
Iranian Journal of Mathematical Sciences and Informatics

Vol. 19, No. 1 (2024), pp 71-83

DOI: 10.61186/ijmsi.19.1.71

A Study of Metric Spaces of Interval Numbers in n-Sequences
Defined by Orlicz Function

Sabiha Tabassum∗, Ruqaiyya Fatma

Department of Applied Mathematics, Aligarh Muslim University,

Aligarh-202002, India

E-mail: sabiha.math08@gmail.com; sabiha.am@amu.ac.in

E-mail: ruqaiyyafatma@rediffmail.com

Abstract. In recent years, a variety of work has been done in the field of

single, double and triple sequences. Study on n-tuple sequence is new in

this field. The main interest of this paper is to explore the idea of n-tuple

sequences x = (xi1,i2,...,in ) in metric spaces. We introduce the concept of

n-sequence space of interval number and discussed its arithmetic proper-

ties. Furthermore, we combined the concept of Orlicz function, statistical

convergence, interval number and n-sequence to construct some new n-

sequence spaces and discussed their properties. Some suitable examples

for these spaces have been constructed.

Keywords: n-sequence, Statistical convergence, Interval number, Orlicz func-

tion.
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1. Introduction

The Banach space gave birth to many useful concepts in mathematics, Orlicz

space is no different. After the development of Lebesgue theory of integration,

Z. W Birnbaum and W. Orlicz [2] introduced Orlicz space as the generalization

of Lp spaces, 1 ≤ p < ∞. In the definition of Lp space, they replaced xp by
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72 S. Tabassum, R. Fatma

a more general convex function ϕ. Later Orlicz used this idea to construct the

space LM . A comprehensive study of Orlicz space was done by Lindenstrauss

and Tzafriri [10] as they construct the sequence space lM ,

lM =

{
(xk) ∈ w :

∞∑
k=1

M

(
|xk|
ρ

)
, for some ρ > 0

}
,

and proved that it contains a subspace isomorphic to lp (1 ≤ p < ∞). Many

others had introduced different classes of sequence spaces defined by Orlicz

function, (see [11, 15, 17]). The sequence spaceM(ϕ) was introduced by Sargent

[18] giving its relationship with lP . Some other work related to sequence spaces

can be seen in [1, 16, 24, 23].

Statistical convergent was introduced by Fast [6] and Steinhaus [21] in 1951

and later developed by Schoenberg [20]. Over the last few decades several au-

thors have explored statistical convergence in various directions using sequence

spaces (see [4, 7, 8, 9] and many more).

A single sequence x = (xk)k∈N is said to be statistically convergent to a

number L, if for a given ϵ > 0,

lim
n

1

n
|{k ≤ n : |xk − L| ≥ ϵ}| = 0,

where the vertical bar indicates the number of elements.

In 1951, P.S. Dwyer [3] suggested the arithmetic interval, whose proper

structure was provided by Moore [12] in 1959. Later, Moore and Yang [13]

provided its computational methods. Further work related to interval numbers

has been done in [5] and [19].

An interval number is a set consisting of a closed interval of real numbers

x, where a ≤ x ≤ b; a, b ∈ R. [19] investigated some properties of interval

numbers. The set of all real valued closed interval is denoted by IR. i.e.,

IR = {x̄ : x̄ is a closed interval}. Thus an interval number is a closed subset of

real numbers.

Let xf and xl are first and last points of x̄, respectively. For all x̄1, x̄2 ∈ IR
following properties satisfies:

x̄1 = x̄2 ⇔ xf1 = xf2 and xl1 = xl2 ;

x̄1 + x̄2 = {x ∈ R : xf1 + xf2 ≤ x ≤ xl1 + xl2};
if α ≥ 0, then αx̄ = {x ∈ R : αxf1 ≤ x ≤ αxl1} and

if α < 0, then αx̄ = {x ∈ R : αxl1 ≤ x ≤ αxf1};
x̄1x̄2 = { x ∈ R : min{xf1 .xf2 , xf1 .xl2 , xl1 .xf2 , xl1 .xl2}

≤ x ≤ max{xf1 .xf2 , xf1 .xl2 , xl1 .xf2 , xl1 .xl2}} .
IR is a complete metric space with respect to the metric given by

d(x̄1, x̄2) = max{|xf1 − xf2 |, |xl1 − xl2 |}.

