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Abstract. A Γ-so-ring is a structure possessing a natural partial order-

ing, an infinitary partial addition and a ternary multiplication, subject

to a set of axioms. The partial functions under disjoint-domain sums

and functional composition is a Γ-so-ring. In this paper we introduce the

notions of subdirect product and (φ, ρ)-product of Γ-so-rings and study

(φ, ρ)-representation of Γ-so-rings.
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1. Introduction

Partially defined infinitary operations occur in the contexts ranging from

integration theory to programming language semantics. The general cardi-

nal algebras studied by Tarski in 1949, Housdorff topological commutative

groups studied by Bourbaki in 1966, Σ-structures studied by Higgs in 1980,

sum ordered partial monoids & sum ordered partial semirings studied by Arbib,
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Manes, Benson[2],[3] and Streenstrup[6] are some of the algebraic structures of

the above type.

M. Murali Krishna Rao[4] in 1995 introduced the notion of a Γ-semiring

as a generalization of semirings and Γ-rings, and extended many fundamental

results of semirings and Γ-rings to Γ-semirings. In [5] we introduced the notion

of Γ-so-ring R and obtained a necessary and sufficient condition for the quotient

R/θ to be a Γ/σ-so-ring, where (θ, σ) is a congruence relation on (R,Γ). As

a continuation, in this paper we prove that a Γ-so-ring is a subdirect product

of subdirectly irreducible Γi-so-rings and obtain (φ, ρ)-representation of Γ-so-

rings.

2. Preliminaries

In this section we collect important definitions from the literature.

Definition 2.1[3]. A partial monoid is a pair (M,Σ) where M is a nonempty

set and Σ is a partial addition defined on some, but not necessarily all families

(xi : i ∈ I) in M subject to the following axioms:

(1) Unary Sum Axiom. If (xi : i ∈ I) is a one element family in M and I = {j},
then Σ(xi : i ∈ I) is defined and equals xj .

(2) Partition-Associativity Axiom. If (xi : i ∈ I) is a family in M and

(Ij : j ∈ J) is a partition of I, then (xi : i ∈ I) is summable if and only

if (xi : i ∈ Ij) is summable for every j in J , (Σ(xi : i ∈ Ij) : j ∈ J) is summa-

ble, and Σ(xi : i ∈ I) = Σ(Σ(xi : i ∈ Ij) : j ∈ J).

Example 2.2[3]. Let D and E be two sets and let the set of all partial functions

from D to E be denoted by Pfn(D,E). A family (xi : i ∈ I) is summable if

and only if for i, j in I, and i 6= j, dom(xi) ∩ dom(xj) = ∅. If (xi : i ∈ I) is

summable then for any d in D

d(Σixi) =

{
dxi, if d ∈ dom(xi) for some (necessarily unique) i ∈ I;

undefined, otherwise.

Then (Pfn(D,E),Σ) is a partial monoid.

Definition 2.3[6]. Let (M,Σ) and (M ′,Σ′) be partial monoids. Then (M ′,Σ′)

is said to be a partial submonoid of (M,Σ) if it satisfies the following:

(1) M ′ is a subset of M ,

(2) (xi : i ∈ I) is a summable family in M ′ implies that (xi : i ∈ I) is summable

family in M and Σ′ixi = Σixi.

Definition 2.4[5]. Let (R,Σ) and (Γ,Σ′) be two partial monoids. Then R

is said to be a partial Γ-semiring if there exists a mapping R × Γ × R −→ R
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(images to be denoted by xγy for x, y ∈ R and γ ∈ Γ) satisfying the following

axioms:

(1) xγ(yµz) = (xγy)µz,

(2) a family (xi : i ∈ I) is summable in R implies (xγxi : i ∈ I) is summable in

R and xγ[Σ(xi : i ∈ I)] = Σ(xγxi : i ∈ I),

(3) a family (xi : i ∈ I) is summable in R implies (xiγx : i ∈ I) is summable in

R and [Σ(xi : i ∈ I)]γx = Σ(xiγx : i ∈ I),

(4) a family (γi : i ∈ I) is summable in Γ implies (xγiy : i ∈ I) is summable in

R and x[Σ′(γi : i ∈ I)]y = Σ(xγiy : i ∈ I) for all x, y, z, (xi : i ∈ I) in R and

µ, γ, (γi : i ∈ I) in Γ.

Definition 2.5[5]. Let R be a partial Γ-semiring. Let A be a nonempty subset

of R and Γ′ be a nonempty subset of Γ. Then the pair (A,Γ′) is said to be a

partial sub Γ-semiring if

(i) A is a partial submonoid of R,

(ii) Γ′ is a partial submonoid of Γ,

(iii) AΓ′A ⊆ A.

Definition 2.6[6]. The sum ordering ≤ on a partial monoid (M,Σ) is the

binary relation such that x ≤ y if and only if there exists an h in M such that

y = x+ h for x, y ∈M .

Definition 2.7[6]. A sum-ordered partial monoid or so-monoid, in short, is a

partial monoid in which the sum ordering is a partial ordering.

Definition 2.8[5]. A partial Γ-semiring R is said be a sum-ordered partial

Γ-semiring (in short Γ-so-ring) if the partial monoids R and Γ are so-monoids.

The support of a family (xi : i ∈ I) in M is defined to be the subfamily

(xi : i ∈ J) where J = {i ∈ I | xi 6= 0}.

Example 2.9[5] Let R = Γ := Z−
⋃
{0} , the set of all nonpositive integers.

Then R and Γ are partial monoids with finite support addition. Now R is a

partial Γ-semiring with usual multiplication of integers. Also R is a Γ-so-ring

with the partial order “usual less than or equal to”. However R is not a so-ring

in the sense of [9]. Since −2,−3 ∈ R and (−2)(−3) = 6 6∈ R.

Example 2.10[5]. Let D,E be any two sets. Then Pfn(D,E) and Pfn(E,D)

are partial monoids with the summations defined as in the Example 2.2. Con-

sider the mapping (f, γ, g) 7→ fγg of Pfn(D,E) × Pfn(E,D) × Pfn(D,E)

into Pfn(D,E) where d(fγg) = (((df)γ)g), for any d ∈ D. Then Pfn(D,E)
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is a partial Pfn(E,D)-semiring.

In general Pfn(D,E) is not Pfn(E,D)-semiring, since a family in the par-

tial Pfn(E,D)-semiring Pfn(D,E) need not be summable.

Example 2.11[5]. Let R be the partial monoid of all m × n matrices over

the set of all non negative rational numbers and Γ be the partial monoid of all

n×m matrices over the set of all non negative integers. For any A,B ∈ R and

α ∈ Γ, consider the mapping (A,α,B) 7→ AαB, usual matrix multiplication, of

R× Γ×R into R. Then R is a partial Γ-semiring.

Definition 2.12[3]. Let (M,Σ), (M ′,Σ′) be two partial monoids. Then a

function φ : M → M ′ is said to be an additive map of (M,Σ) into (M ′,Σ′) if

(xi : i ∈ I) is a summable family in M implies (xiφ : i ∈ I) is a summable

family in M ′ and (Σixi)φ = Σ′i(xiφ).

