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ABSTRACT. A p-way G-trade (pu > 2) consists of p disjoint decompositions
of some simple (underlying) graph H into copies of a graph G. The number
of copies of the graph G in each of the decompositions is the volume of
the G-trade and denoted by s. In this paper, we determine all values s for
which there exists a pu-way K1 m-trade of volume s for underlying graph

H = Komam and H = Kop,.
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1. INTRODUCTION

Trades are useful combinatorial objects with many applications in various
areas of combinatorial configurations. In other words, a combinatorial trade is
a subset of a combinatorial configuration which may be “exchanged” without
changing overall parameters in the configuration. The combinatorial configu-
ration may be a block design, a latin square, or in the case of this literature, a
graph.

The concept of trade was first introduced in the block designs by Hedayat
(see [16]), however trades were used back in 1917 by White, Cole and Cummings

[12]. Many papers on trades in block designs are concentrated on the existence
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and non-existence of trades (see [4, 17, 21, 26]). Trades were used in the latin
squares, named as latin trades (see [5, 18, 19]). Afterwords trades have been
introduced in graph theory, named as graphical trades (see [8, 27]).

A decomposition of a graph H is a collection of edge-disjoint subgraphs of
H, such that partitions the edges of H. If each of the subgraphs is isomorphic
to some graph G, then the decomposition is called a G-decomposition of H.

Suppose G is a simple graph. A G-trade of volume s is a pair {17, T} where
each T;(i = 1,2) consists of s pairwise edge-disjoint graphs isomorphic to G.
The s copies in T are distinct from the s copies in 75 and the edge-set of the
graphs in 77 and T5 are identical and forming a simple graph say underlying
graph H. Therefore 77 and T, are two disjoint G-decompositions of underlying
graph H. The number of vertices in the underlying graph H is the foundation
of G-trade and denoted by wv.

In some papers on trades in graph theory, the underlying graph is unre-
stricted and it is obtained from the union of blocks in each T; (see [8, 9, 24, 25]).
In some other works, the underlying graph is a fixed graph with definite vertices
and edges (see [7, 10]).

The concept of trades have been generalized in latin trades and block de-
signs before, see [5, 28], also see([2, 14, 15, 29, 31]). Recently, the idea of
generalization of G-trade is investigated in [20], which we explain as follows.

Definition 1.1. A p-way G-trade of volume s with underlying graph H con-
sists of u disjoint decompositions of graph H into s edge-disjoint copies of G.
In other words:

7 ={c\",cV,...aMy,

T2 = {GSQ)v GgQ)a ceey GSZ)}7

T, ={G", G\, ....cWMy,
TNT;=0 V1<i,j<up,
Gl~G V1<i<s 1<j<up,

O G = U G = = U G\ =H,

i=1 i=1 i=1

UEG) = |JEGP) = .| EG™) = B(),
=1 1=1 1=1

The number of vertices in the underlying graph H is the foundation of p-way
G-trade and denoted by v. Each G; is called a block.
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Moreover, this generalization is mentioned in [10] for a particular state when
G is a cycle.

As usual K, denotes the complete graph on n vertices and K, ,, denotes the
complete bipartite graph with parts of sizes m,n. A star is a complete bipartite
graph K, , that is called x-star. A K , with vertex set {ag,b1, b2, ...,b; } and
edge set {apb; | 1 < i <z} is denoted by [ag : by, ba, ..., bs].

ExAMPLE 1.2. Figure (1) is a 3-way K, o-trade of volume 2, with foundation 5
on underlying graph H; = Kj 4, where V(H1) = {1,2,3,4,5}. In other words
H, = K 4 is decomposed into three disjoint partition.

T T, Ty

1 1 1

2 3 2 4 2 5
1 1 1

4 5 3 5 3 4

FIGURE 1. 3-way K »-trade of volume 2

ExaMPLE 1.3. Figure (2) is a 3-way K »-trade of volume 3, with foundation
7 on underlying graph Hy = K 6, where V(Hz2) = {1,a,b,¢,d, e, f}. In other
words Hy = K ¢ is decomposed into three disjoint partition.

