[ Downloaded from ijmsi.com on 2026-01-30 ]

Iranian Journal of Mathematical Sciences and Informatics
Vol. 14, No. 2 (2019), pp 79-92
DOTI: 10.7508/ijmsi.2019.02.008

Labeling Subgraph Embeddings and Cordiality of Graphs

Zhen-Bin Gao®, Ruo-Yuan Han®, Sin-Min Lec?,
Hong-Nan Ren®, Gee-Choon Lau®*

?College of Science, Harbin Engineering University, Harbin,
150001, P. R. China.
1403, North First Avenue, Upland, CA 91786,USA.
“Faculty of Computer and Mathematical Sciences,
Universiti Teknologi MARA (Segamat Campus), 85000 Johor, Malaysia.

E-mail: gaozhenbin@aliyun.com
E-mail: 3213358692@qq.com
E-mail: sinminlee@gmail.com
E-mail: 1114912080@qq.com
E-mail: geeclau@yahoo.com

ABSTRACT. Let G be a graph with vertex set V(G) and edge set E(G), a
vertex labeling f : V(G) — Zs induces an edge labeling f1 : E(G) — Z2
defined by f*(zy) = f(z) + f(y), for each edge vy € E(G). For each
i € Za, let v(i) = {u € V(G) : f(v) =4} and ef4 (1) = {zy € E(G) :
fT(zy) = i}|. A vertex labeling f of a graph G is said to be friendly
if vg(1) —vs(0)] < 1. The friendly index set of the graph G, denoted
by FI(G), is defined as {|e;+(1) — ey+(0)| : the vertex labeling f is
friendly}. The full friendly index set of the graph G, denoted by FFI(G),
is defined as {e;+(1) —e;+(0) : the vertex labeling f is friendly}. A
graph G is cordial if —1,0 or 1 € FFI(G). In this paper, by introducing
labeling subgraph embeddings method, we determine the cordiality of a
family of cubic graphs which are double-edge blow-up of P> x P,,n > 2.
Consequently, we completely determined friendly index and full product
cordial index sets of this family of graphs.
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1. INTRODUCTION

Let G be a graph with vertex set V(G) and edge set E(G). Let A be an abelian
group. A labeling f : V(G) — A induces an edge labeling f* : F(G) — A
defined by f*(z,y) =f(z) + f(y), for each edge (z,y) € E(G). For i € A,
let vp(i) = |[{v € V(G): f(v) = i}| and e+ (i) = [{e € E(G) : fT(e) = i}|.
Let ¢(f) = {leg+ (i) —es+(J)|: (i,4) € A x A}. A labeling f of a graph G is
said to be A-friendly if |vf(z) —vp(j)| < 1 for all (4,5) € A x A. If ¢(f) is
(i, j)-matrix for some A-friendly labeling f, then f is said to be A-cordial. The
notion of A-cordial labelings was first introduced by Hovey [5], who generalized
the concept of cordial graphs of Cahit [1].

In this paper, we will exclusively focus on A = Zs, and drop the reference
to the group. A vertex v is called a k-vertex if f(v) =k, k € {0,1}, an edge e
is called a k-edge if f*(e) =k, k € {0,1}. A vertex labeling f of a graph G is
said to be friendly if |vs(1) —vs(0)] < 1.

In [4] the following concept was introduced.

Definition 1.1. The friendly index set FI(G) of a graph G is defined as
{leg+(1) — ef+(0)] : the vertex labeling f is friendly}.

The following result was established in [6]:

Theorem 1.2. For any graph G with q edges, the friendly index set FI(G) C
{0, 2, ..., q}if q is even, and FI(G) C{1, 3, ..., q} if q is odd.

For more details of known results and open problems on friendly index sets,
the reader can see [7, 8, 9].
Shiu and Kwong [12] extended FI(G) to FFI(G).

Definition 1.3. The full friendly index set FFI(G) of a graph G is defined as
{es+(1) — e+(0) : the vertex labeling f is friendly}.