Definition 2.13[5]. Let R be a partial Γ-semiring and R′ be a partial Γ′-

semiring. Then a pair of mappings f : R −→ R′ and g : Γ −→ Γ′ is said to be

a homomorphism from (R,Γ) into (R′,Γ′) if it satisfies the following:

(i) f is an additive map from R into R′,

(ii) g is an additive map from Γ into Γ′, and

(iii) f(aγb) = f(a)g(γ)f(b) for any a, b ∈ R and γ ∈ Γ.

Definition 2.14[5]. Let R be a partial Γ-semiring, θ be a binary relation on

R and σ be a binary relation on Γ. Then the pair (θ, σ) is called a partial

Γ-semiring congruence relation on (R,Γ) if it satisfies the following:

(i) θ and σ are equivalence relations on R and Γ respectively,

(ii) θ (σ) is closed under the additive operation of the product partial monoid

R × R (Γ × Γ). i.e., if (ai : i ∈ I) and (bi : i ∈ I) are summable families in R

(Γ) such that (ai, bi) ∈ θ(σ) for all i ∈ I then Σi(ai, bi) ∈ θ (Σ′i(ai, bi) ∈ σ),

(iii) (a, b) ∈ θ, (α, β) ∈ σ and (c, d) ∈ θ then (aαc, bβd) ∈ θ.

Definition 2.15[1]. A partial monoid congruence relation θ on a partial

monoid R is said to have the diagonal property if it satisfies the condition

that for any a, b ∈ R, aθ(b+ k) and (a+ h)θb for some h, k ∈ R ⇔ aθb.

Definition 2.16[5]. Let R be a partial Γ-semiring. Then a partial Γ-semiring

congruence relation (θ, σ) on (R,Γ) is said to have the diagonal property if and

only if θ and σ have the diagonal property.

Definition 2.17[5]. A partial Γ-semiring congruence relation (θ, σ) on a Γ-so-

ring R is said to be a congruence relation on (R,Γ) if and only if (θ, σ) has the
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diagonal property.

Definition 2.18[5]. Let R be a partial Γ-semiring, θ be a partial Γ-semiring

Γ-congruence relation on R. Then θ is said to be a Γ-congruence relation on R

if and only if θ has the diagonal property.

Example 2.19. Consider the Γ-so-ring R := Z−
⋃
{0} as in the Example 2.9.

Define θ = σ on R as aθb if and only if a = b. Then (θ, σ) is a partial Γ-semiring

congruence relation on (R,Γ) such that (θ, σ) satisfies the diagonal property.

Therefore (θ, σ) is a congruence relation on (R,Γ). However θ is not a partial

semiring congruence relation on R as given in [7] and (θ, σ) is not a congruence

relation on (R,Γ) in the sense of [4]. Since R is not a so-ring as in [7] and

Γ-semiring as in [4].

We denote the set of all congruence relations of a Γ-so-ring R by Con(R,Γ)

and the set of all Γ-congruence relations of R by ConR.

3. Structure Theorem

Definition 3.1. Let {Ri | i ∈ I} be a family of Γi-so-rings. Take R =
∏
i∈I

Ri

and Γ =
∏
i∈I

Γi. Let R′ and Γ′ be subsets of R and Γ respectively. Then the

pair (R′,Γ′) is said to be a subdirect product of (Ri,Γi), i ∈ I if it satisfies the

following:

(i) (R′,Γ′) is a sub Γ-so-ring of R,

(ii) all the projection mappings of (R,Γ) restricted to (R′,Γ′) are epimorphisms.

Definition 3.2. Let {Ri | i ∈ I} be a family of Γ-so-rings. Then a subset R of∏
i∈I

Ri is said to be a Γ-subdirect product of Ri, i ∈ I if it satisfies the following:

(i) R is a Γ-sub so-ring of
∏
i∈I

Ri,

(ii) all the projection mappings of
∏
i∈I

Ri restricted to R are epimorphisms.

Definition 3.3. A Γ-so-ring R is said to be subdirectly irreducible if and only if⋂
i∈I

(θi, σi) = (0R, 0Γ) where {(θi, σi) | i ∈ I} is a family of congruence relations

on (R,Γ) implies (θi, σi) = (0R, 0Γ) for some i ∈ I.

Definition 3.4. A Γ-so-ring R is said to be Γ-subdirectly irreducible if and

only if
⋂
i∈I

θi = 0R where {θi | i ∈ I} is a family of Γ-congruence relations on R
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implies θi = 0R for some i ∈ I.

Lemma 3.5. Let R be a Γ-so-ring and (θ, σ) be a congruence relation on

(R,Γ). Then there is a one to one correspondence between congruence rela-

tions on (R,Γ) containing (θ, σ) and congruence relations on (R/θ,Γ/σ).

Proof. Let (φ, ρ) be a congruence relation on (R,Γ) containing (θ, σ). Define

a relation φ/θ on R/θ by [a]θ(φ/θ)[b]θ if and only if aφb, where [a]θ ([b]θ) de-

notes the equivalence class containing a (b) relative to θ and define a relation

ρ/σ on Γ/σ by [α]σ(ρ/σ)[β]σ if and only if αρβ, where [α]σ ([β]σ) denotes the

equivalence class containing α (β) relative to σ. Since (φ, ρ) is an equivalence

relation on (R,Γ), it follows that (φ/θ, ρ/σ) is also an equivalence relation

on (R/θ,Γ/σ). To prove (φ/θ, ρ/σ) is congruence, let ([ai]
θ : i ∈ I) and

([bi]
θ : i ∈ I) be summable families in R/θ such that [ai]

θ(φ/θ)[bi]
θ, i ∈ I.

Then (ai : i ∈ I) and (bi : i ∈ I) are summable families in R such that aiφbi,

i ∈ I. ⇒ (Σiai)φ(Σibi). ⇒ [Σiai]
θ(φ/θ)[Σibi]

θ and hence Σi[ai]
θ(φ/θ)Σi[bi]

θ.

Let ([αi]
σ : i ∈ I) and ([βi]

σ : i ∈ I) be summable families in Γ/σ such that

[αi]
σ(ρ/σ)[βi]

σ, i ∈ I. Then (αi : i ∈ I) and (βi : i ∈ I) are summable families

in Γ such that αiρβi, i ∈ I. ⇒ (Σiαi)ρ(Σiβi). ⇒ [Σiαi]
σ(ρ/σ)[Σiβi]

σ and

hence Σi[αi]
σ(ρ/σ)Σi[βi]

σ. Let [a]θ(φ/θ)[b]θ, [α]σ(ρ/σ)[β]σ and [c]θ(φ/θ)[d]θ

where a, b, c, d ∈ R and α, β ∈ Γ. Then aφb, αρβ and cφd. ⇒ (aαc)φ(bβd)

and hence ([a]θ[α]σ[c]θ)(φ/θ)([b]θ[β]σ[d]θ). Hence (φ/θ, ρ/σ) is a partial Γ/σ-

semiring congruence relation on R/θ. Note that [a]θ(φ/θ)([b]θ + [h]θ) and

([a]θ + [k]θ)(φ/θ)[b]θ for some h, k ∈ R ⇔ aφ(b + h) and (a + k)φb ⇔ aφb

⇔ [a]θ(φ/θ)[b]θ. Therefore φ/θ has the diagonal property. Also note that

[α]σ(ρ/σ)([β]σ+[h]σ) and ([α]σ+[k]σ)(ρ/σ)[β]σ for some h, k ∈ Γ⇔ αρ(β+h)

and (α+ k)ρβ ⇔ αρβ ⇔ [α]σ(ρ/σ)[β]σ. Therefore ρ/σ has the diagonal prop-

erty. Hence (φ/θ, ρ/σ) is a congruence relation on (R/θ,Γ/σ).