C . d b 1 f b . d

FIGURE 2. 3-way K o-trade of volume 3

Trades are also intimately connected with the so-called intersection problem
for combinatorial structures. This basically asks, given two combinatorial struc-
tures with the same parameters, and based on the same underlying set, such
as a pair of block designs, a pair of latin squares, or a pair of graphs, in how
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many ways may they intersect? So for two block designs, how many common
blocks may there be?

Let Dy and Dy be two block designs with the same parameters and the
same set of points. Clearly if the blocks common to D and D5 are deleted, the
remaining blocks 77 in Dy and T5 in Dy will form a trade T' = {17, T»}. So the
possible volume T of the trade is intimately connected with the intersection
problem for block designs.

The intersection problem has also been considered for more than just pairs
of combinatorial structures; the intersection of 1 combinatorial structures with
u > 2 was dealt with in, for example, [1, 3, 30] for three block desgins and
[6, 11, 13] for three latin squares. These correspond in the same manner to
u-way G- trades in the corresponding combinatorial structure.

This gives one of the motivations to study the spectrum of volumes of trades,
besides that the problem of determining the possible size of combinatorial ob-
jects from some studied class is very natural, itself.

So the problem of determining the conditions for the existence, non-existence
and the spectrum of volumes of u-way G- trades is an important problem in
combinatorial subjects. Not much is known for the mentioned questions on
p-way G- trades for g > 3 and most of the literature focused mainly on the
case p = 2, see [22, 23].

Here, we determine all values s for which there exists a pu-way K ,,-trade
of volume s for underlying graph H = Koy, om and H = Koyy,.

Definition 1.4. The trade spectrum 7'S,,(G) of G, is the set of values s for
which there exists a p-way G-trade of volume s. Let X,,(G) denote the set of
non-negative integers s for which no p -way G-trade of volume s exists.

The trade spectrum of G is additive: if z,y € T'S,,(G), then certainly z+y €
TS, (G), just take the union of two trades, of volume = and the other of volume
y. So according to the above examples, we have a 3-way K »-trade of volume
24 3 = 5 on underlying graph H = K 10, where V(H) = V(H,) UV (H3) =
{1,2,3,4,5,a,b,c,d,e, f}.

Note that T'S,,(K2) = {0} because T'S,,(K3) C T'S(K>) and T'S(K>) = {0},
where T'S(K3) is the set of values for which there exists a Kx-trade of volume
s, for p = 2.

Obviously 0 € T'S,(G), moreover, X,(G) and T'S,(G) partition the set of
non-negative integers. Certainly 1 € X,,(G), unless G contains an isolated
vertex( see Lemma (2.1)). If 1 € T'S,,(G), then T'S,(G) contains all the set of
non-negative integers (because T'S,,(G) of G is additive).

2. SOME GENERAL RESULTS

We start this section with general results for all graphs.
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lemma 2.1. There exists a p-way G-trade of each volume (X,(G) =0) if and
only if G has isolated vertices.

Proof. Certainly X,(G) = 0 if and only if 1 € T'S,,(G) and p different copies
of G can have the same edge set if and only if G has isolated vertices. O

EXAMPLE 2.2. Suppose G is a graph with one edge and one isolated vertex.
In Figure (3) , there exists a 4-way G-trade of volume 1, with foundation 3 on
underlying graph H, where H is a graph with 1 edge and 3 vertices, and here
H=G~GY ~G? ~G® ~GW,

T T, T Ty
1 1 1 1
° o ° o
3 4 5 6
2 2 2 2

FI1GURE 3. 4-way G-trade of volume 1

Theorem 2.3. Let I be an independent subset of V(QG), such that G\ I is not
connected graph, then X,,(G) C{1,2,...,u—1} (fort > p,t € T,,(G)).

