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ABSTRACT. In this paper, we introduce the notion of hybrid bi-ideals
in semigroups and investigate some of their important properties. We
also give various equivalent conditions for a semigroup to be regular and

hybrid structures to be hybrid bi-ideals of S.

Keywords: Hybrid structure, Hybrid ideal, Semigroup, Ideals, Hybrid prod-
uct.

2000 Mathematics subject classification: 20M12, 20M17, 16Y60.

1. INTRODUCTION

Let S be a semigroup. Let A and B be subsets of S. Then the multiplication
of A and B is defined as AB = {ab :a € A and b € B}. Let A be a non-empty
subset of S. A is called a subsemigroup of S if S? C S. A subsemigroup X of S
is called a left (resp., right) ideal of S if SX C X (resp., XS C X). If X is both
a left and right ideal of S, then X is called a two-sided ideal or ideal of S. It can
easily be verified that for any a € S, L(a) = {a, Sa} (resp., R(a) = {a,aS})
is a left (resp., right) ideal of S generated by a in S. A subsemigroup A of

a semigroup S is called a bi-ideal of S if ASA C A. It is clear that for any
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a € S, B(a) = {a,a? aSa} is a bi-ideal of S generated by an element a € S. A
semigroup S is called left (resp., right) duo if every left (resp., right) ideal of
S is an ideal of S. A semigroup S is called duo if it is both left and right duo.
A semigroup S is called regular if for each a € S, there exists an element x in
S such that a = aza.

In his classic paper [10], Zadeh introduced the notion of a fuzzy subset A of
a set X as a mapping from X into [0, 1]. Rosenfeld [9] and Kuroki [6] applied
this concept in group theory and semigroup theory. Since then, several authors
have been pursued the study of fuzzy algebraic structure in many directions
such as groups, rings, modules, vector spaces and so on (See[5, 6, 7]). As a
new mathematical tool for dealing with uncertainties, Molodtsov [8] introduced
the soft set theory. In the past few years, the fundamentals of soft set theory
have been studied by various researchers (See [1, 3, 4]). In 2017, Anis et al.[2]
introduced the notions of hybrid sub-semigroups and hybrid left(resp., right)
ideals in semigroups and obtained several properties.

In this paper, we introduce and discuss some properties of hybrid bi-ideal of a
semigroup, which is an extension of the concept of a hybrid sub-semigroup of S,
and characterize regular semigroups, and both intra-regular and left quasireg-
ular semigroups in terms of hybrid bi-ideals.

2. HYBRID STRUCTURES IN SEMIGROUPS

In this section, we present some elementary definitions of hybrid structures
in semigroup that we will use later in this paper.

Definition 2.1. [2] Let I be the unit interval and & (U) denote the power set
of an initial universal set U. A hybrid structure in S over U is defined to be a
mapping f == (f,A): S = P(U) x I, =+ (f(z), \(z)), where f : S — 2(U)
and A : S — I are mappings.

Let us denote by H(S) the set of all hybrid structures in S over U. We define
an order < in H(S) as follows : For all f,\,@, € H(S), fL < g if and only
if fC g, A=, where f C § means that f(z) C §(z) and A = v means that
Az) > () for all z € S. Note that (H(S), <) is a poset.

Definition 2.2. [2] Let S be a semigroup. A hybrid structure fy in S is
called a hybrid subsemigroup of S over U if f(zy) 2 f(z)N f(y) and A(zy) <
V{X(x), A(y)} for all z,y € S.

Definition 2.3. [2] Let S be a semigroup. A hybrid structure frin S over U
is called a hybrid left (resp., right) ideal of S over U if

(i) F(zv) 2 F(y) (resp., flay) D F(x),

(i) AMzy) < Ay)(res., May) < A(x)) for all z,y € S.

fx is called a hybrid ideal of S' if it is both a hybrid left and a hybrid right
ideal of S over U.
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Definition 2.4. A semigroup S is called a hybrid left (resp., right) duo over
U if every hybrid left (resp., right) ideal of S over U is a hybrid ideal of S over
U. A semigroup S is called a hybrid duo over U if it is both a hybrid left and
a hybrid right duo over U.