Let (φ′, ρ′) be a congruence relation on (R/θ,Γ/σ). Define a relation φθ
on R by aφθb if and only if [a]θφ′[b]θ and a relation ρσ on Γ by αρσβ if and

only if [α]σρ′[β]σ. Since (φ′, ρ′) is an equivalence relation on (R/θ,Γ/σ), it

follows that (φθ, ρσ) is also an equivalence relation on (R,Γ). To prove (φ′, ρ′)

is congruence, let (ai : i ∈ I) and (bi : i ∈ I) be summable families in R

such that aiφθbi, i ∈ I. Then ([ai]
θ : i ∈ I) and ([bi]

θ : i ∈ I) are sum-

mable families in R/θ such that [ai]
θφ′[bi]

θ, i ∈ I. ⇒ Σi[ai]
θφ′Σi[bi]

θ and

hence (Σiai)φθ(Σibi). Let (αi : i ∈ I) and (βi : i ∈ I) be summable families

in Γ such that αiρσβi, i ∈ I. Then ([αi]
σ : i ∈ I) and ([βi]

σ : i ∈ I) are

summable families in Γ/σ such that [αi]
σρ′[βi]

σ, i ∈ I. ⇒ Σi[αi]
σρ′Σi[βi]

σ

and hence (Σiαi)ρσ(Σiβi). Let aφθb, αρσβ and cφθd where a, b, c, d ∈ R and

α, β ∈ Γ. Then [a]θφ′[b]θ, [α]σρ′[β]σ and [c]θφ′[d]θ. ⇒ [aαc]θφ′[bβd]θ and hence

(aαc)φθ(bβd). Hence (φθ, ρσ) is a partial Γ-semiring congruence relation on R.

Note that aφθ(b+h) and (a+k)φθb for some h, k ∈ R ⇔ [a]θφ′([b]θ + [h]θ) and
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([a]θ + [k]θ)φ′[b]θ ⇔ [a]θφ′[b]θ ⇔ aφθb. Therefore φθ has the diagonal property.

Also note that αρσ(β+h) and (α+k)ρσβ for some h, k ∈ Γ⇔ [α]σρ′([β]σ+[h]σ)

and ([α]σ + [k]σ)ρ′[β]σ ⇔ [α]σρ′[β]σ ⇔ αρσβ. Therefore ρσ has the diagonal

property. Let aθb. Then [a]θ = [b]θ. ⇒ [a]θφ′[b]θ. ⇒ aφθb. Therefore θ ⊆ φθ.

Let ασβ. Then [α]σ = [β]σ. ⇒ [α]σρ′[β]σ. ⇒ αρσβ. Therefore σ ⊆ ρσ. Hence

(φθ, ρσ) is a congruence relation of (R,Γ) containing (θ, σ). The above defini-

tions readily gives the correspondence. Hence the lemma. �

Corollary 3.6. Let R be a Γ-so-ring and θ be a Γ-congruence relation on R.

Then there is a one to one correspondence between Γ-congruence relations on

R containing θ and Γ-congruence relations on R/θ.

Lemma 3.7. Let R be a Γ-so-ring and {(θi, σi) | i ∈ I} be a family of con-

gruence relations on (R,Γ) such that
⋂
i∈I

(θi, σi) = (0R, 0Γ). Then (R,Γ) is

isomorphic to a subdirect product of (R/θi,Γ/σi), i ∈ I.

Proof. Define f : R →
∏
i∈I

R/θi by f(a) = ([a]θi : i ∈ I) ∀a ∈ R and g :

Γ →
∏
i∈I

Γ/σi by g(α) = ([α]σi : i ∈ I) ∀α ∈ Γ. First we prove that (f, g)

is a monomorphism. Let (xj : j ∈ J) be a summable family in R. Then

f(Σjxj) = ([Σjxj ]
θi : i ∈ I) = (Σj [xj ]

θi : i ∈ I) = Σjf(xj). Let (αj : j ∈ J)

be a summable family in Γ. Then g(Σjαj) = ([Σjαj ]
σi : i ∈ I) = (Σj [αj ]

σi :

i ∈ I) = Σjg(αj). For any x, y ∈ R and α ∈ Γ, f(xαy) = ([xαy]θi : i ∈ I) =

([x]θi [α]σi [y]θi : i ∈ I) = f(x)g(α)f(y). Let x, y ∈ R such that f(x) = f(y).

Then ([x]θi : i ∈ I) = ([y]θi : i ∈ I). ⇒ [x]θi = [y]θi ∀i ∈ I. ⇒ x(
⋂
i∈I
θi)y. ⇒

x = y. Let α, β ∈ Γ such that g(α) = g(β). Then ([α]σi : i ∈ I) = ([β]σi :

i ∈ I). ⇒ [α]σi = [β]σi ∀i ∈ I. ⇒ α(
⋂
i∈I
σi)β. ⇒ α = β. Hence (f, g) is

a monomorphism from (R,Γ) into
∏
i∈I

(R/θi,Γ/σi). Consequently (f, g) is an

isomorphism from (R,Γ) onto (f(R), g(Γ)).

Now we prove that (f(R), g(Γ)) is a subdirect product of (R/θi,Γ/σi), i ∈ I.

It can be noted that (f(R), g(Γ)) is a sub
∏
i∈I

Γ/σi-so-ring of
∏
i∈I

R/θi. For any

i ∈ I, pi(f(R)) = {pi(f(x)) | x ∈ R} = {pi([x]θi : i ∈ I) | x ∈ R} = {[x]θi |
x ∈ R} = R/θi and p′i(g(Γ)) = {p′i(g(α)) | α ∈ Γ} = {p′i([α]σi : i ∈ I) | α ∈
Γ} = {[α]σi | α ∈ Γ} = Γ/σi. Hence (f(R), g(Γ)) is a subdirect product of

(R/θi,Γ/σi), i ∈ I. Hence the lemma. �
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Corollary 3.8. Let {θi | i ∈ I} be a family of Γ-congruence relations on a Γ-

so-ring R such that
⋂
i∈I
θi = 0R. Then R is isomorphic to a Γ-subdirect product

of R/θi, i ∈ I.

Lemma 3.9. Let R be a Γ-so-ring and {(θi, σi) | i ∈ I} be a simply ordered

family of congruence relations on (R,Γ). Then
∨
i∈I

(θi, σi) =
⋃
i∈I

(θi, σi).

