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ABSTRACT. Let £ be a Lie crossed module and Acty;(£) and Act (L) be
the pointwise inner actor and center actor of L, respectively. We will give
a necessary and sufficient condition under which Actp;(£) and Act. (L)

are equal.
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1. INTRODUCTION

Crossed modules of groups are introduced by Whitehead [11] to study ho-
motopy relation among groups. Lie crossed modules are also introduced and
used by Lavendhomme and Rosin [8] as a sufficient coefficient of a nonabelian
cohomology of T-algebras.

A crossed module £ in Lie algebras is a homomorphism d : L; — Ly with
an action of Ly on L satisfying special conditions (see Casas [3], Casas and
Ladra [4, 5] for details).

In [9], Norrie extended the definition of actor to the 2-dimensional case
by giving a description of the corresponding object in the category of crossed
modules of groups. The analogoue construction for the category of crossed
modules of Lie algebras is given in [5].
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Actor of crossed module of Leibniz algebras also introduced by Casas et al.
in [6].

Allahyari and Saeedi in [1] and [2] introduced a chain of subcrossed modules
of Act(L), and showed that for two Lie crossed module £ and M, ID*Act(L) =
ID*Act(M) if £ and M are isoclinic. Sheikh-Mohseni et al. [10] gives a
necessary and sufficient condition for Der.(L) and Der,(L) of a Lie algebra L
to be equal.

In this paper, we shall introduce a new subcrossed module of Act(L), denoted
by Act. (L), and study its relationships with subcrossed modules of Act(L), say
InnAct(£) and Actp;(£). In section 2, definitions and primary notations used
for Lie crossed module and Act(L) are presented. In section 3, Act,(L) is
defined and some of its elementary properties are proved. In section 4, we
prove the main theorem, which gives a necessary and sufficient condition for
the equality of Act,;(£) and Act,(L).

2. PRELIMINARIES ON CROSSED MODULES

Definition 2.1. A Lie crossed module is a Lie homomorphism d : L1 — Lo
together with an action of Ly on Ly, denoted as (ly,11) ' Iy for all [y € Ly
and [; € L1, such that

(1) d(*oly) = [lo, d(l1)];
(2) 41 = 1y, 1],

for all Iy € Ly and I3,l] € Ly. The crossed module £ is denoted by L :
(L1, Lo, d).

The crossed module £’ : (L}, L{),d’) is a subcrossed module of £ : (L1, Lo, d),
and denoted by £’ < L, if L{; and L] are subalgebras of Ly and Ly, respectively,
and d’ is the restriction of d on L}, and the action of L{ on L} is induced from
the action of Lg on L.

The subcrossed module £’ : (L}, L, d") of £ : (L1, Lo,d) is an ideal of L,
denoted by L'« L, if L{, and L} are ideals of Ly and Lq, respectively, and that
we have "I} € L} and "ol, € L) for all ly € Lo, I} € L}, I, € Ly, and I} € L}.

Definition 2.2. Let £: (L1, Lo, d) be a Lie crossed module. The center Z (L)
of L, that is an ideal of L, is defined as

Z(L): (*°Ly,str,(L1) N Z(Lo),d)),

where
Loy ={lieLi |11 =0, Vi€ Lo}
and

stro(L1) ={lo€ Lo |11 =0, V1 € L1 }.
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and d| is restriction of d to L0 L.
The crossed module £ is abelian if it coincides with its center, i.e.

Ly =t L, and Lo=sty, (L) NZ(Lo).
The derived subcrossed module of £, denoted as £2, is defined as follows:
L?: (D, (L), L, d)),
where
Dy, (L) = (°ly | Iy € Lo, 11 € Ly).

and d, is restriction of d to Log,.

A homomorphism between two Lie crossed modules £ : (L, Lg,d) and £’ :
(LY, Ly, d’) is a pair (f,g) of Lie algebra homomorphisms f : L; — L} and
g : Lo — Ly satisfying

(1) d'f = gd;
(2) f(loly) =9to) f(ly),

for all [ € Ly and [y € L.

Definition 2.3. Assume L : (L1, Lo, d) is a crossed module. A derivation of
L is a pair (¢, ¢) : L — L satisfying the following conditions:

)
)

3) dy = ¢d,
)

forall lgp € Lo and Iy € Lq.
The set of all derivations of £ is denoted by Der(L), which is a Lie algebra
with bracket as in the following:

(¥, 8), (@', 8] = ([, 4], [6, &']) = (Vo' — ", 60" — ¢'0).