The sequence of interval numbers is a transformation f from N to IR defined

by f(m) = x̄ = x̄m, where x̄m is the mth term of the sequence (x̄m). The set of
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all such sequences is denoted by wi. [5] defined the sequence of double interval

numbers and discuss its properties.

Moricz [14] and Tripathy et al. [22] found some interesting results related

to n-sequence.

Definition 1.1. An n-sequence is a function whose domain is either Nn or

subset of Nn.

In the sequel, Nn stands for N×N× ...×N(n times). Throughout the article

the set of all n-sequence will be denoted by wn.

Take Nn as an ordered set, it can easily be proven by using the lexicograph-

ical order on Nn, i.e. to compare component-wise. The reason is that one can

only take limit over a monotonic set.

In this paper, we have combined the concept of Orlicz function, statistical

convergence, interval number and n-sequences to construct the spaces nw̄(M),

nw̄(M,p), nw̄0(M,p), nw̄∞(M,p) and discuss their properties. Some examples

have also been given to show that n-sequences are bounded, convergent, etc.

with respect to the suitable metric.

2. Some sequence spaces of interval numbers defined by Orlicz

function

In this section, we construct some sequence spaces defined by Orlicz func-

tion. We start with some basic concepts for n-sequences like boundedness and

convergence with respect to the metric

d(xi1,i2,...,in , yi1,i2,...,in) = |xi1,i2,...,in − yi1,i2,...,in |.

Definition 2.1. An n-sequence x = (xi1,i2,...,in) such that i1, i2, ..., in ∈ N, is
said to be bounded if sup

i1,i2,...,in

d(xi1,i2,...,in , θ) < ∞. The space of all bounded

n-sequence is denoted by nl∞ and is a metric space with respect to the metric

defined by

d(xi1,i2,...,in , yi1,i2,...,in) = sup
i1,i2,...,in

|xi1,i2,...,in − yi1,i2,...,in |.

Example 2.2. Consider an n-sequence x = (xi1,i2,...,in) defined by

xi1,i2,...,in =


1, if all ij

′s are even;

2, if all ij
′s are odd;

3, otherwise.

Then x = (xi1,i2,...,in) ∈ nl∞ as sup
i1,i2,...,in

d(xi1,i2,...,in , θ) = 3.

Definition 2.3. Consider an n-sequence x = (xi1,i2,...,in) such that i1, i2, ..., in ∈
N. If for a given ϵ > 0, ∃ n0 = n0(ϵ) ∈ N such that

d(xi1,i2,...,in , x0) < ϵ, ∀ i1, i2, ..., in > n0,
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then x0 is called the limit of (xi1,i2,...,in) in Pringsheim’s sense and we say that

n-sequence x is convergent in Pringshiem’s sense to the limit x0 and we write

P − lim
i1,i2,...,in

x = x0.

The space of all convergent n-sequence and all null sequence in Pringsheim

sense is denoted by cn and nc0 respectively.

Example 2.4. Consider an n-sequence x = (xi1,i2,...,in) defined by

xi1,i2,...,in =
1

n∏
ij=1

ij

.

Let ϵ > 0,

d(xi1,i2,...,in , 0) =

∣∣∣∣∣ 1
n∏

ij=1

ij

∣∣∣∣∣ < ϵ, ∀ i1, i2, ..., in > n0 =
1

ϵ
.

Then P − lim
i1,i2,...,in

x = 0.

Definition 2.5. Let E ⊆ Nn. Then E is said to have a n-density δn(E), if

δn(E) = lim
m1,m2,...,mn

1
n∏

j=1

mj

(
m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

χE

(
i1, i2, ..., in

))

exists, where χE is a characteristic function of E. So,

δn(E) = lim
m1,m2,...,mn

1
n∏

j=1

mj

|{(i1, i2, ..., in) ∈ E : i1 ≤ m1, i2 ≤ m2, ..., in ≤

mn}|.

Example 2.6. Let E = {(i1, i2, ..., in) : ij is odd, ∀j = 1, 2, ..., n}. Then

δn(E) = lim
m1,m2,...,mn

1
n∏

j=1

mj

(
m1

2
.
m2

2
. . . . .

mn

2

)

=
1

2n
.

Definition 2.7. An n-sequence x = (xi1,i2,...,in) is said to be statistically

convergent to a number x0 in Pringsheim sense, if for a given ϵ > 0,

δn

(
{(i1, i2, ..., in) ∈ Nn : d(xi1,i2,...,in , x0) ≥ ϵ }

)
= 0.