Proof. Since the family {(θi, σi) | i ∈ I} is simply ordered, it is obvious. �

Corollary 3.10. Let {θi | i ∈ I} be a simply ordered family of Γ-congruence

relations on a Γ-so-ring R. Then
∨
i∈I

θi =
⋃
i∈I

θi.

Lemma 3.11. Let R be a Γ-so-ring. If a, b ∈ R with a 6= b and α, β ∈ Γ with

α 6= β, then there is a congruence relation (θ(a,b), σ(α,β)) on (R,Γ) such that

(a, b) 6∈ θ(a,b), (α, β) 6∈ σ(α,β) and (θ(a,b), σ(α,β)) is maximal with respect to this

property.

Proof. For any a, b ∈ R such that a 6= b and α, β ∈ Γ such that α 6= β,

let C = {(φ, ρ) ∈ Con(R,Γ) | (a, b) 6∈ φ, (α, β) 6∈ ρ}. It is obvious that

(0R, 0Γ) ∈ C. So, C is nonempty. By Zorn’s lemma, C has a maximal ele-

ment, say (θ(a,b), σ(α,β)) . Hence the lemma. �

Corollary 3.12. Let R be a Γ-so-ring. If a, b ∈ R with a 6= b, then there is a

Γ-congruence relation θ(a,b) on R such that (a, b) 6∈ θ(a,b) and θ(a,b) is maximal

with respect to this property.

Lemma 3.13. Let R be a Γ-so-ring. Then R is subdirectly irreducible if

and only if Con(R,Γ) has one and only one atom which is contained in every

congruence relation other than (0R, 0Γ), the zero congruence relation on (R,Γ).

Proof. It can be proved easily. �

Corollary 3.14. Let R be a Γ-so-ring. Then R is Γ-subdirectly irreducible

if and only if ConR has one and only one atom which is contained in every

Γ-congruence relation other than 0R, the zero Γ-congruence relation on R.

Theorem 3.15. A Γ-so-ring R, where both R and Γ are nonzero, is a subdirect

product of subdirectly irreducible Γi-so-rings Ri, i ∈ I.
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Proof. Let R be a Γ-so-ring. Consider the family of congruences

C = {(θ(a,b), σ(α,β)) | a, b ∈ R,α, β ∈ Γ with a 6= b and α 6= β} as con-

structed in the Lemma 3.11. Suppose (x, y) ∈
⋂
a 6=b

θ(a,b) and (γ, µ) ∈
⋂
α 6=β

σ(α,β).

Then (x, y) ∈ θ(a,b) ∀a 6= b and (γ, µ) ∈ σ(α,β) ∀α 6= β. If x 6= y and

γ 6= µ, then (x, y) ∈ θ(x,y) and (γ, µ) ∈ σ(γ,µ), a contradiction. Hence

(
⋂
a6=b

θ(a,b),
⋂
α 6=β

σ(α,β)) = (0R, 0Γ). By the Lemma 3.7, (R,Γ) is isomorphic to a

subdirect product of Γ/σ(α,β)-so-rings R/θ(a,b), a 6= b, α 6= β.

Now we prove that R/θ(a,b), a 6= b is a subdirectly irreducible Γ/σ(α,β)-

so-ring, α 6= β. Let ([θ(a,b)), [σ(α,β))) denote the set of all congruence rela-

tions on (R,Γ) containing (θ(a,b), σ(α,β)). Let (ψ, ρ) be the smallest congru-

ence relation such that (a, b) ∈ ψ and (α, β) ∈ ρ. Then (θ(a,b), σ(α,β)) ⊆
(ψ, ρ) ∨ (θ(a,b), σ(α,β)). If (θ(a,b), σ(α,β)) = (ψ, ρ) ∨ (θ(a,b), σ(α,β)), then (ψ, ρ) ⊆
(θ(a,b), σ(α,β)), and so (a, b) ∈ θ(a,b) for a 6= b and (α, β) ∈ σ(α,β) for α 6= β,

a contradiction. Hence (θ(a,b), σ(α,β)) ⊂ (ψ, ρ) ∨ (θ(a,b), σ(α,β)). ⇒ (ψ, ρ) ∨
(θ(a,b), σ(α,β)) ∈ ([θ(a,b)), [σ(α,β))) and (ψ, ρ) ∨ (θ(a,b), σ(α,β)) 6= (θ(a,b), σ(α,β)).

Let (φ, τ) be another congruence relation in ([θ(a,b)), [σ(α,β))) other than

(θ(a,b), σ(α,β)). Then (a, b) ∈ φ and (α, β) ∈ τ . ⇒ (ψ, ρ) ⊆ (φ, τ). Hence

(ψ, ρ) ∨ (θ(a,b), σ(α,β)) ⊆ (φ, τ). Therefore (ψ, ρ) ∨ (θ(a,b), σ(α,β)) is the only

atom which is contained in every congruence relation in ([θ(a,b)), [σ(α,β))) other

than (θ(a,b), σ(α,β)). By the Lemma 3.5, there is a one to one correspondence

between the congruence relations on (R/θ(a,b),Γ/σ(α,β)), a 6= b, α 6= β and

([θ(a,b)), [σ(α,β))). ⇒ Con(R/θ(a,b),Γ/σ(α,β)) has one and only one atom which

is contained in every congruence relation other than (θ(a,b), σ(α,β)) (the zero

congruence on (R/θ(a,b),Γ/σ(α,β))). By the Lemma 3.13, R/θ(a,b), a 6= b is a

subdirectly irreducible Γ/σ(α,β)-so-ring, α 6= β. Hence the theorem. �

Corollary 3.16. A Γ-so-ring R, where R is nonzero, is a Γ-subdirect product

of Γ-subdirectly irreducible Γ-so-rings Ri, i ∈ I.

4. (φ, ρ)-representation of Γ-So-Rings

Walendziak[9] introduced the notion of φ-representation of algebras and

studied the necessary and sufficient condition for < (Ai : i ∈ I), f > to be

a φ-representation. We extend these to Γ-so-rings.

Definition 4.1. Let {Ri | i ∈ I} be a family of Γi-so-rings, (R,Γ) be a subdi-

rect product of (Ri,Γi), i ∈ I, and let (φ, ρ) ∈ Con(R,Γ). Then the pair (R,Γ)

is said to be a (φ, ρ)-product of (Ri,Γi), i ∈ I if it satisfies the following:

(i) for every x = (xi : i ∈ I) ∈ RI , if (xi, xj) ∈ φ ∀i, j ∈ I then < xi(i) : i ∈
I >∈ R,
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(ii) for every α = (αi : i ∈ I) ∈ ΓI , if (αi, αj) ∈ ρ ∀i, j ∈ I then < αi(i) : i ∈
I >∈ Γ.

Definition 4.2. Let {Ri | i ∈ I} be a family of Γ-so-rings, R be a Γ-subdirect

product of Ri, i ∈ I, and let φ ∈ ConR. Then R is said to be a φ-product of

Ri, i ∈ I if it satisfies the condition that for every x = (xi : i ∈ I) ∈ RI , if

(xi, xj) ∈ φ ∀i, j ∈ I then < xi(i) : i ∈ I >∈ R.