Definition 2.4. Assume £ : (L1, Lo, d) is a Lie algebra crossed module. The
amap 0 : Lo — Ly is called crossed derivation if

8([lo. 1)) =" 6(15) —" 8(lo)

for all lo, 1, € Log. The set of all crossed derivations from Lg to L; is denoted
by Der(Lg, L1), which turns into a Lie algebra via the following bracket:

[01,02] = 01dd2 — d2ddy
for all 41,02 € Der(Lg, L1).

Definition 2.5. To each Lie crossed module £ : (L1, Ly, d), there corresponds
a crossed module Act(L) : (Der(Lg, L), Der(L£), A) such that

hom ADer(Lg, Ly )Der(£)d(dd, do)
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and the action of Der(L) on Der(Lg, L) is defined as
(@8)§ = ad — o

for all (o, B) € Der(L) and 6 € Der(Lyg, L1), and it is called the actor of L (see
Casas and Ladra, [5]).

Proposition 2.6. There exists a canonical homomorphism of crossed modules
as

(e,m) : L — Act(L),
where

homeL Der(Lg, L1)l16;, and homnLoDer(L)ly(au,, B, ),

in which 8, (lp) =% 11, ay,(l1) = 1y, and B, (Iy) = [lo,ly] for all ly € Lo,
Z/O € Lo, and ll € Ll.
The image of (g,m) is an ideal of Act(L) and it is denoted as InnAct(L).
We have
InnAct(L) : (e(L1),n(Lo), 4)).
On can easily see that ker(e,n) = Z(L). (See allahyary and saeedi [1])

Definition 2.7. Let £ be a Lie crossed module. Then the pointwise inner
actor of L is defined as follows:

ACtpi(,C) . (Derpi(Lm Ll), Derpl- (,C), A‘ ),
where
Derp;(Lo, L1) = {6 € Der(Lo, L1) | ¥ lo € Lo, 311 € Ly : 8(lo) =" 11 }
and

. o
Deryi(£) = {(Ouﬁ) € Der(L) | Vipe Ly, 3o € Lo:al) = I, }

A l() e L()7 3 Z(I) e LO : ﬁ(l(]) = [l(l),l()]
One can easily verify that Act,;(L£) is a subcrossed module of Act(£) and
contains InnAct(L) (see Allahyari and Saeedi [1]).

Definition 2.8. Let £: (L1, Lo, d) be a Lie crossed module. Then ID*Act(L)
is defined as
ID*Act(£) : (ID*(Lo, L1),ID* (L), A)),

where
% 5({1,‘0) € Dy, (Ll)7 YV xg € L07
ID* (Lo, L1) = Der(Lg, L 0
( o 1) {6 € er( o 1) ‘ 6(.%‘0) = O, A g € StLO(Ll) N Z(L())7
and
Oé(.”L'l) S DLO(L1)7 Va1 € Ll,
* a(zy) =0, Vo, €ko Ly,
ID = D
(L") (avﬁ) e er(ﬁ) | I@(J:O) E L%, v $0 e [/07
6(1’0) = 0, v xTo € StLo(Ll) N Z(Lo)
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On can easily show that ID*Act(L) is a subcrossed module of Act(£) and
contains Act,; (L) (see Allahyari and Saeedi [1]).

3. CENTER ACTOR OF LIE CROSSED MODULES

In this section we define subcrossed module of Act(£) namely Act.(L) and
we prove some of its elementary properties.

Definition 3.1. Let £ : (L1, Lo, d) be a Lie crossed module. The Act,(L) is
defined as follows:

Act. (L) : (Der. (Lo, L1),Der. (L), A)),
where
Der. (Lo, L1) = {6 € Der(Lo, L1) | 5(lp) € L1, ¥ Iy € Lo}
and

a(ly Lo 1, L L
Der.(£) = {(%5) € Der(L) | ()€™ Ly, Vi el }

ﬁ(lo) S StLO(Ll) n Z(Lo), Y ly € Ly.
Note that A is the restriction of A to Der. (Lo, L1).

Proposition 3.2. Act,(L) is a subcrossed module of Act(L).