Definition 2.5. Let S be a semigroup. A hybrid subsemigroup fy in S over
U is called a hybrid bi-ideal of S over U if

(i) F(zyz) 2 F(x) N F(2),

(ii) A(zyz) < \/{)\(x),)\(z)} for all z,y,z € S.

Clearly, every hybrid left and hybrid right ideals of S over U are hybrid
bi-deals of S over U, however, hybrid bi-deals of S over U need not be either
hybrid left or hybrid right ideals of S over U as can be seen by the following
example.

EXAMPLE 2.6. Let S = {0,a,b,c} be a semigroup with the following Cayley
table:

Ola|b|c
0[0j0]0]O
al0]0]0]b
b|0|0|O0|Db
c|lb|b|b|c

TABLE 1

Let fy be a hybrid structure in S over U = [0, 1] defined by f(0) = [0,0.6];
f(a) =10,0.5]; f(b) = [0,0.4]; f(c) = [0,0.2] and X be any constant mapping
form S to I. Then fy is a hybrid bi-ideal of S over U, which is neither a hybrid
left nor a hybrid right ideal of S over U as f(ca) 2 f(a) and f(ac) 2 f(a). O

Definition 2.7. [2] Let A be a non-empty subset of S. Then the characteristic
hybrid structure in S over U is denoted by xa(fx) = (xa(f), xa(\)), where
Xa(f): S = P(U),x {U Jred
¢  otherwise
and
0 ifreA

1 otherwise.

XA(A):S’—>I,$»—>{
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3. MAIN RESULTS

Theorem 3.1. Let A be a non-empty subset of S. Then A is a subsemigroup
of S if and only if the characteristic hybrid structure xa(fx) is a hybrid sub-
semigroup of S.

Proof. Assume that A is a subsemigroup of S and x,y € S.

Ifzy € A, then xa(f)(zy) = U 2 xa(f)(@)Nxa(f)(y) and xa(\)(zy) = 0 <
Vi{xaN) (@), xa(N)(y)}. If xy ¢ A, then either z ¢ Aory ¢ A, so xa(f)(xy) =

¢ = xa(f)(@)Nxa(f)(y) and xa(M)(zy) =1 = V{xa(M)(z), xa(A)(y)}. There-
fore xa(fx) is a hybrid subsemigroup of S.
Conversely, assume that x 4(f») is a hybrid subsemigroup of S. Let =,y € A.

Then xa(f)(zy) 2 xa(f)(z) = U implies zy € A. So A is a subsemigroup of
S. O

Theorem 3.2. Let A be a non-empty subset of S. Then A is a bi-ideal of S if
and only if the characteristic hybrid structure x a(fx) is a hybrid bi-ideal of S.

Proof. Assume that A is a bi-ideal of S. Let x,y,2 € S. If z € A and z € A,

then zyz € A, so xa(f)(zyz) = U = xa(f)(x) N xa(f)(z) and xa(V)(zyz) =
0=V {xaM @), xaM()}. Itz ¢ Aor z ¢ A, then xa(f)(z) N xa(f)(z) =
¢ C xa(f)(wyz) and \/{xa(M)(),xa(M)(2)} =1 > xa(N)(zyz). By Theorem
3.1, xa(fx) is a hybrid bi-ideal of S.

Conversely, assume that y4(fy) is a hybrid bi-ideal of S. Let z,z € A and
y € S. Then xA(f)(zyz) 2 xa(f)(x) N xa(f)(z) = ¢ which implies zyz € A.
By Theorem 3.1, A is a bi-ideal of S. (]

Theorem 3.3. Let S be a reqular semigroup. Then the following conditions
are equivalent:

(i) S is left (resp., right) duo,

(i) S is hybrid left (resp., right) duo.