Example 4.3. Take R1 = {0, 1}. Define Σ on R1 as

Σixi =


1, if xi = 0 ∀i 6= j for some j

1, if xh = 1, xk = 1 for some h, k, xi = 0 ∀i 6= h, k

undefined, otherwise.

Take Γ1 = {0′, 1′}. Define Σ′ on Γ1 as

Σ′iαi =

{
1′, if αi = 0 ∀i 6= j for some j

undefined, otherwise.

Then R1 and Γ1 are partial monoids. Consider the mapping (x, α, y) 7→ xαy

of R1 × Γ1 ×R1 into R1 as follows:
0′ 0 1

0 0 0

1 0 0

1′ 0 1

0 0 0

1 0 1

Then R1 is a Γ1-so-ring. Take R2 = {0, a, 1}. Define Σ on R2 as

Σixi =


xj , if xi = 0 ∀i 6= j for some j

a, if xh = xk = a for some h, k, xi = 0 ∀i 6= h, k

1, if xh = 1, xk = a or 1, for some h, k, xi = 0 ∀i 6= h, k

undefined, otherwise.

Then R2 is a partial monoid. Take Γ2 := Γ1. Consider the mapping (x, α, y) 7→
xαy of R2 × Γ2 ×R2 into R2 as follows:

0′ 0 a 1

0 0 0 0

a 0 0 0

1 0 0 0

1′ 0 a 1

0 0 0 0

a 0 a a

1 0 a 1

Then R2 is a Γ2-so-ring. Also R1 × R2 is a Γ1 × Γ2-so-ring. Take R = {<
0, 0 >,< 1, 0 >,< 1, a >,< 1, 1 >}, Γ = {< 0′, 0′ >,< 1′, 1′ >} , θ = {(<
0, 0 >,< 0, 0 >), (< 1, 0 >,< 1, 0 >), (< 1, a >,< 1, a >), (< 1, 1 >,< 1, 1 >

), (< 0, 0 >,< 1, 0 >), (< 1, 0 >,< 0, 0 >)} and ρ = {(< 0′, 0′ >,< 0′, 0′ >), (<

1′, 1′ >,< 1′, 1′ >)}. Then (R,Γ) is a subdirect product of (Ri,Γi), i = 1, 2
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and (θ, ρ) is a congruence relation on (R,Γ). Now for every x = (x1, x2) ∈ R2,

if (x1, x1), (x1, x2), (x2, x1), (x2, x2) ∈ θ then < x1(1), x2(2) >∈ R and α =

(α1, α2) ∈ Γ2, if (α1, α1), (α1, α2), (α2, α1), (α2, α2) ∈ ρ then < α1(1), α2(2) >∈
Γ. Also p1(R) = R1, p2(R) = R2 and p′1(Γ) = Γ1, p

′
2(Γ) = Γ2. Hence (R,Γ) is

a (θ, ρ)-product of (Ri,Γi), i = 1, 2.

Now take φ = {(< 0, 0 >,< 0, 0 >), (< 1, 0 >,< 1, 0 >), (< 1, a >,< 1, a >

), (< 1, 1 >,< 1, 1 >), (< 0, 0 >,< 1, 0 >), (< 1, 0 >,< 0, 0 >), (< 0, 0 >,<

1, a >), (< 1, a >,< 0, 0 >), (< 1, 0 >,< 1, a >), (< 1, a >,< 1, 0 >)}. Then

(φ, ρ) is a congruence relation on (R,Γ). Take x = (< 0, 0 >,< 1, a >) ∈ R2.

Then (< 0, 0 >,< 0, 0 >), (< 0, 0 >,< 1, a >), (< 1, a >,< 0, 0 >), (< 1, a >

,< 1, a >) ∈ φ. But << 0, 0 > (1), < 1, a > (2) > = < 0, a > 6∈ R. Thus (R,Γ)

is not a (φ, ρ)-product of (Ri,Γi), i = 1, 2.

Lemma 4.4. Let R be a Γ-so-ring and Ri(i ∈ I) be a family of Γi-so-rings.

Then

(i) (R,Γ) is a subdirect product of (Ri,Γi), i ∈ I if and only if (R,Γ) is a

(0R, 0Γ)-product of (Ri,Γi), i ∈ I.

(ii) (R,Γ) is a (1R, 1Γ)-product of (Ri,Γi), i ∈ I if and only if (R,Γ) =∏
i∈I

(Ri,Γi).

Proof. (i) Suppose (R,Γ) is a (0R, 0Γ)-product of (Ri,Γi), i ∈ I. Then (R,Γ)

is a subdirect product of (Ri,Γi), i ∈ I. Conversely, suppose that (R,Γ) is

a subdirect product of Γi-so-rings Ri, i ∈ I. Let x := (xi : i ∈ I) ∈ RI

3 (xi, xj) ∈ 0R ∀i, j ∈ I. Then < xi(i) : i ∈ I >= xi ∈ R (since xi =

xj , ∀i, j ∈ I). Let α := (αi : i ∈ I) ∈ ΓI 3 (αi, αj) ∈ 0Γ ∀i, j ∈ I. Then

< αi(i) : i ∈ I >= αi ∈ Γ (since αi = αj , ∀i, j ∈ I). Hence (R,Γ) is a

(0R, 0Γ)-product of (Ri,Γi), i ∈ I.

(ii) Suppose (R,Γ) is a (1R, 1Γ)-product of (Ri,Γi), i ∈ I. Let x ∈
∏
i∈I
Ri. Then

x =< xi : i ∈ I >∈
∏
i∈I
Ri where xi ∈ Ri ∀ i ∈ I. Since pi |R: R → Ri is a

surjective homomorphism, ∃ ai ∈ R 3 pi |R (ai) = xi ∀ i ∈ I. ⇒ ai(i) = xi
∀ i ∈ I. Put a := (ai : i ∈ I). Since 1R = R2, (ai, aj) ∈ 1R ∀i, j ∈ I. ⇒
< ai(i) : i ∈ I >∈ R. ⇒ x =< xi : i ∈ I >∈ R. Hence R =

∏
i∈I
Ri. Similarly,

we can prove that Γ =
∏
i∈I

Γi.

Conversely suppose that (R,Γ) =
∏
i∈I

(Ri,Γi). Then (R,Γ) is clearly a sub-

direct product of (Ri,Γi), i ∈ I. Let x := (xi : i ∈ I) ∈ RI 3 (xi, xj) ∈ 1R

∀i, j ∈ I. ⇒ < xi(i) : i ∈ I >∈
∏
i∈I
Ri = R. Let α := (αi : i ∈ I) ∈ ΓI 3
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(αi, αj) ∈ 1Γ ∀i, j ∈ I. ⇒ < αi(i) : i ∈ I >∈
∏
i∈I

Γi = Γ. Hence (R,Γ) is a

(1R, 1Γ)-product of (Ri,Γi), i ∈ I. �

Corollary 4.5. Let R and Ri(i ∈ I) be a family of Γ-so-rings. Then

(i) R is a Γ-subdirect product of Ri, i ∈ I if and only if R is a 0R-product of

Ri, i ∈ I.