Proof. We have to show that
(1) Der,(Lg, L1) < Der(Lg, L1);
(2) Der, (L) < Der(L);
(3) Apper.(Lo,L1) € Der.(L).
(1) Assume 6,4 are two arbitrary elements of Der,(Lg, L1). Then
S(zo) €l0 Ly and &' (wo) €0 Iy

for all g € Lg. Now since [d, '](x0) = 0dd’ (x¢) —6'dd(x0), one can easily verify
that
[6,0"](wo) €™ Ly
for all g € L. Hence Der, (Lo, L1) < Der(Lg, L1).
(2) Let (o, B) and (¢, ') be two elements of Der,(L£). Then

afz)) €® Ly and o (x1) €™ Ly,
B(zo) € str,(L1) N Z(Lo) and f'(xg) € str,(L1) N Z(Lg)
for all zg € Ly and x1 € Ly. Since
[(c, ), (o, B))] = ([, '], [B, B]) = (a’ — &', BB" — B'B),
one can see that
(ad — d'a)(z1) = ad/(v1) — afxy) € Ly,

(BB" = B'B)(x0) = BB (x0) — B'Blxo) € str,(L1) N Z(Lo)
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for all xg € Lo and x; € Ly. Therefore [(a, §), (¢, 5")] € Der,(L) so that
Der, (L) < Der(L).
(3) Assume 6 € Der, (Lo, L1). From the definition of A, we have
A(8) = (8d, dd).

One can easily check that

5d(£€1) ELO Ly,

d5($0) € str, (Ll) n Z(Lo)
for all x9 € Lo and 1 € L;. Thus A(§) = (dd,dd) € Der,(L), and so

Aper, (Lo,L1) € Der;(L). Therefore Act.(L£) < Act(L£), and the proof is com-
plete. O

Definition 3.3. Let £ : (L1, Lo, d) be a Lie crossed module and M : (M7, My, d)
be an ideal of £. Then the centralizer of M in £, denoted as C, (M), is defined
as
CL(M) : (MOLl, CrL, (Mo) N StLO(Ml), d‘),
where
Mop, ={z; € Ly |* 21 =0, Vao € My},
Cro(Mo) = {0 € Lo | [x0,50] =0, V yo € Mo},
StLO(Ml) = {{)30 € Ly |;80 r1=0,Vz € Ml} .
Let M : (My,My,dy) and N : (N, No,dp) be two ideals of the crossed
module L : (Ly, Lo, d). Then the ideal M NN of L is defined as

M ﬂ./\/ : (Ml n N]_,MO ﬂN07d|>
Lemma 3.4. Let L: (Ly, Lo, d) be a Lie crossed module and M : (My, My, d)
be an ideal of L. Then M NCp(M) = Z(M).

Proof. 1t is obvious.

Lemma 3.5. Let L : (L1, Lo, d) be a Lie crossed module and InnAct(L) < H <
ID*Act(L). Then
Caci(c)(H) = Act.(L).

Proof. Assume H : (Hy, Hp, A). We need to show that

(1) HoDer(Lgy, L) = Der.(Lg, L1);

(2) Cper(z)(Ho) Nstper(z)(H1) = Der,(L).
(1) Let 6 € Der, (Lo, L1). Then 6(lg) €X0 Ly for all [y € Lo. Now if (a, 8) € Ho,
then we observe that

*P6(l0) = (o = 56)(1o) = a(3(lo)) ~ 8(5(10)) = ~6(3 ().

Since B(lo) € L3, there exist xg,yo € Lo such that 8(lp) = [z, yo]. Then

©2)5(19) = 8([0, yol) =* 8(xo) —* 5(yo) = 0.
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Thus 6 €0 Der(Lg, L1) and consequently Der,(Lg, L) CHo Der(Lg, L1).

Conversely, assume § €70 Der(Lg, L1). Then (A §(2¢) = 0 for all 9 € Lg
and (o, ) € Hy. Now since H contains InnAct(L), we can write (o, 8) =
(o, Bi,) for some ly € Lg. Then

(@10:510) § (29) = 0 = (g, — 3By, ) (o) = 0,
= ay, (6(z0)) — 6(Biy (z0)) =
=l §(z) — 5([107330]) 0,
=10 (o) =" 8(x0) +7 6(lo) =
=% §(lp) =0

for all xg,lg € Lo. Therefore § € Der,(Lg,L1) so that HoDer(Lg, L;) C
DeI‘Z(L(),Ll).
(2) Let (o, 8) € Der,(L£). Then

a(ly) €t Ly and  B(ly) € str,(L1) N Z(Lo)
for all Iy € Ly and I; € Ly. Now assume (o/, 3’) € Hy is any element. Then

[(a, B), (o, 8)] = ([ex, '], [B, B]),

[, }( 1) = (ad/ —d'a)(lh) = a(d/(lh)) — &/ (a(l)) = a(d/(I1)).
Since o/(l) € D, (L1), there exist zg € Lo and x; € Ly such that