Hence, a graph G is cordial if —1,0 or 1 € FFI(G). Moreover, the cordiality
of G can be determined by finding the FI(G) or FFI(G). Shiu and Kwong [12]
determined FFI(P, x P,). Shiu and Lee [13] determined the full friendly index
sets of twisted cylinders. Shiu and Wong [15] determined the full friendly
index sets of cylinder graphs. Shiu and Ho [10] determined the full friendly
index sets of some permutation Petersen graphs, they also determined the full
friendly index sets of slender and flat cylinder graphs [11]. Shiu and Ling [14]
determined the full friendly index sets of Cartesian products of two cycles.
Sinha and Kaur [16] studied the full friendly index sets of some graphs such
as K, Cy, fans F,,, 5, and P3 X P,. Interested readers may refer to [2] for
more results on cordiality of graphs. In general, it is difficult to obtain the full
friendly index sets of graphs. The problem on the full friendly index sets and
cordiality of general cubic graphs is still beyond our reach at this moment.
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Definition 1.4. Let G and H be two graphs such that w and v are two par-
ticular vertices of H. An edge xy of G is blown-up by H at u and v if zy is
replaced by H by identifying z and u, and y and v respectively.

Definition 1.5. Let P, x P, (n > 2) be the ladder graph of order 2n and size
3n—2 with vertex set V= {u;,v; : 1 <i < n} and edge set £ = {w;u;y1, 0ivi41
1 <i<n—1}W{uw 1 <i<n} Let K = K(1,1,2) be the complete
tripartite graph with degree 2 vertices u,v. The double-edge blow-up graph of
P, x P,, denoted DB(n — 2), is obtained by blowing up the edges ujv; and
upv, by a K at u and v respectively such that a cubic graph is obtained.

In what follow, we let m = n — 2 > 0 so that |[V(DB(m))| = 2(m + 4),
|E(DB(m))| = 3m + 12.

EXAMPLE 1.6. The graph DB(2) is illustrated in Figure 1.

ity

FIGURE 1. Graph DB(2)

In this paper, we introduce a labeling subgraph embeddings method to ob-
tain the full friendly index sets of DB(m). Consequently, the cordiality of
DB(m) is determined.

2. PRELIMINARIES

We now present some derived results and prove some results which will be used
to obtain our main results.

Theorem 2.1. (Shiu and Wong[15]) Let f be a labeling of a graph G that
contains a cycle C as its subgraph. If C' contains a 1-edge, then the number of
1-edges in C' is a positive even number.

Theorem 2.2. In any friendly labeling f of DB(m), if any two vertex labels
are exchanged, then ey+ (1) changes by —6, —4, =2, 0, 2, 4, or 6.

Proof. Since the graph DB(m) is cubic, any vertex u is adjacent to three
vertices ui, w2, and uz. In a friendly labeling of DB(m), suppose that the
vertices u, u1, ug, and ug are labeled by x, 1, x2, and x3 (z, 21, x2, 3 € {0,1})
respectively. When we change the label of u to 1 — z, the number of 1-edges
changes by —3, —1, 1, or 3.

For any two vertices of u and v in DB(m), there are five cases that three of
them are listed in Figure 2.

Exchange the labels of v and v, e+ (1) changes by —6, —4, =2, 0, 2, 4, or
6 in (a), and by —4, —2, 0, 2, or 4 in (b) and (c). In the fourth case, u and v
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U1 v u v

Uy U uz U1 V2 U3 up U V2 U3 up U vl Uy

(a) (0) (c)
FIGURE 2. Three possible structures of DB(m)

are the two degree 3 vertices of a K, subgraph that gives no change to e+ (1).
In the fifth case, u and v are the two degree 2 vertices of a K, subgraph with
ey+(1) changes by 0 or 2. Hence, if any two vertex labels are exchanged, then
es+(1) changes by —6, —4, —2, 0, 2, 4, or 6. O

Theorem 2.3. If fi and f2 be two friendly labelings of DB(m) such that fo
is obtained from f1 by exchanging two distinct vertex labels under fi, then

(ep+(1) —€s+(0)) = (5 (1) — €4+ (0)) =0 (mod 4).