Proof. We may assume that G is non-empty. Let ¢ > u, we need only show
that t € T'S,(G). Let C be the vertex set of a component of G'\ I, and D be
the rest of the vertices of G\ I. Let Z; denote the ring of integers modulo t.
For each i € Z; place copy G; of G on the vertex set C x {i}UIUD x {i}
respectively and we define:

Ty {(C x )UTUD x {i}); i € Z4)
Ty {(Cx HUTUD x {i +1)); i € 24}

T, (€ x GHUTUD x {i+p— 1)) 31 € Z4)

Obviously T' = {T1,T»,T5...T,} is a u-way G-trade of volume t. a

EXAMPLE 2.4. The trade in Figure (4) is constructed according to Theorem
(2.3). Let G be a triangle graph with one hanging edge (G = K4 \ K12), with
vertex set V(G) = {1,2,3,4} and with edge set E(G) = {12,23,13,34}. Take
I={3},C={1,2} and D = {4}. Tt is clear that G \ I is not connected graph
and 3 € T5(G). The following trade is a 3-way G-trade of volume 3.

Ty {Gys i € Za} = {({1,2} x (i UBUM x {i}); i € Zs}
Ty :{G;; i€ Zs} = {({1,2} x {i}) U3UMA x {i +1}); i € Z3}
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Ty :{G;; i € Zs} = {({1,2} x {ihUBUM x {i +2}); i € Z3}

The underlying graph H has 10 vertices and 12 edges as follows:

71)7 (1’ 2)7 (270)7 (2’ 1)7 (27 2)7 3’ (470)7 (4’ 1)7 (4‘? 2)}7
,0),3(1,1),3(1,2),3(2,0),3(2,1), 3(2, 2), (1,0)(2,0),
)(2,1),(1,2)(2,2),3(4,0),3(4,1), 3(4,2)}

(1,0 1.0 (1,0

feo
w
w

20 2,0)
(4,0) (2.0) ) 4,1) 20) ) 4,2)

feo
w
w

4,1 4,2 1) (4.0)
(2.1) 12 “@n 1) 12 42) 1.2

w
(
©

@2) @2 @2) 0) @2) @1)

FI1GURE 4. 3-way G-trade of volume 3

Theorem 2.5. If for some independent subset I C V(QG), the graph G\ I has
k components C,Cs,...,Ck, (k> p), then X,,(G) C {1}.

Proof. Let t > 2, we need only show that t € T'S,(G). Let Z; denote the ring
of integers modulo t, then we define:

Ty {C1 x {iY Uy x {iYU...UCk x {iYUT ; i € Z;}
Ty {0y x {itUCo x {i+ 1}U...UCk x {i}UT ;i €2}

Tk{01X{Z}UCQ><{Z}UUCkX{Z+1}UI, iEZt}

Obviously T = {T1,T»,T5 ... T} } is a k-way G-trade of volume ¢t and k > u,
so there is a u-way G-trade of volume ¢.
O

EXAMPLE 2.6. The trade in Figure (5) is constructed according to Theorem
(2.5). Let G be a tree graph with vertex set V(G) = {1,2,3,4,5} and with edge
set E(GQ) = {12,23,34,35}. Take I = {3},C1 = {1,2},Cy = {4} and C3 = {5}.
It is clear that G \ I is not connected and 2 € T3(G). The following trade is a
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3-way G-trade of volume 2.

Ty (G i € Zah = ({12} x (i UJtah < it UJUs) x (i UJi3) 5 i € 72}
Ty {Gl; i € Zah = {12} x (i UJtah < fi+ B UJUBH < G UsY 5 i€ Za)
Ty {65 i € Zah = ({120 x (iUt x UJUIsH x (i + 11 UJsY 5 i€ Za)

The underlying graph H has 9 vertices and 8 edges as follows:

V(H) ={(1,0),(1,1),(2,0),(2,1),3,(4,0), (4, 1), (5,0), (5, 1)},
B(H) ={(1,0)(2,0), (1,1)(2,1),3(2,0), 3(2,1), 3(4,0), 3(4,1), 3(5,0), 3(5,1)}

T Ty Ty

(4,0) (4,1) (4,0)
(10) (20) 3 (50 (10) (20) 3 (50 (1.0) 200 3 (51)