[a,)(l) = a(a/(I)) = a(®™z;) =" a(z) +7@) 2, = 0.
Similarly, we can show that

18, 8'(lo) = (B8" — B'B)(lo) = B(B'(l0)) — B'(B(lo))
= B([xo,y0]) = [B(z0), Yol + [z, B(yo)] = 0
for some xg,yo € Lo. Hence, we conclude that [(«, 8), (¢/, 8)] = 0 and so
Derz(ﬁ) g CDer([,) (Ho) (31)
Now suppose that § € H;. Then
(@B§(wg) = a(8(wo)) — 6(B(wo)) = a(b(0))-

Since Hy C ID*(Lg, L1), there exist elements yo € Ly and y; € Ly such that
d(xg) =¥ y1. Then we have

@P5(z0) = a(8(x0)) = a(*yn) = a(yr) +7¥) y1 = 0.

Thus
Derz (ﬁ) - StDcr(L‘) (Hl) (32)
From (3.1) and (3.2) it follows that

Der. (L) C Cper(c)(Ho) N stper(c) (H1)-
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Conversely, assume (a, 8) € Cper(c)(Ho) Nstper(z)(H1). Then
@A§=0 and [(o,B),(c/,5)] =0

for all 6 € Hy and (o/,8') € Hy. Now since InnAct(L) C H, we can write
0 = 4, for some l; € L;. Then

(a’ﬂ)éll(xo) =0= a(d, (x9)) — o, (B(z0)) =0,
= a(*l;) P | =0,
=20 q(ly) 4P@0) |, Bleo) =g,
=7 q(l1) =0
for all zg € Lo and [; € L. This shows that
afly) €to Ly (3.3)

for all [; € L.
On the other hand, for all [y € Ly, we have

[(Oé,ﬁ), (almﬂlo)] =0= [aﬂalo](xl) = Oa
= a(ogy(x1) — ary (1)) =0,

= a(loxl) _lo a(z) =lo a(z1) +B0) g _lo a(z1) =Blo) 4, =0

for all 21 € Ly, which implies that 5(lg) € str,(L1). Also
18, Bio] = 0= [B, Bi,)(w0) = 0,

= B(Biy(20)) — Biy (B(20)) = 0,

= B([lo, zo]) — [lo, B(xo)] =0,

= [B(lo), o] + [lo, B(wo)] — [lo, B(wo)] = [B(lo), 0] = O
for all x9 € Lo, which implies that 5(ly) € Z(Lo). Hence

B(lo) € str,(L1) N Z(Lo). (3.4

From (3.3) and (3.4), we get (o, 8) € Der,(L).

~—

g
Corollary 3.6. Let £ : (L1, Lo,d) be a Lie crossed module and InnAct(L) <
H < ID*Act(L). Then
HNAct, (L) =Z(H).

Proof. The result follows by Lemmas 3.4 and 3.5.

O

4. MAIN THEOREM

We are now ready to prove our main theorem, which gives a necessary and
sufficient condition for Act,;(£) and Act, (L) to be equal. To this end, we need
some preliminary lemmas.

Lemma 4.1. Let £ : (Li,Lo,d) be a Lie crossed module and Acty (L) =
Act,(L). Then InnAct(L) is abelian.
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Proof. The result follows from the fact that InnAct(L£) C Actp;(£) and Acty; (L) =
Act,(L). O

Definition 4.2. Let £ : (L1, Lo, dz) and M : (M;, My, daq) be two Lie crossed
modules. The set of all linear transformations from £ to M is denoted by
T(L, M) and it is defined as

T(L, M) (T(Lo, My),(T(L1, M), T (Lo, Myp))),

where for example T'(Lg, M) is the vector space of linear transformations from
Lo to M.

Definition 4.3. Let £ : (L1, Lo, d) be a Lie crossed module. The dimension
of £ is defined as

Lemma 4.4. Let L : (L1, Lo,d) be a Lie crossed module. Then we have the
following vector space isomorphisms:

(1) DeI‘Z(Lo, Ll) = T(Lo/Lg,LO Ll),'

(2) Der.(L) = (T(L1/Dr,(L1)," L1), T(Lo/L§, st1,(L1) N Z(Lo)).