Proof. Since |V(DB(m))| = 2(m+4), any friendly labeling fi of DB(m) gives
vr(1) = vy(0). Hence, exchanging two vertex labels under f; gives a new
friendly labeling f5.
Since e+ (1) —es+(0) = 2e4+ (1) — | E|, we have (ef1+(1) —eyt (0))— (ef;(l) -
€r (0)) = 2(ef1+(1) — ef;r(l)) =0 (mod 4), by Theorem 2.2. O
An edge wv is called an (i, 7)-edge if it is incident with an i-vertex and an
j-vertex (i,7 € {0,1}). In the following discussions, all numbers are integer.

When the context is clear, we shall also drop the subscript f, fT. Below are
three necessary notations.

(1). Labeling graph: A graph G with a friendly labeling f such that e(1) —
e(0) = a is called a labeling graph of G, denoted by G(a). For easy reading,

the P, = ajas labeling subgraph is denoted by {al], and the induced Cy =

az
b1bababsby (or induced Py = bibabsbs or babibsby) labeling subgraph is denoted
b b1 bs
Ylbs b

Throughout this paper, unless stated otherwise, every labeling subgraph

b
[bl b2] denotes an induced Cy or an induced P, subgraph with vertices as
3 b

stated above. Let G(a) be a labeling graph having an edge with end-vertex
labels b; and by respectively, and another edge with end-vertex labels b3 and
b4 respectively.

(2). Py-embedding: A Ps-embedding onto G(a) at (b1, bz)-edge and (bs, by)-

edge is obtained by replacing uv and u'v' by a length 2 path uzv and u'z'v’'
respectively and embedding an edge vz’ with corresponding end-vertex labels aq
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and az such that a new labeling graph G(b) with three extra edges is obtained.
Such a Py-embedding is denoted by

aq b1 b2
{02] - {bs b4] ’

(3). Cy-embedding: A Cy-embedding onto G(a) at (by,bs)-edge and (bs,by)-
edge is obtained by replacing uv and u'v' by a length 3 path uzyv and v'z'y'v'
respectively and embedding an edge vz’ with corresponding end-vertex labels aq
and a3, and another edge yy' with corresponding end-vertex labels as and ay
such that a new labeling graph G(b) with extra 6 edges is obtained. Such a Cy-

or Py-embedding is denoted by
aiy ag b1 bg
Lls a4] i L’3 b4] '

ExXAMPLE 2.4. In Figure 3, a Po-embedding onto Py x Py with e(1) —e(0) = —6
gives a labeling graph of P x Ps with e(1) — e(0) = —7. The embedding is

denoted by
0 n 0 1
1 0 1]°

Similarly, a Cy-embedding onto the same P, x P, gives a labeling graph of
P, x Ps with e(1) — e(0) = —4. The embedding is denoted by

b 1+l )

— .
embed obtain

embed obtain

e(1) —e(0) = —4

FIGURE 3. A P»- and a Cy-embedding onto a P, x P, respectively
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3. FULL FRIENDLY INDEX SETS OF DB(m)

In the following discussions, all Py- or Cy-embeddings onto DB(m) only apply
to edges w;u; 41 and v;v;41 for some i € {0,1,...,n — 1}.

Lemma 3.1. For any friendly labeling f of DB(m), we have
(1) e(1) <10 if m = 0;
(2) e(1) <3m+8 ifm>0.

Proof. Given any friendly labeling f of DB(m), it is clear that each K, sub-
graph contains at least one 0-edge. Hence, e(0) > 2. Consequently, e(1) < 10
if m = 0. Suppose m > 1. By Theorem 2.1, each K, subgraph contains at
least one 0-edge. In order to get min{e(0)}, each K, must contain exactly one
0-edge. Assuming m = 1. It is easy to verify that e(0) > 4. Assuming m > 2
and e(0) = 3. Without loss of generality, we may assume f(u;) = f(v;) =«
for odd i and even j, whereas f(u;) = f(v;) =1 — « for even i and odd j. As
f is friendly, the four degree 3 vertices of both K; must be assigned with two
z and two 1 — z, x € {0,1}. Consequently, e(0) = 4, which is a contradiction.
Hence, e(0) > 4 and e(1) < 3m+8if m > 0. O
Lemma 3.2. For any friendly labeling f of DB(m), we have

(1) e(1) > 2 if m >0 is even;

(2) e(1) >3 if m >0 is odd.