We write stat− lim
i1,i2,...,in

x = x0. The space of such sequences is denoted by

Sn.
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Example 2.8. Consider an n-sequence x = (xi1,i2,...,in) defined by

xi1,i2,...,in =

{
i1 + i2 + ...+ in, if ∀j = 1, 2, ..., n, ij is a perfect square ;

2, otherwise.

Let ϵ > 0. Then,

δn

(
{(i1, i2, ..., in) ∈ Nn : d(xi1,i2,...,in , 2) ≥ ϵ }

)
≤ δn

(
{(i1, i2, ..., in) ∈ Nn : ∀j = 1, 2, ..., n, ij is a perfect square}

)
≤ lim

m1,m2,...,mn

1
n∏

j=1

mj

√
m1 ·

√
m2 · ... ·

√
mn

= 0.

Thus, stat− lim
i1,i2,...,in

x = 2.

This example also shows that even if an n-sequence is unbounded, it can

still converge statistically.

We now define n-sequence of interval number together with their arithmetic

properties and give its boundedness and convergence.

Definition 2.9. Define a transformation h from Nn to IR so that h(i1, i2, ..., in) =

x̄, x̄ = (x̄i1,i2,...,in). Then x̄ will be n-sequence of interval numbers (or sequence

of n-interval numbers) and x̄i1,i2,...,in is called the (i1, i2, ..., in)
th term of the

sequence (x̄).

Clearly x̄i1,i2,...,in is a closed interval of real number. The first and last

element of x̄i1,i2,...,in is denoted by x̄fi1,i2,...,in
and x̄li1,i2,...,in

and the set of all

such sequence of n-number is denoted by wi
n. w

i
n is a metric space with respect

to the metric

d(x̄i1,i2,...,in , ȳi1,i2,...,in) = max{|xfi1,i2,...,in
−yfi1,i2,...,in

|, |xli1,i2,...,in
−yli1,i2,...,in

|}.
(2.1)

Further, some algebraic properties of elements of wi
n is given. Let x̄ =

(x̄i1,i2,...,in) and ȳ = (ȳi1,i2,...,in) are two sequence in wi
n and α ≥ 0. Then

x̄i1,i2,...,in + ȳi1,i2,...,in = [x̄fi1,i2,...,in
+ ȳfi1,i2,...,in

, x̄li1,i2,...,in
+ ȳli1,i2,...,in

]

and

αx̄i1,i2,...,in = [αx̄fi1,i2,...,in
, αx̄li1,i2,...,in

].

As IR is a quasivector space, wi
n is also a quasivector space with the null

element being θ̄ = (θ̄i1,i2,...,in) = ([0, 0]) and unity being ([1,1]).

Our next example explains the structure of n-interval numbers and the al-

gebraic properties of wi
n.

Example 2.10. Let x̄ and ȳ are two sequences such that

x̄i1,i2,...,in = [i1, i1 + 1] + [i2, i2 + 1] + ...+ [in, in + 1], then
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x̄i1,i2,...,in = [i1 + i2, ...+ in, i1 + i2 + ...+ in + n] and let

ȳi1,i2,...,in = [min{i1, i2, ..., in},max{i1, i2, ..., in}], then

(x̄ + ȳ) = ([i1 + i2, ... + in + min{i1, i2, ..., in}, i1 + i2 + ... + in + n +

max{i1, i2, ..., in}]).

Definition 2.11. An n-interval sequence x̄ = (x̄i1,i2,...,in) such that i1, i2, ..., in ∈
N, is said to be bounded if there exists a positive number H such that

d(xi1,i2,...,in , θ̄) ≤ H, ∀ i1, i2, ..., in ∈ N.
The set of all such sequences is denoted by l̄n∞.

Example 2.12. Let

x̄i1,i2,...,in =


[4, 5], if

n∑
ij=1

ij is even;

[3, 6], if
n∑

ij=1

ij is odd.

Then ∀ i1, i2, ..., in ∈ N,
d(xi1,i2,...,in , θ̄) = max{|xfi1,i2,...,in

− 0|, |xli1,i2,...,in
− 0|}

= max{4, 6}
= 6.

Thus, (xi1,i2,...,in) ∈ l̄n∞.