Proof. Assume that S is left duo. Then for any a,b € S, we have ab € (aSa)b C
(Sa)S C Sa as Sa is a left ideal of S and S is regular, so there exists x € S such
that ab = xa. Let f\ be any hybrid left ideal of S. Then f(ab) = f(za) 2 f(a)
and A(ab) = M(wa) < A(a). Thus fy is a hybrid right ideal of S and hence S is
hybrid left duo.

Conversely, assume that S is hybrid left duo and let A be any left ideal of
S. Then by Theorem 3.5 of [2], the characteristic hybrid structure x4(fy) is a
hybrid left ideal of S. Since S is hybrid left duo, we have y4( f)\) is a hybrid
ideal of S. By Corollary 3.6 of [2], we have A is an ideal of S. Therefore S is
left duo. O

As a consequence of above theorem, we have the following corollary.
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Corollary 3.4. Let S be a regular semigroup. Then the following conditions
are equivalent:

(i) S is duo,

(ii) S is hybrid duo.

Theorem 3.5. Let S be a regular left duo (resp., right duo, duo) semigroup.
Then the following conditions are equivalent:

(i) fx is a hybrid bi-ideal of S,

(i) fx is a hybrid right ideal (resp., left, ideal) of S.

Proof. (i) = (i#i) Assume that fx is a hybrid bi-ideal of S. Let z,y € S. Since
S is regular, we have z = ztx € xS N Sz for some ¢t € S which implies
xy € (xSNSz)S CaxSNSx as S is left duo. So xy = sz and zy = xs’ for some
s, 8" € S. By the regularity of S, there exists r € S with xy = zyrzy = vs'rsx =
x(s'rs)z. Since fy is a hybrid bi-ideal of S, we have f(zy) = f(z(s'rs)z) D f(x)
and A(zy) = Mz(s'rs)z) < A(z). Therefore fy is a hybrid right ideal of S.
(#9) = (i) It is trivial. O

Theorem 3.6. Let S be a reqular semigroup. Then the following conditions
are equivalent:

(i) Every bi-ideal of S is a right ideal (resp., left ideal, ideal) of S.

(i) FEvery hybrid bi-ideal of S is a hybrid right ideal (resp., left ideal, ideal)
of S.

Proof. (i) = (ii) Assume that (i) holds. Let fy be a hybrid bi-ideal of S and
a,b € S. Then aSa is a right ideal of S and a € aSa as S is regular. so
ab € aSa implies ab = asa for some s € S. So f(ab) = f(asa) 2 f(a) and
Aab) = Masa) < Ma). Therefore fy is a hybrid right ideal of S.

(#4) = (i) Assume that (ii) holds and let A be any bi-ideal of S. Then by
Theorem 3.2, xa( f)\) is a hybrid bi-ideal of S, by assumption it becomes a
hybrid right ideal of S. By Theorem 3.5 of [2], A is a right ideal of S. O

Definition 3.7. [2] For any hybrid structures fx and g~ in S over U, the hybrid
product of fy and g, in S is defined to be a hybrid structure fx®g, = (f3g, A\o7)
in S over U, where

. U {fy)Ng(2)} if 3y, 2 €S such that x=yz
(fog)(x) = q w=v=

10} otherwise
and
/\ \/{)\(y), Mz)} if Fy,z €S such that x = yz
(A7) (@) = { ==
1 otherwise
forall z € S.
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Theorem 3.8. Let f>\ be a hybrid structure of S. Then the following conditions
are equwalent
(i) f)\ is a hybmd bi-ideal of S,

(i) fx® fa < fr and fy O xs(Gu) O fa < fx for any hybrid structure gu of
S.

Proof. (i) = (ii) Assume that fy is a hybrid bi-ideal of S and z € S. If
x # yz for all y,z € S, then clearly fy ® fr < fy and f>\ © xs(gu) © f>\ << f>\

Assume that = = yz for some y,z € S. Then (f5f)(x U {f(y)

r=yz
U Fy2) = f(2) and 0N (@) = A\ VAW A} = A Awz) = M),
T=yYz r=yz T=Yz

Therefore f>\ ® f>\ < f>\.