Proof. Let x1,xo (respectively, x3,x4) be the 2 common neighbors of uq,vq
(respectively, uy,vy,). By Theorem 2.1, any largest induced cycle of DB(m),
say C, contains at least two 1-edges. When m is even, e(1) = 2 can be attained
by labeling z1, 22, u; and v; (1 < ¢ < (m+2)/2) by 1 and the remaining vertices
by 0. Assume m is odd. Since v(1) = v(0) = m+4 and C has 2m +6 > 6
vertices, we have |v(1) — v(0)] = 0 or 2. Note that the two K, subgraphs
may contain 0, 1 or 2 l-edges in C. In each possibility, we can verify that
e(1) > 3. The equality can be attained by labeling 21,2, u;, U(;43)/2 and
v; (1 <i< (m+1)/2) by 1 and the remaining vertices by 0. The lemma
holds. (|
Lemma 3.3. FFI(DB(0)) ={-4+4i:—-1<4<3}.

Proof. By Theorems 1.2, 2.3 and Lemmas 3.1, 3.2, FFI(DB(0)) C {—4 + 4i :

—1 <4 < 3}. The labeling graphs in Figure 4 show that the equality holds. 0

Lemma 3.4. For even m > 2, FFI(DB(m)) = {-3m —8+4i:0 <i <
3(m+2)}
S

Proof. By Theorems 1.2, 2.3 and Lemmas 3.1, 3.2, FFI(DB(m)) C {-3m —
84+4i:0<1< W} We prove the equality holds by induction on m.
Suppose m = 2. We show that there exist labeling graphs of DB(2)(—14 + 41),
0 <7 <6, by doing the following seven C4-embeddings:


http://ijmsi.com/article-1-925-en.html

[ Downloaded from ijmsi.com on 2026-01-30 ]

Labeling subgraph embeddings and cordiality of graphs 85

0 1 1 1 1 0
0 1

1 0 1 0
e(l)—e(0)=0 e(1)—e(0)=4 e(1)—e(0)=

FIGURE 4. Labeling graphs of DB(0) with e(1)—e(0) € {—4+
4i:-1<i<3)

8

Case (1). In DB(0)(—8), embed E 8] + E 8} to decrease e(1) — e(0) by

6. Hence, we obtain DB(2)(—14), and in this labeling graph, there exists the

labeling subgraph E 8} .

Case (2). In DB(0)(—8), embed [(1) (1)] + E 8} to decrease e(1) — e(0) by

2. Hence, we obtain DB(2)(—10), and in this labeling graph, there exists the
1 1

labeli b h .

abeling subgrap {O 0}

0 0 0 0
2. Hence, we obtain DB(2)(—6), and in this labeling graph, there exists the

1 1
labeling sub h .
abeling subgrap { 0 0}

Case (3). In DB(0)(—4), embed [1 1] + F 1} to decrease e(1) — e(0) by

Case (4). In DB(0)(0), embed [(1) (1)} + ﬁ (1)] to decrease e(1) — e(0) by

2. Hence, we obtain DB(2)(—2), and in this labeling graph, there exists the

1 1
labeli b h .
abeling subgrap L) O}

0 0 0 1
2. Hence, we obtain DB(2)(2), and in this labeling graph, there exists the

Case (5). In DB(0)(4), embed [1 1} + {1 1] to decrease e(1) — e(0) by

1 1
labeli b h .
abeling subgrap {O 0}

Case (6). In DB(0)(8), embed [(1) (1)} + E 8] to decrease e(1) — e(0) by

2. Hence, we obtain DB(2)(6), and in this labeling graph, there exists the

1 1
labeli b h .
abeling subgrap {0 O}


http://ijmsi.com/article-1-925-en.html

[ Downloaded from ijmsi.com on 2026-01-30 ]

86 Zh. Gao, R.-Y. Han

Case (7). In DB(0)(8), embed {(1) é} + E 8} to increase e(1) — e(0) by

2. Hence, we obtain DB(2)(10), and in this labeling graph, there exists the

labeling subgraph {(1) (1]} .