Let M be an Orlicz function and p = (pi1,i2,...,in) be an n-sequence of

bounded positive real numbers such that 0 < pi1,i2,...,in ≤ sup
i1,i2,...,in

pi1,i2,...,in =

D < ∞ and H = max(1, 2D−1). Then the real number sequences (xi1,i2,...,in)

and (yi1,i2,...,in) satisfy the following

|xi1,i2,...,in+yi1,i2,...,in |pi1,i2,...,in ≤ H(|xi1,i2,...,in |pi1,i2,...,in+|yi1,i2,...,in |pi1,i2,...,in ).

(2.2)

Definition 2.13. Consider an n-interval sequence x̄ = (x̄i1,i2,...,in) such that

i1, i2, ..., in ∈ N. If for a given ϵ > 0, ∃ n0 = n0(ϵ) ∈ N such that

d(x̄i1,i2,...,in , x̄0) < ϵ, ∀ i1, i2, ..., in > n0,

then we say that n-interval sequence x̄ is convergent in Pringsheim’s sense

to the interval number x̄0 and we write P − lim
i1,i2,...,in

x̄ = L. The space of all

convergent n-interval sequence in Pringsheim sense is denoted by c̄n. The space

of all null n-interval sequence is denoted by nc̄0.

For the sake of simplicity we will write lim instead of P -limit.

Example 2.14. Consider an n-sequence x̄ = (xi1,i2,...,in) defined by

x̄i1,i2,...,in =

[
− 2i1

i1 + 1
,

i1
i1 + 1

]
.
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Now,

d(x̄i1,i2,...,in , [−2, 1]) = d

([
− 2i1

i1 + 1
,

i1
i1 + 1

]
, [−2, 1]

)
= max

{∣∣∣∣− 2i1
i1 + 1

− 2

∣∣∣∣, ∣∣∣∣ i1
i1 + 1

− 1

∣∣∣∣}
= max

{∣∣∣∣ −2

i1 + 1

∣∣∣∣, ∣∣∣∣ −1

i1 + 1

∣∣∣∣}
=

2

i1 + 1
.

Thus for any given ϵ > 0, take a natural number n0 ≥ 2
ϵ − 1 such that

d(x̄i1,i2,...,in , [−2, 1]) < ϵ, ∀ i1, i2, ..., in > 2
ϵ − 1.

Hence,

P − lim
i1,i2,...,in

x̄ = [−2, 1].

Now, we are in the position to introduce following sequence spaces defined

by Orlicz function.

nw̄(M) =

x̄ = (x̄i1,i2,...,in) ∈ wi
n : P − lim

m1,m2,...,mn

1
n∏

j=1
mj

m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

[
M

(
d(x̄i1,i2,...,in ,x̄0)

ρ

)]
= 0, for some ρ > 0

}
,

nw̄(M,p) =

x̄ = (x̄i1,i2,...,in) ∈ wi
n : P − lim

m1,m2,...,mn

1
n∏

j=1
mj

m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

[
M

(
d(x̄i1,i2,...,in ,x̄0)

ρ

)]pi1,i2,...,in

= 0, for some ρ > 0

}
,

nw̄0(M,p) =

x̄ = (x̄i1,i2,...,in) ∈ wi
n : P − lim

m1,m2,...,mn

1
n∏

j=1
mj

m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

[
M

(
d(x̄i1,i2,...,in ,θ̄)

ρ

)]pi1,i2,...,in

= 0, for some ρ > 0

}
,

and

nw̄∞(M,p) =

x̄ = (x̄i1,i2,...,in) ∈ wi
n : sup

m1,m2,...,mn

1
n∏

j=1
mj

m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

[
M

(
d(x̄i1,i2,...,in ,θ̄)

ρ

)]pi1,i2,...,in

< ∞, for some ρ > 0

}
.

Remark 2.15. From the definition of these spaces we can write the inequality

nw̄(M,p) ⊂ nw̄0(M,p) ⊂ nw̄∞(M,p). Also if we take p = 1, then nw̄(M,p) =

nw̄(M).
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Example 2.16. Consider an Orlicz function M(x) = x2 and n-sequence x̄ =

(x̄i1,i2,...,in) defined by

x̄i1,i2,...,in =

[
− a− 1

n∑
ij=1

ij
2
, a+

1
n∑

ij=1

ij

]
and pi1,i2,...,in = 2.