Proof. (1) For each § € Der,(Lg, L1), we can define the map s : Lo/L3 —%0
Ly by 95(lo + £3) = 8(lo) for all Iy € Lg. Clearly, ¥ is well-defined. Also, it is
easy to see that the map

L
W : Der, (Lo, L1) — T <L3,L0 L1>
0
define by 9(d) = 15 is an one-to-one and onto linear transformation. Thus
~p(Lor
Defz(Lo,Ll) =T R 0L1 .
Lg

(2) For each (o, 3) € Der, (L), we may define the maps ¢q, : L1/Dr,(L;) —Lo
Ly and ¢3 : Lo/L% — StLD(Ll) n Z(Lo) by qba(ll + DLO(Ll)) = (X(Zl) and
Ys(lo + LE) = B(lo), respectively. One can easily check that, the maps ¢, and
¢ are well-defined linear transformations. Now, it is easy to show that the
map

Ly L
L

hom ¢Der. (£) (T (DL(Ll)L Ll) T (g,sm (L) Z@o)))(mﬁ)(%, o)

is a one-to-one and onto linear transformation. Thus

as required O
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Corollary 4.5. We have

dim Act, (L) = <dimT (igL L1> ,
0

dim (T (DLOL(ILl)’LO Ll) T (i‘é,stLo(Ll) N Z(LO))>) .

Theorem 4.6. Let L : (L1, Lo, d) be a nonabelian Lie crossed module of finite
dimension with Z(L) # 0. Then Act,(L) = Actyi(L) if and only if Z(L) = L
and

Lo
stz, (L1) N Z(Lg)’ Dr, (Ll)) ’

dim <T (L‘)Lzl’ DLO(LI)) a <StL0 (Lj?‘ Z(L0)7L3)>) '

Proof. First assume that Act,(L) = Acty;(£). Since InnAct(L) C Acty (L),
we get L2 C Z(L). For each § € Der,;(Lo, L1), we define the well-defined linear
transformation s : Lo/str,(L1) N Z(Lo) — Dr,(L1) by ¥s5(zo + str,(L1) N
Z(Lg)) = 6(xg). One can easily check that the map

Lo
StLO (Ll) N Z(L())

dim Acty;(£) = <dimT (

¢ : DeI‘pi(L(),Ll) — T ( ,DLO(Ll))

define by 1(d) = 15 is a one-to-one and onto linear transformation. Thus
Lo

Dy, (L . 4.1

s Du(ly). ()

Also, for each (a, 3) € Dery;(L£), the maps ¢ : L1/*°L; — Dy, (L1) and
¢p : Lo/str,(L1)NZ(Lo) — LE defined by ¢ (21+%0 L) = a(z1) and ¢p(xo+
str, (L1)NZ(Lo)) = B(xg), respectively, are well-defined linear transformations.
One can easily see that

o:Ders0) — (1 (P 0) 7 (G 14 )

given by ¢(a, 8) = (¢a,¢p) is a one-to-one and onto linear transformation.
Thus

dim Derm-(LO, Ll) =dimT (

dim Der,,;(£) = dim (T (LLL Dy, (L1)> T (StLO (Lj% i L%)) .
(4.2)

From (4.1) and (4.2), it follows that

Ly
StLO(Ll) N Z(Lo)aDLo(Ll)) 5

dim (7 (57,020 00) T (o bz 4)))

dim Actp; (L) = <dimT (
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Suppose on the contrary that £2 C Z(£). Then

. L 9 . L
dim T (Z(Q’L > < dim T (ﬁ’ Z(,C)) 5
which contradicts the equality of Act,;(£) and Act,(L). Therefore £? = Z(L).
Conversely, assume that £2 = Z(£) and

Lo
str,(L1) N Z(LO)’DL" (L1)> :

dim (7 (5702000 T (o bz )

Since £2 C Z(L), we have

dim Actp; (L) = (dimT (

Actyi (L) < Act.(L). (4.3)

On the other hand, we have

L
dim Der. (Lo, L1) = dimT< 9 Lo L1>

fga
Lo
— dim Dy (L
(s bz P
= dim DeI‘:m' (Lo, Ll) (44)
and
. . Ly Lo
dim Der,(£) = dimT <L0L1’ DLO(L1)> ,T (LQ,StLO (L1)N Z(L0)>
0
. Ll LO 2
= T|——,Dp (L T L
i (7 (25 Puat0)) 1 (G Bz )
= dim Dery,;(£) (4.5)

From (4.4) and (4.5), we conclude that dim Act,(£) = dim Act,;(£). Since
Actyi (L) < Act, (L) by (4.3), it follows that Act,(L) = Act,;(L£). The proof is
completed. O
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