The labeling graphs of DB(2) that we have obtained are illustrated in Fig-
ure 9.

1 0 1 0 1 1
1@1 0@0 1@1 U@O 1@1 ()@0
) 0 0
e(l) —e(0) =—-14  e(1) —e(0) = —10 e(1) —e(0) = —6
Q Q
1 0
e(l) —e(0) = — —¢(0) (’(1 —¢(0) —e(0) =10

FIGURE 5. Labeling graphs of DB(2) with e(l) —¢(0) €
{~14+4i:0<i <6}

Hence, FFI(DB(2)) ={-14+4i:0 <i < 6}.
Note that in the labeling graphs in Figure 5 (except DB(2)(—14) and DB(2)(10)),
there exist the labeling subgraph [(1) (1)] . In DB(2)(—14), there exists the

labeling subgraph E 8] . In DB(2)(10), there exists the labeling subgraph
0 1
1 0]°

Since the embedding [(1) (1)] + [1 1] decreases e(1) — e(0) by 2, we do this

0 0
embedding onto DB(2)(—14 + 4i), 1 < ¢ < 5, to obtain DB(4)(—16 + 4i),
1 < i <5), and in these labeling graphs, there exists the labeling subgraph

b o)

o . 11 1 0 10 1 0
Similarly, we do the embeddings {O 0} + { 1 O] and [1 0} + [1 O} onto

DB(2)(—14) to decrease e(1) — e(0) by 2 and 6 respectively. Thus, we obtain
DB(4)(—16) and DB(4)(—20) with the labeling subgraphs [0 (1)] and E 8},
respectively.
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11 0 1 1 0 0 1
N h i
ext, we do the embeddings [O 0} + [1 O} and {O J + [1 0] onto

DB(2)(10) so that e(1) — e(0) is decreased by 2 and is increased by 6, respec-
tively. Thus, we obtain DB(4)(8) and DB(4)(16) with the labeling subgraphs

1 1 0 1 .
[0 O} and { 1 0]7 respectively.

0 1 0 0
by 6. Hence, we obtain DB(4)(12), and there exists the labeling subgraph
1 1
b of

Hence, FFI(DB(4)) = {~20 +4i: 0 < i < 9}.

Now, assume that for even k > 6, FFI(DB(k)) = {-3k —8+4i:0<i <
M} such that the labeling graph DB(k)(—3k —8+4i), (1 < i < 3£ has
11
0 0

In DB(2)(6), we do the embedding [1 0} + [1 1} to increase e(1) — e(0)

a labeling subgraph [ ] , and that in DB(k)(—3k — 8) and DB(k)(3k + 4),

1 1
there exist the labeling subgraphs [ 1 8] and E O]’ respectively.

Hence, we do the embedding Ll) (IJ + Ll) (1)} onto DB(k)(—3k — 8 + 44),

1 <i < 3k to obtain DB(k + 2)(—3k — 10+ 4i), 1 < i < 35 and in these

labeling graphs, there exists the labeling subgraph Ll) é] .

.. . 1 1 1 0 1 0 1 0
Similarly, we do the embeddings [0 0] + [1 0] and L O] + L O]
onto DB(k)(—3k — 8) to obtain DB(k + 2)(—3k — 10) and DB(k + 2)(—3k —

14) respectively, and there exist the labeling subgraphs [(1) é] and E 8},

respectively.

. 11 0 1 1 0 0 1
Next, we do the embeddings [0 0} + [1 O} and {O J + [1 0] onto

DB(k)(3k + 4) such that e(1) — e(0) is decreased by 2 and is increased by 6
respectively. Thus, we obtain DB(k+2)(3k+2) and DB(k+2)(3k+10) having

the labeling subgraphs Ll) (1)} and [(1) é}, respectively.

0 1 0 0
e(1) — e(0) by 6. Hence, we obtain DB(k 4 2)(3k 4 6), and there exists the

Finally, in DB(k)(3k), we do the embedding [1 O] + [1 1} to increase

labeling subgraph [1 1} .