(ii) R is a 1R-product of Ri, i ∈ I if and only if R =
∏
i∈I

Ri.

Theorem 4.6. Let {Ri | i ∈ I} be a family of Γi-so-rings, let (R,Γ) be a sub∏
i∈I

Γi-so-ring of
∏
i∈I

Ri and let (φ, ρ) ∈ Con(R,Γ). For i ∈ I, let θi be the ker-

nel of the projection at i, restricted to R and σi be the kernel of the projection

at i, restricted to Γ. If (R,Γ) is a (φ, ρ)-product of (Ri,Γi), i ∈ I, then

(i) (0R, 0Γ) =
⋂
i∈I

(θi, σi),

(ii) for every x = (xi : i ∈ I) ∈ RI , if (xi, xj) ∈ φ ∀i, j ∈ I, then ∃ x ∈ R 3
(x, xi) ∈ θi,∀i ∈ I,

(iii) for every α = (αi : i ∈ I) ∈ ΓI , if (αi, αj) ∈ ρ ∀i, j ∈ I, then ∃ α ∈ Γ 3
(α, αi) ∈ σi,∀i ∈ I,

(iv) (R/θi,Γ/σi) ∼= (Ri,Γi) ∀i ∈ I.

Proof. (i) Let (x, y) ∈
⋂
i∈I

θi where x, y ∈ R. Then pi |R (x) = pi |R (y) ∀i ∈ I.

⇒ pi(x) = pi(y) ∀i ∈ I. ⇒ x(i) = y(i) ∀ i ∈ I. ⇒ x = y. Let (α, β) ∈
⋂
i∈I

σi

where α, β ∈ Γ. Then p′i |Γ (α) = p′i |Γ (β) ∀i ∈ I. ⇒ p′i(α) = p′i(β) ∀i ∈ I. ⇒
α(i) = β(i) ∀ i ∈ I. ⇒ α = β. Hence

⋂
i∈I

(θi, σi) = (0R, 0Γ).

(ii) Let x := (xi : i ∈ I) ∈ RI 3 (xi, xj) ∈ φ ∀i, j ∈ I. Put x :=< xi(i) : i ∈
I >. So x ∈ R, xi ∈ R and x(i) = xi(i) ∀ i ∈ I. ⇒ pi |R (x) = pi |R (xi) ∀i ∈ I.

⇒ (x, xi) ∈ θi ∀i ∈ I. Hence ∃ x ∈ R 3 (x, xi) ∈ θi,∀i ∈ I.

(iii) Let α := (αi : i ∈ I) ∈ ΓI 3 (αi, αj) ∈ ρ ∀i, j ∈ I. Put α :=< αi(i) : i ∈
I >. So α ∈ Γ, αi ∈ Γ and α(i) = αi(i) ∀i ∈ I. ⇒ p′i |Γ (α) = p′i |Γ (αi) ∀i ∈ I.

⇒ (α, αi) ∈ σi ∀i ∈ I. Hence ∃ α ∈ Γ 3 (α, αi) ∈ σi,∀i ∈ I.

(iv). Define f : R/θi → Ri by [a]θi 7→ a(i) and g : Γ/σi → Γi by [α]σi
7→ α(i).

Note that for any [a]θi , [b]θi ∈ R/θi, [a]θi = [b]θi ⇔ (a, b) ∈ θi ⇔ pi |R (a) =

pi |R (b) ⇔ a(i) = b(i) ⇔ f([a]θi) = f([b]θi) and for any [α]σi
, [β]σi

∈ Γ/σi,

[α]σi
= [β]σi

⇔ (α, β) ∈ σi ⇔ p′i |Γ (α) = p′i |Γ (β) ⇔ α(i) = β(i) ⇔
g([α]σi

) = g([β]σi
). Therefore (f, g) is well defined and one-one. For any

ai ∈ Ri and αi ∈ Γi, ∃ a ∈ R and α ∈ Γ 3 a(i) = pi |R (a) = ai and

α(i) = p′i |Γ (α) = αi. Now [a]θi ∈ R/θi, [α]σi ∈ Γ/σi and f([a]θi) = a(i) = ai,

g([α]σi
) = α(i) = αi. Hence (f, g) is onto.
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To prove (f, g) is a homomorphism, let ([xj ]θi : j ∈ J) be a summable

family in R/θi. Then f(Σj∈J [xj ]θi) = f([Σjxj ]θi) = (Σjxj)(i) = Σjf([xj ]θi).

Let ([αj ]σi
: j ∈ J) be a summable family in Γ/σi. Then g(Σj∈J [αj ]σi

) =

g([Σjαj ]σi) = (Σjαj)(i) = Σjg([αj ]σi). Now for any [a]θi , [b]θi ∈ R/θi and

[α]σi ∈ Γ/σi, f([a]θi [α]σi [b]θi) = f([aαb]θi) = (aαb)(i) = a(i)α(i)b(i)

= f([a]θi)g([α]σi
)f([b]θi) and hence (f, g) is a homomorphism from (R/θi,Γ/σi)

onto (Ri,Γi), i ∈ I. Hence (R/θi,Γ/σi) ∼= (Ri,Γi), i ∈ I. �

Corollary 4.7. Let {Ri | i ∈ I} be a family of Γ-so-rings, R be a Γ-sub so-ring

of
∏
i∈I

Ri and let φ ∈ ConR. For i ∈ I, let θi be the kernel of the projection at

i, restricted to R. If R is a φ-product of Ri, i ∈ I, then

(i) 0R =
⋂
i∈I

θi,

(ii) for every x = (xi : i ∈ I) ∈ RI , if (xi, xj) ∈ φ ∀i, j ∈ I, then ∃ x ∈ R 3
(x, xi) ∈ θi,∀i ∈ I,

(iii) R/θi ∼= Ri ∀i ∈ I.

Definition 4.8. Let R be a Γ-so-ring and let (φ, ρ) ∈ Con(R,Γ). For

any family {(θi, σi) | i ∈ I} of congruence relations on (R,Γ), we write

(0R, 0Γ) = Π(φ,ρ)((θi, σi) : i ∈ I) if and only if the conditions (i),(ii) and

(iii) of above theorem are satisfied.

Definition 4.9. Let R be a Γ-so-ring and let φ ∈ ConR. For any family

{θi | i ∈ I} of Γ-congruence relations on R, we write 0R = Πφ(θi : i ∈ I) if and

only if the conditions (i) and (ii) of above corollary are satisfied.

Remark 4.10. Let R be a Γ-so-ring and let {(θi, σi) | i ∈ I} be a family of

congruence relations on (R,Γ). Then

(i) (0R, 0Γ) = Π(0R,0Γ)((θi, σi) : i ∈ I) if and only if (0R, 0Γ) =
⋂
i∈I

(θi, σi),

(ii) (0R, 0Γ) = Π(1R,1Γ)((θi, σi) : i ∈ I) if and only if (0R, 0Γ) =
⋂
i∈I

(θi, σi), for

every (xi : i ∈ I) ∈ RI , ∃ x ∈ R 3 (x, xi) ∈ θi and for every (αi : i ∈ I) ∈ ΓI ,

∃ α ∈ Γ 3 (α, αi) ∈ σi ∀i ∈ I.