Now,

d(x̄i1,i2,...,in , [−a, a]) = d

([
− a− 1

n∑
ij=1

ij
2
, a+

1
n∑

ij=1

ij

]
, [−a, a]

)

= max

{∣∣∣∣− 1
n∑

ij=1

ij
2

∣∣∣∣, ∣∣∣∣ 1
n∑

ij=1

ij

∣∣∣∣}

=
1

n∑
ij=1

ij

.

P − lim
m1,m2,...,mn

1
n∏

j=1
mj

m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

[
M

(
d(x̄i1,i2,...,in ,x̄0)

ρ

)]pi1,i2,...,in

= P − lim
m1,m2,...,mn

1
n∏

j=1

mj

m1∑
i1=1

m2∑
i2=1

...

mn∑
in=1

[
1

ρ2(i1 + i2 + ...+ in)2

]2
= 0.

Then x̄ ∈ nw̄(M,p). From Remark 2.15, it is clear that it will also be in

nw̄0(M,p) and nw̄∞(M,p).

Theorem 2.17. If 0 < pi1,i2,...,in < qi1,i2,...,in and
(

pi1,i2,...,in

qi1,i2,...,in

)
is bounded,

then

nw̄(M,p) ⊂ nw̄(M, q).

Proof. If x ∈ nw̄(M,p), then ∃ ρ > 0 such that

P − lim
m1,m2,...,mn

1
n∏

j=1

mj

m1∑
i1=1

m2∑
i2=1

...

mn∑
in=1

[
M

(
d(x̄i1,i2,...,in , x̄0)

ρ

)]pi1,i2,...,in

= 0.

(2.3)

Since, Orlicz function is non-negative, therefore

M
(

d(x̄i1,i2,...,in ,x̄0)

ρ

)
≤ 1,

also, M is non-decreasing. Thus
m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

[
M

(
d(x̄i1,i2,...,in ,x̄0)

ρ

)]qi1,i2,...,in

≤
m1∑
i1=1

m2∑
i2=1

...

mn∑
in=1

[
M

(
d(x̄i1,i2,...,in , x̄0)

ρ

)]pi1,i2,...,in

. (2.4)
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From Equations (2.3) and (2.4), we get that

P − lim
m1,m2,...,mn

1
n∏

j=1
mj

m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

[
M

(
d(x̄i1,i2,...,in ,x̄0)

ρ

)]qi1,i2,...,in

= 0.

Hence, x ∈ nw̄(M, q). □

Corollary 2.18. (a) If 0 < pi1,i2,...,in < 1, then nw̄(M,p) ⊂ nw̄(M), and

(b) If 1 < pi1,i2,...,in < ∞, then nw̄(M) ⊂ w̄(M,p).

Proof. On taking q = 1 in Theorem 2.17, we get the first part of the corollary

and for second part, take p = 1 in the same theorem. □

Theorem 2.19. Let M1 and M2 be two Orlicz functions. Then nw̄(M1, p)∩
nw̄(M2, p)

⊂ nw̄(M1 +M2, p).

Proof. Let (xi1,i2,...,in) ∈ nw̄(M1, p)∩ nw̄(M2, p). Then

P − lim
m1,m2,...,mn

1
n∏

j=1
mj

m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

[
M1

(
d(x̄i1,i2,...,in ,x̄0)

ρ1

)]pi1,i2,...,in

= 0,

ρ1 > 0,

and

P − lim
m1,m2,...,mn

1
n∏

j=1
mj

m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

[
M2

(
d(x̄i1,i2,...,in ,x̄0)

ρ2

)]pi1,i2,...,in

= 0,

ρ2 > 0.

Let ρ = max{ρ1, ρ2}. Following from the inequality (1), we get
m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

[
(M1 +M2)

(
d(x̄i1,i2,...,in ,x̄0)

ρ

)]pi1,i2,...,in

≤ H

(
m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1[

M1

(
d(x̄i1,i2,...,in ,x̄0)

ρ1

)]pi1,i2,...,in
+

m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

[
M2

(
d(x̄i1,i2,...,in ,x̄0)

ρ2

)]pi1,i2,...,in
)
.

Therefore, x ∈ nw̄(M1 +M2, p). □

Next, the definition of subsequence and K-step are given, which we require

to define monotone spaces in n-sequences.

Definition 2.20. Let x = (xi1,i2,...,in), i1, i2, ..., in ∈ N be an n-sequence.