0 0
By mathematical induction, we have FFI(DB(k+2)) = {—3(k+2)—8+4i :
0<i< M} The proof is complete. O
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By Lemmas 3.3 and 3.4, we have

Theorem 3.5. For even m, FFI(DB(m)) =
(1) {-4+4+4i:-1<i<3}ifm=0;
(2) {—3m—8+44i:0<i< 3y yrm > 9,

‘We now consider odd m > 1.

Theorem 3.6. For odd m > 1, FFI(DB(m)) = {-3m —6+4+4i:0<1i <

3m2+5 }

Proof. By Theorems 1.2, 2.3 and Lemmas 3.1, 3.2, we have FFI(DB(m)) C
{-3m —-6+4i:0<i< W} We prove the equality holds by induction on
m. The labeling graphs in Figures 6 and 7 show that the equality holds for

m=1,3.

1

it

0

e(1) —e(0

FIGURE 6. Labeling graphs of DB(1) with e(1)

4i:0<i<4}
1 0] 1 | 0
1\/-1 0 01 1 0
1 L 0 1 0
e(1) —e(0) = -15 e(1) —e(0) = —11
0 1 1 0] l 1 1

e(l)—e(0)=1

7

6, —E’

bbbl

—e(0) € {9+

1 0

1 0 0
0 1
e(l) —e(0) =-3

0 1 1
N

FIGURE 7. Labeling graphs of DB(3) with e(1) — e(0) €

{-154+4i:0<i <7}

Note that in the labeling graphs in Figure 7 (except the labeling graphs

0 0

DB(3)(—15) and DB(3)(13)), there exist the labeling subgraph [1 1] or

o)
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Moreover, in DB(3)(—15), there exist a Cy-embedding onto two induced

0 0

P, labeling subgraphs E ﬂ and {O 0} .In DB(3)(—11), there exists a Cy-

1 1 1
embedding onto two induced P, labeling subgraphs { 1 0] and [ 0 8} . In

DB(3)(9), there exists the labeling subgraph {O

X 8} In DB(3)(13), there

exist two labeling subgraphs [(1) 8] (which is an induced P, subgraph) and

0 1
i o]
Now, assume that for odd m =k > 5, FFI(DB(k)) ={-3k —6+4i:0 <
i < 32551 such that the labeling graphs DB(k)(—3k — 6 + 4i),1 < ¢ < 383,

has a labeling subgraph Ll) (1)} or {8 ﬂ . Moreover, in DB(k)(—3k — 6),
0 0

0 0} . In DB(k)(—3k — 2),

1 1
there exist two labeling subgraphs [1 J and [

1} and [1 0] . In DB(k)(3k), there

1
th ist two labeli b h
ere exist two labeling subgraphs L 0 0 0

exists the labeling subgraph [(1) 8} .In DB(k)(3k+4), there exist two labeling

0 0 0 1
subgraphs L O] and [1 O} .

We consider the following 6 cases.

Case (1). In DB(k)(—3k — 6 + 4i), 1 < i < 3£ we do the embeddings
1 1 1 1 11 0 1
[O O} + {O O} or {0 0] + [0 1] to decrease e(1) — e(0) by 2. Hence, we
. . . k . .
obtain DB(k + 2)(—3k — 8 + 4i), 1 < i < 3Et3 and in these labeling graphs,

there exists the labeling subgraph [(1) (1)] .

. 1 11 0
Case (2). In DB(k)(—3k — 2), we do the embedding [J + L O} and L)] +
[(1) 8} to decrease e(1) —e(0) by 6. We obtain DB(k + 2)(—3k —8) and in the

labeling graph, there exist the labeling subgraph E (1)} and [(1) 8} .
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Case (3). In DB(k)(—3k — 6), we do the embedding [ﬂ + E ﬂ and [g] +

[8 8} to decrease e(1) — e(0) by 6. We obtain DB(k + 2)(—3k — 12), and in

the labeling graph, there exist the labeling subgraphs E ﬂ and [8 8} .

Case (4). In DB(k)(3k), we do the embedding [8 ﬂ + [(1) 8} to increase

e(1) —e(0) by 2. We obtain DB(k+2)(3k+2), and in the labeling graph, there

exists the labeling subgraph [(1) 8} .