Remark 4.11. Let R be a Γ-so-ring and let {θi | i ∈ I} be a family of Γ-

congruence relations on R. Then

(i) 0R = Π0R
(θi : i ∈ I) if and only if 0R =

⋂
i∈I

θi,

(ii) 0R = Π1R
(θi : i ∈ I) if and only if 0R =

⋂
i∈I

θi and for every (xi : i ∈ I) ∈ RI ,
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∃ x ∈ R 3 (x, xi) ∈ θi ∀i ∈ I.

Definition 4.12. Let R be a Γ-so-ring and R′ be a Γ′-so-ring. Suppose (f, g) is

an epimorphism from (R,Γ) onto (R′,Γ′). For any congruence relation (φ, ρ) on

(R,Γ), define (f(φ), g(ρ)) = ({(f(x), f(y)) | (x, y) ∈ φ}, {(g(α), g(β)) | (α, β) ∈
ρ}).

It can be easily observed that the relation (f(φ), g(ρ)) is a congruence rela-

tion on (R′,Γ′).

Lemma 4.13. Let R be a Γ-so-ring, R′ be a Γ′-so-ring and (φ, ρ), {(θi, σi) |
i ∈ I} be a family of congruence relations on (R,Γ). If (f, g) is an isomorphism

from (R,Γ) onto (R′,Γ′), then (0R, 0Γ) = Π(φ,ρ)((θi, σi) : i ∈ I) if and only if

(0R′ , 0Γ′) = Π(f(φ),g(ρ))((f(θi), g(σi)) : i ∈ I).

Proof. Suppose (0R, 0Γ) = Π(φ,ρ)((θi, σi) : i ∈ I). Since (φ, ρ) and {(θi, σi) | i ∈
I} are congruence relations on (R,Γ), (f(φ), g(ρ)) and {(f(θi), g(σi)) | i ∈ I}
are also congruence relations on (R′,Γ′). Let (f(x), f(y)) ∈

⋂
i∈I
f(θi) and

(g(α), g(β)) ∈
⋂
i∈I
g(σi). Then (x, y) ∈

⋂
i∈I
θi = 0R and (α, β) ∈

⋂
i∈I
σi =

0Γ. ⇒ x = y and α = β. ⇒ f(x) = f(y) and g(α) = g(β). There-

fore
⋂
i∈I

(f(θi), g(σi)) = (0R′ , 0Γ′). Let y := (yi : i ∈ I) ∈ R′
I 3 (yi, yj) ∈

f(φ) ∀i, j ∈ I. Since f is onto, ∃ x := (xi : i ∈ I) ∈ RI 3 f(xi) = yi ∀i ∈
I & (xi, xj) ∈ φ ∀i, j ∈ I. ⇒ ∃ x ∈ R 3 (x, xi) ∈ θi ∀i ∈ I. ⇒ ∃ y := f(x) ∈
R′ 3 (y, yi) ∈ f(θi) ∀i ∈ I. Let β := (βi : i ∈ I) ∈ Γ′

I 3 (βi, βj) ∈ g(ρ) ∀i, j ∈
I. Since g is onto, ∃ α := (αi : i ∈ I) ∈ ΓI 3 g(αi) = βi ∀i ∈ I & (αi, αj) ∈
ρ ∀i, j ∈ I. ⇒ ∃ α ∈ Γ 3 (α, αi) ∈ σi ∀i ∈ I. ⇒ ∃ β := g(α) ∈ Γ′ 3 (β, βi) ∈
g(σi) ∀i ∈ I. Hence (0R′ , 0Γ′) = Π(f(φ),g(ρ))((f(θi), g(σi)) : i ∈ I).

Suppose (0R′ , 0Γ′) = Π(f(φ),g(ρ))((f(θi), g(σi)) : i ∈ I). Let (x, y) ∈
⋂
i∈I
θi

and (α, β) ∈
⋂
i∈I
σi. Then (f(x), f(y)) ∈

⋂
i∈I
f(θi) = 0R′ and (g(α), g(β)) ∈⋂

i∈I
g(σi) = 0Γ′ . ⇒ f(x) = f(y) and g(α) = g(β). Since f and g are one-one,

x = y and α = β. Hence
⋂
i∈I

(θi, σi) = (0R, 0Γ). Let x := (xi : i ∈ I) ∈ RI 3

(xi, xj) ∈ φ ∀i, j ∈ I. Then y := (f(xi) : i ∈ I) ∈ R′
I 3 (f(xi), f(xj)) ∈

f(φ) ∀i, j ∈ I. Since f is onto, ∃ y ∈ R′ 3 (y, f(xi)) ∈ f(θi) ∀i ∈ I. ⇒
∃ x ∈ R 3 f(x) = y & (x, xi) ∈ θi ∀i ∈ I. Let α := (αi : i ∈ I) ∈ ΓI 3
(αi, αj) ∈ ρ ∀i, j ∈ I. Then β := (g(αi) : i ∈ I) ∈ Γ′

I 3 (g(αi), g(αj)) ∈
g(σi) ∀i, j ∈ I. Since g is onto, ∃ β ∈ Γ′ 3 (β, g(αi)) ∈ g(σi) ∀i ∈ I. ⇒ ∃ α ∈
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Γ 3 g(α) = β & (α, αi) ∈ ρ ∀i ∈ I. Hence (0R, 0Γ) = Π(φ,ρ)((θi, σi) : i ∈ I). �

Corollary 4.14. Let R and R′ be Γ-so-rings and φ, θi(i ∈ I) be a family

Γ-congruence relations on R. If f is a Γ-isomorphism from R onto R′, then

0R = Πφ(θi : i ∈ I) if and only if 0R′ = Πf(φ)(f(θi) : i ∈ I).

Theorem 4.15. Let R be a Γ-so-ring, (φ, ρ) ∈ Con(R,Γ) and {(θi, σi) |
i ∈ I} be a family of congruence relations on (R,Γ) such that (0R, 0Γ) =

Π(φ,ρ)((θi, σi) : i ∈ I). If the mappings f : R →
∏
i∈I
R/θi and g : Γ →

∏
i∈I

Γ/σi

are defined by f(x) = ([x]θi : i ∈ I) and g(α) = ([α]σi
: i ∈ I) respectively, then

(f(R), g(Γ)) is a (f(φ), g(ρ))-product of (R/θi,Γ/σi), i ∈ I.