Choose

K = {((m1)i1 , (m2)i2 , ..., (mn)in) ∈ Nn : (i1, i2, ..., in) ∈ Nn},
such that K is a strictly increasing subset of Nn and δ̄n(K) > 0, then the

sequence (x(m1)i1 ,(m2)i2 ,...,(mn)in
) or (xi1,i2,...,in)(i1,i2,...,in)∈K is called a subse-

quence of x.

Remark 2.21. Since we need an increasing subset of Nn in many definitions

such as subsequence and hence K-step, canonical preimage and monotone, etc.

We take Nn as an ordered set.

Definition 2.22. Let K = {((m1)i1 , (m2)i2 , ..., (mn)in) ∈ Nn : (i1, i2, ..., in) ∈
Nn}, be an increasing subset of Nn and E be a sequence space. A K-step of E

is a sequence space
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λE
K = {x(m1)i1 ,(m2)i2 ,...,(mn)in

∈ wn : (m1)i1 , (m2)i2 , ..., (mn)in ∈ E}.

Definition 2.23. A canonical preimage of a sequence {x(m1)i1 ,(m2)i2 ,...,(mn)in
} ∈

λE
K is a sequence y = (yi1,i2,...,in) ∈ wn defined by

yi1,i2,...,in =

{
xi1,i2,...,in , (i1, i2, ..., in) ∈ K;

0, otherwise.

The set of preimages of all elements in step space λE
K is known as canonical

preimage of λE
K , i.e, y is in canonical preimage of λE

K if and only if x is the

canonical preimage of some x ∈ λE
K .

Definition 2.24. A sequence space is monotone if it contains the canonical

preimages of its step space.

Definition 2.25. A sequence space E is said to be solid if for all n-sequence of

scalars (αi1,i2,...,in)i1,i2,...,in∈N with |αi1,i2,...,in | ≤ 1, and (xi1,i2,...,in)i1,i2,...,in∈N ∈
E,

(αi1,i2,...,inxi1,i2,...,in) ∈ E.

Lemma 2.26. [5] Every solid space is monotone.

Theorem 2.27. The n-sequence space nw̄∞(M,p) is solid and hence mono-

tone.

Proof. Let (xi1,i2,...,in) ∈ nw̄∞(M,p) and (αi1,i2,...,in) be a scalar sequence such

that |αi1,i2,...,in | ≤ 1 for all i1, i2, ..., in ∈ N. Then
M

(
d(αi1,i2,...,in x̄i1,i2,...,in ,θ̄)

ρ

)
≤ M

(
d(x̄i1,i2,...,in ,θ̄)

ρ

)
.

Hence,

sup
m1,m2,...,mn

1
n∏

j=1
mj

m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

[
M

(
d(αi1,i2,...,in x̄i1,i2,...,in ,θ̄)

ρ

)]pi1,i2,...,in

≤ sup
m1,m2,...,mn

1
n∏

j=1
mj

m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

[
M

(
d(x̄i1,i2,...,in ,θ̄)

ρ

)]pi1,i2,...,in

< ∞.

Therefore, (αi1,i2,...,inxi1,i2,...,in) ∈ nw̄∞(M,p). Thus the space is solid and by

using Lemma 2.26, it is also monotone. □

Now, we give the definition of statistical convergence of n-sequence of interval

number and give conditions for inclusion relations with nw̄(M,p).

Definition 2.28. An n-sequence x̄ = (x̄i1,i2,...,in) is said to be statistically

convergent to an interval number x̄0, if for every ϵ > 0

P − lim
m1,m2,...,mn

1
n∏

j=1
mj

|{i1 ≤ m1, i2 ≤ m2, ..., in ≤ mn : d(x̄i1,i2,...,in , x̄0) ≥

ϵ}| = 0,
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we denote it as s̄n − lim
i1,i2,...,in

x̄i1,i2,...,in = x̄0. The set of all such sequences

is denoted by s̄n.

Example 2.29. Let an n-interval sequence defined by x̄ = (x̄i1,i2,...,in) such

that

x̄i1,i2,...,in =

{
i1

2, if ij is prime, ∀ j = 1, 2, ..., n;

0, otherwise.

Like Example 2.8 for n-sequence, the n-interval unbounded sequence can

also be statistically convergent.

Theorem 2.30. Let M be an Orlicz function and 0 < h ≤ inf
i1,i2,...,in

pi1,i2,...,in ≤

sup
i1,i2,...,in

pi1,i2,...,in = H < ∞. Then nw̄(M,p) ⊂ s̄n.

