying the conditions
(5.8), A+ B — I are invertible matrices and AB = BA. Then the sa,p(2) is a
solution of the Lommel matriz differential equation of two order

d? d
2 27 _ p2 _ AT 1
z szI+ZdzI+ (2°I — B%)| Sap(z) =2""", (3.17)

where |arg(z)| <7 —4, § > 0.
Proof. From (3.5), we get
Sa_a1(2) = [(A=D)? =B[22 — 94 5(2)]. (3.18)
Replace A by A—1T and B by B —1I in (3.7), we get
B-1

S:LX—I,B—I(Z) - SA—I,B—I(Z) = (A — B - I)SA_QLB(Z). (319)
Using (3.7) and (3.18), we have

S 151 = 244 B - 17 8,5() + a2

z

(3.20)
+(A-B-D[(A-1)*-B?! [ZAI - SA7B(Z)] .

Differentiating of (3.6) with respect to z, we get

B B
San(z) + —Sup() - 3%8() = (A+B-DS)_1ps(z). (321)

Taking into account (3.20) in (3.21), we obtain (3.17). O

In a similar manner, we can give the next result.
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Theorem 3.8. Let A and B be matrices in CN*N satisfying the conditions
(5.1), A+ B —I are invertible matrices and AB = BA. Then the sa g(2) is a
solution of the Lommel matriz differential equation of two order

22——T — z— — (B% — 221)| sa,p(2) = 2471, (3.22)
z

where |arg(z)| < .

Naturally, we are ready to give the new integral representations for the
Lommel matrix functions.

Theorem 3.9. Let A and B be matrices in CN*N satisfying (3.3) and AB =
BA. Then the integral representation for Lommel matriz function is
1

LS
1
SA7B(Z):ZA/ e_Zt 2F1<(B—A+I),
; 2 2

1
(I — B — A); 5T —t2) dt, (3.23)
where Re(z) >0, |arg(z)] <7 —43, 6 >0 for |z| — oo.

Proof. From (1.5), one gets the following integral

PRE+1) [ Lok
Using (3.24) in the left hand side of (3.23), we have the desired result. O

Theorem 3.10. Let A and B be matrices in CN*N providing the restriction
(3.1), A B+1I and A+ B+ 3I are invertible matrices and AB = BA. Then
we have the integral representation for Lommel matriz function s p(z)

1
1 1
sa.B(z) :/ (1— t)%(A_B_I) oF1 (—; §(A+ B+ 3I); —422t)dt
0

) (3.25)
x AT A-B+I) Y A+B+1)™! <2(A -B +I))
and
' L(A+B—I) 1 L,
sap(z)=[ (1—1)2 oF1 —;§(A—B+31);—1z t)dt
0 . (3.26)
x A A-B+I) Y A+B+1)™! <2(A+ B +I)>7
where |arg(z)| < .
Proof. By using (1.11) and (1.12), one can obtain the desired result. O

The next theorem can be proved using the similar technique as in Theorem
3.6.
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Theorem 3.11. If A and B are matrices in CN*N providing the conditions
Re(u) is not an odd positive integer for all p € 0(A+ B) and AB = BA. Then
the integral representations for the Lommel’s matriz function S p(z) are given
as

o 1 1 4
Sa,p(z) :ZA*I/ et Ry ((I —A+B),-(I-A-B);—; 2t> dt,
’ 0 2 2 z
=4It (1(1 -A+ B)) /Oo e~ ttE U= ATB) -
2 0
1 4

=4t (;(I -A- B)) /0o e~ttEI= A=)~
0

1 4
x oFg|I,=(I — A+ B);—;——t |dt
2 0( ) 2( + )a ) 2’2 ) )
where I — A+ B are invertible matrices, larg(z)| <7 —4, § > 0 for |z] — oo.
Corollary 3.12. Let A be a matriz in CN*N providing the restriction (3.3).
Then the integral representation for Lommel matrix function is
1
saa(z) =24 / sin(zt)(1 — 2)A~* 1, (3.27)
0
where |arg(z)| < .

Proof. This can be proved by using the beta matrix function in (1.12) and
Maclaurian series of functions sin(zt). O

4. MODIFIED LOMMEL MATRIX FUNCTIONS

With the help of the Lommel matrix functions, the modified Lommel matrix
functions are defined:

‘45,473(1'2)7 (4.1)

where A and B are matrices in CV*¥ providing the conditions (3.1), AB = BA,
larg(z)| < 7, and

tA7B(Z) = 41~

TA7B(Z) = —Z'IiASAB(?;Z), (4.2)

where A and B are matrices in CV*¥ providing the conditions (3.3), AB = BA
and |arg(z)| <7 -6, > 0 for |z] — oc.

Theorem 4.1. The functions ta p(z) and T4 p(z), respectively, are the solu-
tion of the modified Lommel matrix differential equation of the two orders as
following

d? d

22@1 + ao (B? +221)| tap(z) = 247, (4.3)
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where |arg(z)| < m, and

2

d d
2 2, .2 A+I
z dz2I+Zdz_(B +2°I)| Ta,p(z) =2"T", (4.4)

where |arg(z)] <7 —43, 6 >0 for |z] — oo.

Proof. By using (4.1), (4.2), (3.17) and (3.22), we have the desired final result.
O
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