Proof. By the proof of the Lemma 3.7, (f, g) is a monomorphism from (R,Γ)

into
∏
i∈I

(R/θi,Γ/σi) and (f(R), g(Γ)) is a subdirect product of (R/θi,Γ/σi),

i ∈ I. Let (yi : i ∈ I) ∈ f(R)I 3 (yi, yj) ∈ f(φ) ∀i, j ∈ I. Then ∃ xi ∈ R ∀i ∈
I 3 f(xi) = yi & (xi, xj) ∈ φ ∀i, j ∈ I. ⇒ ∃ x ∈ R 3 (x, xi) ∈ θi ∀i ∈ I. ⇒
[x]θi = [xi]θi ∀i ∈ I. ⇒ f(x)(i) = f(xi)(i) = yi(i) ∀i ∈ I and hence (yi(i) : i ∈
I) = f(x) ∈ f(R). Let (βi : i ∈ I) ∈ g(Γ)I 3 (βi, βj) ∈ g(ρ) ∀i, j ∈ I. Then

∃ αi ∈ Γ ∀i ∈ I 3 g(αi) = βi & (αi, αj) ∈ ρ ∀i, j ∈ I. ⇒ ∃ α ∈ Γ 3 (α, αi) ∈
σi ∀i ∈ I. ⇒ [α]σi = [αi]σi ∀i ∈ I. ⇒ g(α)(i) = g(αi)(i) = βi(i) ∀i ∈ I

and hence (βi(i) : i ∈ I) = g(α) ∈ g(Γ). Hence (f(R), g(Γ)) is a (f(φ), g(ρ))-

product of (R/θi,Γ/σi), i ∈ I. �

Corollary 4.16. Let R be a Γ-so-ring, φ ∈ ConR and {θi | i ∈ I} be a family

of Γ-congruence relations on R such that 0R = Πφ(θi : i ∈ I). If the mapping

f : R →
∏
i∈I
R/θi is defined by f(x) = ([x]θi : i ∈ I) ∀x ∈ R, then f(R) is a

f(φ)-product of R/θi, i ∈ I.

Definition 4.17. Let R be a Γ-so-ring, {Ri | i ∈ I} be a family of Γi-so-rings

and (φ, ρ) ∈ Con(R,Γ). If (f, g) is a monomorphism of (R,Γ) into
∏
i∈I

(Ri,Γi)

and if (f(R), g(Γ)) is a (f(φ), g(ρ))-product of (Ri,Γi), i ∈ I, then the ordered

pair < ((Ri,Γi) : i ∈ I), (f, g) > is called a (φ, ρ)-representation of (R,Γ).

Definition 4.18. Let R, Ri(i ∈ I) be a family of Γ-so-rings and φ ∈ ConR.

If f is a Γ-monomorphism of R into
∏
i∈I
Ri and if f(R) is a f(φ)-product of

Ri, i ∈ I, then the ordered pair < (Ri : i ∈ I), f > is called a φ-representation

of R.
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Remark 4.19. Let R be a Γ-so-ring and {Ri | i ∈ I} be a family of Γi-so-rings.

Suppose (f, g) is a monomorphism from (R,Γ) into
∏
i∈I

(Ri,Γi). Then

(i) < ((Ri,Γi) : i ∈ I), (f, g) > is a (0R, 0Γ)-representation of (R,Γ) if and only

if (f(R), g(Γ)) is a subdirect product of (Ri,Γi), i ∈ I,

(ii) < ((Ri,Γi) : i ∈ I), (f, g) > is a (1R, 1Γ)-representation of (R,Γ) if and

only if (f(R), g(Γ)) is the direct product of (Ri,Γi), i ∈ I.

Remark 4.20. Let R and Ri(i ∈ I) be a family of Γ-so-rings. Suppose f is a

Γ-monomorphism from R into
∏
i∈I
Ri. Then

(i) < (Ri : i ∈ I), f > is a 0R-representation of R if and only if f(R) is a

Γ-subdirect product of Ri, i ∈ I,

(ii) < (Ri : i ∈ I), f > is a 1R-representation of R if and only if f(R) is the

Γ-direct product of Ri, i ∈ I.

Theorem 4.21. Let R be a Γ-so-ring, (φ, ρ) ∈ Con(R,Γ) and {(θi, σi) | i ∈ I}
be a family of congruence relations on (R,Γ). If the mappings f : R→

∏
i∈I
R/θi

and g : Γ→
∏
i∈I

Γ/σi are defined by f(x) = ([x]θi : i ∈ I) and g(α) = ([α]σi
: i ∈

I) respectively, then < ((R/θi,Γ/σi) : i ∈ I), (f, g) > is a (φ, ρ)-representation

of (R,Γ) ⇔ (0R, 0Γ) = Π(φ,ρ)((θi, σi) : i ∈ I).

Proof. Suppose < ((R/θi,Γ/σi) : i ∈ I), (f, g) > is a (φ, ρ)-representation of

(R,Γ). Then (f(R), g(Γ)) is a (f(φ), g(ρ))-product of (R/θi,Γ/σi), i ∈ I. Note

that (f(x), f(y)) ∈ f(θi) ⇔ (x, y) ∈ θi ⇔ [x]θi = [y]θi ⇔ pi |f(R) (f(x)) =

pi |f(R) (f(y)) ⇔ (f(x), f(y)) ∈ ker(pi |f(R)). Also note that (g(α), g(β)) ∈
g(σi) ⇔ (α, β) ∈ σi ⇔ [α]σi

= [β]σi
⇔ p′i |g(Γ) (g(α)) = p′i |g(Γ) (g(β))

⇔ (g(α), g(β)) ∈ ker(p′i |g(Γ)). Therefore (f(θi), g(σi)), i ∈ I are the ker-

nels of the projections at i restricted to (f(R), g(Γ)). Then by the Theo-

rem 4.6, (0f(R), 0g(Γ)) =
⋂

((f(θi), g(σi)) : i ∈ I). Hence (0f(R), 0g(Γ)) =∏
(f(φ),g(ρ))((f(θi), g(σi)) : i ∈ I). By the Lemma 4.13, (0R, 0Γ) = Π(φ,ρ)((θi, σi) :

i ∈ I). The converse part is trivial in view of the Theorem 4.15. Hence the

theorem. �

Corollary 4.22. Let R be a Γ-so-ring, φ, θi(i ∈ I) ∈ ConR. Define f : R →∏
R/θi by x 7→ ([x]θi : i ∈ I). Then < (R/θi : i ∈ I), f > is a φ-representation

of R if and only if 0R =
∏
φ(θi : i ∈ I).

Remark 4.23. (i) A family {(θi, σi) | i ∈ I} of congruence relations on a Γ-

so-ring R gives a subdirect representation if and only if
⋂
i∈I

(θi, σi) = (0R, 0Γ).
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(ii) A family {(θi, σi) | i ∈ I} of congruence relations on a Γ-so-ring R consti-

tutes a direct representation if and only if (0R, 0Γ) =
∏

(1R,1Γ)((θi, σi) : i ∈ I).

Remark 4.24. (i) A family {θi | i ∈ I} of Γ-congruence relations on a Γ-so-

ring R gives a Γ-subdirect representation if and only if
⋂
i∈I
θi = 0R.

(ii) A family {θi | i ∈ I} of Γ-congruence relations on a Γ-so-ring R constitutes

a Γ-direct representation if and only if 0R =
∏

1R
(θi : i ∈ I).
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