Proof. Let x̄ = (x̄i1,i2,...,in) ∈ nw̄(M,p). Then there exists ρ > 0 such that

P − lim
m1,m2,...,mn

1
n∏

j=1

mj

m1∑
i1=1

m2∑
i2=1

...

mn∑
in=1

[
M

(
d(x̄i1,i2,...,in , x̄0)

ρ

)]pi1,i2,...,in

= 0.

(2.5)

For a given ϵ > 0, we have

1
n∏

j=1
mj

m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

[
M

(
d(x̄i1,i2,...,in ,x̄0)

ρ

)]pi1,i2,...,in

= 1
n∏

j=1
mj

m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

[
M

(
d(x̄i1,i2,...,in ,x̄0)

ρ

)]pi1,i2,...,in

d(x̄i1,i2,...,in ,x̄0)<ϵ

+ 1
n∏

j=1
mj

m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

[
M

(
d(x̄i1,i2,...,in ,x̄0)

ρ

)]pi1,i2,...,in

d(x̄i1,i2,...,in ,x̄0)≥ϵ

≥ 1
n∏

j=1
mj

m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

[
M

(
d(x̄i1,i2,...,in ,x̄0)

ρ

)]pi1,i2,...,in

d(x̄i1,i2,...,in ,x̄0)≥ϵ

≥ 1
n∏

j=1
mj

m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

[
M

(
ϵ
ρ

)]pi1,i2,...,in

d(x̄i1,i2,...,in ,x̄0)≥ϵ

≥ 1
n∏

j=1
mj

m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

min

{
M

(
ϵ
ρ

)h

,M
(

ϵ
ρ

)H
}

d(x̄i1,i2,...,in ,x̄0)≥ϵ

≥ 1
n∏

j=1
mj

|{(i1, i2, ..., in) ∈ Nn : d(x̄i1,i2,...,in , x̄0) ≥ ϵ}|min

{
M

(
ϵ
ρ

)h

,M
(

ϵ
ρ

)H
}
.

By taking P − lim m1,m2, ...,mn−→ ∞ and using Equation (2.5), we get the

result. □
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Theorem 2.31. Let M be an Orlicz function and 0 < h ≤ inf
i1,i2,...,in

pi1,i2,...,in ≤
sup

i1,i2,...,in

pi1,i2,...,in = H < ∞. Then, for bounded n-interval sequences x̄ =

(x̄i1,i2,...,in), s̄n ⊂ nw̄(M,p).

Proof. Let x̄ = (x̄i1,i2,...,in) be a bounded and statistically convergent sequence.

Since x̄ is a bounded sequence, there exists a positive number H ′ such that

d(x̄i1,i2,...,in , x̄0) ≤ H ′.

For a given ϵ > 0, we have

1
n∏

j=1
mj

m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

[
M

(
d(x̄i1,i2,...,in ,x̄0)

ρ

)]pi1,i2,...,in

= 1
n∏

j=1
mj

m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

[
M

(
d(x̄i1,i2,...,in ,x̄0)

ρ

)]pi1,i2,...,in

d(x̄i1,i2,...,in ,x̄0)<ϵ

+ 1
n∏

j=1
mj

m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

[
M

(
d(x̄i1,i2,...,in ,x̄0)

ρ

)]pi1,i2,...,in

d(x̄i1,i2,...,in ,x̄0)≥ϵ

≤ 1
n∏

j=1
mj

m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

[
M

(
ϵ
ρ

)]pi1,i2,...,in

d(x̄i1,i2,...,in ,x̄0)<ϵ

+ 1
n∏

j=1
mj

m1∑
i1=1

m2∑
i2=1

...
mn∑
in=1

max

{
M

(
H′

ρ

)h

,M
(

H′

ρ

)H
}

d(x̄i1,i2,...,in ,x̄0)≥ϵ

≤ max

{
M

(
ϵ
ρ

)h

,M
(

ϵ
ρ

)H
}

+
max

{
M

(
H′
ρ

)h
,M

(
H′
ρ

)H
}

n∏
j=1

mj

|{(i1, i2, ..., in) ∈ Nn : d(x̄i1,i2,...,in , x̄0) ≥ ϵ}|.

On taking P − lim m1,m2, ...,mn−→ ∞, we get the result. □

Corollary 2.32. s̄n ∩ l̄n∞ = l̄n∞∩ nw̄(M,p).

Proof. The proof of corollary follows directly from Theorem 2.30 and 2.31. □
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