0 1 1 0
e(1) —e(0) by 2. We obtain DB(k+2)(3k+6), and in the labeling graph, there

Case (5). In DB(k)(3k+4), we do the embedding {0 1} + {0 0] to increase
. . 0 0
exists the labeling subgraph 1 ol

0 1 1 0
e(1) — e(0) by 6. We obtain DB(k + 2)(3k + 10), and in the labeling graph,

Case (6). In DB(k)(3k+4), we do the embedding [1 0} + {0 1] to increase

there exists the labeling subgraph [? (1)] .

By mathematical induction, we have FFI(DB(m)) ={-3m —6+4i:0 <
1 < %} The proof is complete. O

Hence, the cordiality and friendly index sets of of DB(m) are determined as
follows.

Corollary 3.7. For odd m > 1, DB(m) is cordial. For even m > 0, we have
(1) DB(m) is cordial if m =0 (mod 4), and
(2) DB(m) is not cordial if m =2 (mod 4).

Proof. By Theorem 3.6, there exists |e(1) —e(0)] = 1 for odd m > 1. So DB(m)
is cordial. By Theorem 3.5, there exists |e(1) — e(0)] = 0 for m = 0 (mod 4)
but for m = 2 (mod 4), the minimum value of |e(1) —e(0)| = 2. Hence, DB(m
is cordial for m =0 (mod 4), but not for m =2 (mod 4).

o=

Corollary 3.8. For odd m, FI(DB(m)) ={2i+1:0 <4 < 323} For even
m > 0, we have

(1) FI(DB(m)) = {4i: 0 < i < 338} ifm =0 (mod 4), and

(2) FI(DB(m)) = {4i+2:0 <i < 36} jf m =2 (mod 4).

Proof. By Theorem 3.6, for odd m > 1, FFI(DB(m)) = {—3m — 6, —3m —
2,-3m+2,...,3m +4}. Hence, FI(DB(m)) ={1,3,...,3m+6} ={2i+1:
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0 < i < (3m+5)/2). By Theorem 3.5, FFI(DB(0)) = {—8,—4,0,4,8},
and for even m > 2, FFI(DB(m)) = {-3m —8,—-3m —4,—-3m,...,3m + 4}.
Hence, for m =0 (mod 4), FI(DB(m)) = {0,4,8,...,3m+8} ={4i: 0 <i <
(3m + 8)/4}; and for m = 2 (mod 4), FI(DB(m)) = {2,6,10,...,3m + 8} =
{(4i+2:0 < i< (3m+6)/4). O

Shiu and Wong [15] introduced the full product-cordial index set of G.

Definition 3.9. Let G be a graph with vertex set V(G) and edge set E(G),
a vertex labeling f : V(G) — Zs induces an edge labeling f* : E(G) — Zo
defined by f*(xy) = f(x)f(y), for each edge zy € E(G). For each i € Zs,
let v¢(i) = {u € V(G) : f(u) = i}| and ef- (1) = [{zy € E(G) : f*(zy) =
i}|. The full product-cordial index set of G, denoted FPCI(G), is defined as
{ef+(1) — es+(0) : the vertex labeling f is friendly}.

They obtained the following result.
Lemma 3.10. (Shiu and Wong[15]) Let [ be a friendly labeling of G, f*
be a product labeling of G. If G is an r-regular graph of even order, then

er+(1) = e+ (0) = =5 (1B + e+ (1) — €+ (0)).
Since DB(m) is 3-regular graph, |V| = 2(m + 4), |E| = 3m + 12. By
Lemma 3.10 and Theorems 3.5, 3.6, we have
Corollary 3.11. For even m, FPCI(DB(m)) =
(1) {-2¢:1<i<5}ifm=0,
(2) {—2i:1<i<3mE8Y ifm > 2.

Corollary 3.12. For oddm > 1, FPCI(DB(m)) = {-2i—1:1 < < 31T},

4. CONCLUSION

In this paper, we determined the cordiality of a family of cubic graphs by
the labeling subgraph embeddings method. The results in [3] show that this
method may be used to determine the cordiality of all families of graphs that
can be constructed by repeated subgraph embeddings and that the full friendly
indices form an arithmetic sequence.
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