We now prove that fy ® xs(Gu) © fr < fa

Let a € S. Suppose that there exist x,y,p,q € S such that a = xy and
x = pq. Then

(foxs(@sh(a) = |J {(Foxs(@) (@) N f(y)}

a=xy

U{U{f Nxs(@)(@)} N Fy)}
= U{U{f(p)ﬂU}ﬂf(y)}

= U tfwn

a=pqy

c U floay) =F

a=pqy

and (A\oxs (i /\ \/{ Aoxs (p AW}

a=xy

/\\/{/\\/{ 0} M)}

a=zy T=pq

A VEA VIAw- 0k

= /\ \/{(A(p) A

> A\ Apgy) = Ma).
a=pqy R R

Otherwise a # zy or x # pq for all z,y,p,q € S. Then (foxs(3)5f)(a) =
¢ C Aa) and (Adxs(p)3A)(a) =1 > A(a).

Therefore f ® x5(3) © fx < f.

(#4) = (i) Assume that (ii) holds and x,y € S. Then f(xy) (fof)(zy) 2
f(z) U f(y) and Azy) < (A8A)(zy) < V{A@), A(y)}. So f is a hybrid sub-
semigoup of S.

Now, let z,y,z € S. Then f(zyz) D (foxs(u)of)(xyz)
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and

Therefore fy is a hybrid bi-ideal of . O

Definition 3.9. [2] Let fy and g, be hybrid structures in S over U. Then the
hybrid intersection of f\ and g~ is denoted by f,\ M g, and is defined to be a
hybrid structure fy Mgy : S — PU) x Iz~ ((fg)(x), (A V 7)(x)), where
f0g:8 — 2U),z— flx)Ng(z) and AV : 8 = I,z \{\z),y(z)}.

Theorem 3.10. Let S be a semigroup. Then the following conditions are
equivalent:

(i) S is regular,

(i) fu magy = fu (O¥/7%O) fu for every hybrid bi-ideal fu and every hybrid
ideal gy of S.

Proof. (i) = (ii) Assume that S is regular, and let f, be a hybrid bi-ideal and
gx a hybrid ideal of S. Then by Theorem 3.8, we have f# O xs(gr) © f# < fi.
So fu®g,\®fu < fMQXs(g,\)qu < fx. By Theorem 3.13 and Theorem 3.14 of
[ ] we have f;A@gA@fu < XS(fu)Qg)\@XS(fu) < ga- So f;A@gA@fu < fumg/\

Let a € S. Then by the reqularity of S, there exists x € S such that a =
ara = arara.

Now (fagaf)(a) = U {f(“) n (g&f)(v)}

> f(a) N (35f) (vaza)

> f(a) N g(aaz) N f(a)

> f(a) Ngla) = (f N §)a),
nd (u6360(@) = A\ V() (o) (w)}

<Viu(a), (Aop)(waza)}

< Vin(a), V{A(zaz), p(a)}}

< Viu(a), A@)} = (A0 p)(a).

Thus fu magy < fu ® gx @f# and hence fu Mgy = f,L (O¥7%O) fu

(17) = (i) Assume that (i) holds. Then by Corollary 3.6 of [2] and as-
sumption, we have fu M Xs(fu) fu ©® Xs(fu) ® fu But fu M X,s(fu) fus 80
fu = fu ® xg(f#) ® f“ for every hybrid bi-ideal f# of S. Let a € S. Then by
Theorem 3.2, xp a)(fﬂ) is a hybrid bi-ideal of S and xpg a)(f#) = XB(a) (f)\)
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xs(fu) © XB(a)(fu) = XB(a)$B(a)(fx N) y Lemma 3.11 of [2]. Since a € B(a),
we have XB(Q)SB(Q)(]”)( a) = XB(a)(f)(a) = U which implies a € B(a)SB(a).
Therefore S is regular. O

Theorem 3.11. Let S be a semigroup. Then the following conditions are
equivalent:

(i) S is regular,

(i) fu Mgy < fu @ gx for every hybrid bi-ideal fu and every hybrid left ideal
g)\ Of S.