(4.,1) (4,0 (4,1)
) @y 3 61 @ @y 3 G ) @1 3 (50

FIGURE 5. 3-way G-trade of volume 2

3. u-WAY K1 ,,-TRADE FOR H = Ko, 2m,

In this section we determine the p-way K ,,-trade spectrum for underlying
graph H = Koy, om.-

lemma 3.1. Let m and s be integers. If there exists a p-way Ky n,-trade of

volume s on H = K oy, then s =2 and p <
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2
Proof. There exist ( m) graphs K, in Kj 2,,. Since each T; has s blocks,
m

<2m>
2
then m x s = 2m, therefores:—m:Qandug % ]

()
Theorem 3.2. Let H = Kj 2, and p < ZL , then there exists a p-way

Ky m-trade of volume 2.

Proof. Let H = [0 : 1,2,...,2m]. Without loss of generality let the edge 01
is contained in the first block of each 7;. The number of K; ,, which include

2m —1
the edge 01 is equal to ( mn 1 > The second block in each T; is determined
m —
<2m>
1/2 2m —1
uniquely. It is clear — R P , then p < m7. (]
2\ m m—1 2

lemma 3.3. Let m and s be integers. If there exists a p-way K ,-trade of

2
volume s on H = Koy om, then s =4m and u < < m>
m

Proof. Since p-way Ki ,,-trade is of volume s, then m x s = 4m?2, therefore

4 2
s= " — 4m. Let V(H) = AU B, where A and B are two disjoint sets and

m
|A| = |B| = 2m, and all edges are between A and B. There exist 2m graphs
K1 2, with centres in A and 2m, K o,, with centres in B. By Lemma (3.1) each

2m
2m am x (m) 2m 2m
K 9m has < >, K1 m. So we have ———— = < ) and p < ( )
m m m
O

4m

2
Theorem 3.4. Let H = Koy, 0m and p < ( m)’ then there exists a p-way
m

Ky, -trade of volume 4m.

Proof. The result follows from Theorem (3.2). O

4. p-wAY Ky ,,,-TRADE FOR H = Ko,

In this section we determine the p-way K ,, trade spectrum on underlying
graph H = Ko,,.

lemma 4.1. Let m and s be integers. If there exists a p-way Ky n, — trade of

2m —1
2m><<m >
N m J

volume s on H = Koy, then s =2m — 1 and p <
2m —1
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degu; 2m —1
Proof. There exist Y ( egv) = 2m X ( mn ) graphs K1, in Kop.
vi€v(H) m m

2
Since p-way K p,-trade is of volume s, then s x m = ( 7;), therefore s =

2m 2m —1
9 2m X m
—=2m—-land p < —m~.

m 2m —1
O

Billington and Hoffman in [7] obtained a 2-way K7 ,,,-trade of volume 2m —1
for underlying graph H = Ka,,. Now we introduce two other disjoint K ,,-
decomposition for Ks,,.

Theorem 4.2. Let H = Ko,,(m > 2). Then there ezists a 4-way K1 ., —trade
of volume s = 2m — 1.

Proof. Let V(H) = {0,1,2,...2m — 1} be vertex set of underlying graph H.
Suppose Ky, in 11,1 be [i 0 Ji,J2, o Jml)s [0 2 J15 0% s Jim) fOT 4,47, i, J) €
0,1,...,2m — 1, as constructed in [7].

Now we construct 13,7 as follows:

T3 : [7'+m.]1 +m7j2+ma'"ajm+m]
Ty:li+m:ji+m, js+m,.. 4, +m

with modulo 2m. We show that T5 and T3 are disjoint. Otherwise, assume that
B; =B} =[a+m:p1+m,B2+m,..,Bnm +m], where B; € Ty and B} € T.
Therefore there exists a By € T} that By = [« : 81, B2, ..., Bm]. There exists a
Bi + m = o+ m — 1. Hence the By in T} is following:

Bk = [a: ...,a—1,..,a+1,..]. Therefore exists a block in 75 that is
[a:..,a0—1,..a—1,..]. This gives a contradiction. a

EXAMPLE 4.3. The trade in Figure (6) is constructed according to Theorem
(42) Let G be a K173 and H be a K.
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