Proof. (i) = (ii) Assume that S is regular and let f, be a hybrid bi-ideal and
gx be a hybrid left ideal of S. Let a € S. Then there exists x € S such that
a = aza. Then

(feg)(a) = |J {f(u

a=uv

2 f(a )ﬂg(m)Qf( )N gla) = (fNg)a),
and  (udA)(a /\ \/{M A(v)}

a=uv

< V(@) Awa)} < Vin(a). A@)} = (10 A)(a).

Therefore fu magy < fu © gx-

(#4) = (i) Assume that (4¢) holds, and let fu be a hybrid right ideal and gy
be a hybrid left ideal of S. Since every hybrid right ideal of S'is a hybrid bi-ideal
of S, so fﬂ is a bi-ideal of S. Then by assumption, we have fﬂﬂgA < f#G)g)\ By
Theorem 3.13 and Theorem 3.14 of [2], we can get f# OO0 K f“ Mmgx. So for any
hybrid right ideal fu and hybrid left ideal gy of S, we have fu Mgy = fu ® G-

Let R be a right ideal and L a left ideal of S. Then for any a € RN L, we
have x(f)(@) M x2(f,)(@) = x2(f) (@) © X£(f,)(a). By Lemma 3.1 of [2],
we have xgpnr(fu) = Xre(fy). Since a € RN L and xrnr(f)(a) = U, we have
xro(f)(a) = U which implies a € RL. Thus RN L € RL € RN L and hence
RN L = RL. Therefore S is regular. (]

Theorem 3.12. Let S be a semigroup. Then the following conditions are
equivalent:

(i) S is regular,

(i) fu Mgy < g O f,L for every hybrid bi-ideal fu and every hybrid right
ideal gy of S.

Proof. The proof is similar to that of Theorem 3.11. O

Theorem 3.13. Let S be a semigroup. Then the following conditions are
equivalent:

(i) S is regular,

(i) f#rmgmﬁu < f#G)g)\@ﬁy for every hybrid right ideal f#, hybrid bi-ideal
Gx and every hybrid left ideal of h, of S.
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Proof. (i) = (ii) Let S be a regular semigroup, f,, a hybrid right ideal, gy a
hybrid bi-ideal and h, a hybrid left ideal of S. Let a € S. Then there exists
x € § such that a = azxa.

Now (f5§5h)(a U {f(u) N (g5h)(v)}

Flaz) N { U {3 N h(a)}}
flaz) N gla) N h(za) B
fla)Ng(a )ﬂh( )= (fngnh)a),

U

< V{u azx) /\ ViOw

< V{u(ez), Na), v(za)}
< V{u(a), \(@), v(@)} = (N A(1v)(a).

Therefore fu A ga M hy < fﬂ O ga® hy.

(#4) = (i) Assume that (i7) holds, and let fu be a hybrid right ideal and h.,
a hybrid left ideal of S. Then fuﬂhu = fuﬁxg(g,\) Mh, < fu Oxs(Gr) O h, <
fu®hy.

By Theorem 3.13 and Theorem 3.14 of [2], we can get fu®h < fuﬂh So for
any hybrid right ideal fu and hybrid left ideal h,, of S, we have fuﬂh quh

Let R be a right ideal and L be a left ideal of S and a € RN L. Then
xr(F)(@) 0 X2(f)(@) = Xr(F)(@ © x2(Fu)(@). By Lemma 3.11 of [2], we
have xrnr(fu) = Xre(fy). Since ¢ € RN L and xprnr(f)(e) = U, we have
xro(f)(a) = U which implies a € RL. Thus RN L € RL € RN L and hence
RN L = RL. Therefore S is regular. (]
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