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1. INTRODUCTION

The concept of wavelets was introduced in recent decades, at the beginning
of the 1980s (See [1], [2], [6], [14]). Wavelet and its transform are a powerful
tool for analyzing the problems arising in harmonic analysis, signal and image
processing, sampling, filtering, and so on. Some applications of the Wavelet
transform were provided in recent literature by Hari M. Srivastava, Firdous A.

Shah et al. (See [17], [18], [19], [20]).
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Wavelets are constructed using the notion of multiresolution analysis, intro-
duced by Meyer and Mallat ([5, 4]). They attracted considerable interest from
the mathematical community and extended by several authors. S.Dahlke [7] in-
troduced wavelets on Riemannian manifolds and locally compact abelian group.
M.Papadakis developed the multiresolution analysis of abstract Hilbert spaces.
Wavelet theory for local field has been developed by R.L. Benedetto and J.J.
Benedetto ([8, 9]). Multiresolution analysis and wavelet on the p-adic fields Q,
are discussed in the paper ([10, 11, 12]). Jiang , Li and Jin ([13]) defined MRA
on a local fields of positive characteristic and constructed the corresponding
orthonormal wavelets. We are interested in Sobolev space over a local field
H?*(K) of positive characteristic. Sobolev space were introduced by Sobolev in
the late thirties of the 20" century and plays an important role in the modern
mathematics and theoretical physics. The study of the wavelets in a Sobolev
space H*(R) can date back to the work of Rieder, which extends the continuous
wavelet transform to Sobolev spaces H*(R) for arbitrary reals. The paper aims
to give a characterization of scaling functions of H*(K). This paper is divided
into four sections. Section 2 contains general notations which are used further
in this paper. This section also contains definitions of local field and Sobolev
space on a local field. In section 3, we define an MRA on Sobolev space over a
local field by specifying four properties. We show how to construct orthonormal
basis from Riesz basis. Finally, in section 4, we give a necessary and sufficient
condition on a function to be a scaling function for an MRA of H*(K).

2. NOTATION AND DEFINITIONS

A local field means an algebraic field and a topological space with the topo-
logical properties of locally compact, non-discrete, complete and totally dis-
connected, denoted by K. The additive and multiplicative groups of K are
denoted by KT and K*, respectively. We may choose a Haar measure dx for
K*. If a # 0(« € K), then d(az) is also a Haar measure. Let d(ax) = |a|dz
and call |a| the absolute value or valuation of a. Let |0] = 0. The absolute
value has the following properties:

(i) |#| > 0 and |z| = 0 if and only if z = 0;

(i) |zy| = [=[lyl;

(i) Jo + y| < maz([al, ly).

The last one of these properties is called the ultrametric inequality. It follows
that [z + y| = maa(Jal, ly]) if |2| # |yl.

The set © = {z € K : |z| < 1} is called the ring of integers in K. It is the
unique maximal compact subring of K. Define g = {x € K: |z| < 1}. The set
B is called the prime ideal in K. The prime ideal in K is the unique maximal
ideal in ®. It is principal and prime. Let p be a fixed element of maximum ab-
solute value in 3. Such an element is called a prime element of K and |p| = ¢!
with that ¢ = p°, p is a prime number and c is a positive integer.
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For a measurable subset E of K, let |E| = [, (p(x)dx, where (g is the char-
acteristic function of E and dz is the Haar measure of K normalized so that
|D| = 1. Then, it is easy to see that || = ¢~ and |p| = ¢~'. It follows if
r#0, and z € K, then |z| = ¢* for some k € Z ( see [15]).

Let B¥ = p*D = {z € K : |2| < ¢ *},k € Z . These are called fractional ideals.
we have the fact that [B*| = ¢=% and ® = B°. Each B* is compact and open
and is a subgroup of K*. Therefore,the residue space D\B is isomorphic to
GF(q). Let ©* =D\P = {z € K: |z| = 1}. D* is the group of units in K*. If
x # 0, we can write z = pFz’ with 2/ € ®*. Let 4= {a; :i=0,1,...,¢ — 1} be
any fixed full set of coset representatives of 3 in ©.

If K is a local field, then there is a nontrivial, unitary, continuous character y
on KT. It can be proved that KT is self dual.

Let x be a fixed character on K+ that is trivial on ® but is nontrivial on 1.
We can find such a character by starting with any nontrivial character and
rescaling. We will define such a character for a local field of positive charac-
teristic. It follows that x is constant on cosets of ® and that if y € %, then
Xy (Xy (%) = x(yz) is constant on cosets of P~~.

Definition 2.1. If f € L'(K), then the Fourier transform of f is the function
f defined by

fly) = /K F (@) xy @) ds = /K F(@)x(~ya)de.

The Fourier transform in LP(K), 1 < p < 2, can be defined similarly as in
LP(R).
The inner product is denoted by

< f,g>= /Kf(x)mdx, for f,g € L*(K).

We will use the notation Ny = {0,1,2,...}. Let x, be any character on K*.
Since D is a subgroup of KT, it follows that the restriction x,|o is a character
on . Also, as characters on ©, we have x, = X, if and only if u — v € D.
That is, xu = xo T u+D =v+D and xy # X if (u+D)N(v+D) = ¢.
Hence, if {u(n) : n € No} is a complete list of distinct coset representative of
D in K*, then {Xum): nen,} is a list of distinct character on @. It is proved
in [15] that this list is complete. That is, we have the following proposition.

Proposition 2.2. Let {u(n) : n € Ng} be complete list of (distinct) coset
representatives of © in K. Then {Xum) : n € Ng} is a complete list of
(distinct) characters on ®. Moreover, it is complete orthonormal system in .

Given such a list of character {Xxym) : n € No}, we define the Fourier coeffi-
cients of f € L}(D) as

flu(n)) = /@ J (@) Xun) (x)d.
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The series > f (u(n))Xuen)(7) is called the Fourier series off. From the
standard L?- theory for compact abelian groups we conclude that the Fourier
series of f converges to f in L?(®) and Parseval’s identity holds see ([15]):

/uumm:ZMwmw
° n=0

These results hold irrespective of the ordering of the characters. We describe
the "natural” order on the sequence {u(n) € K}, as follows.

Recall that B is the prime ideal in ©, D /P = GF(q) = 7, ¢ = p°, p is a prime,
¢ a positive integer and €2 : ® — 7 the canonical homomorphism of ® on to
7. Note that 7 = GF'(q) is a c- dimensional vector space over GF(p) C 7. We
choose a set {1 = €, €1, ..., €c—1} C D* = D\P such that {Q(ex)}{_{ is a basis
of GF(q) over GF(p).

Definition 2.3. For k, 0 < k< g, k=ao+aip+ ... + ac_1p 1,0 < a; <
p,1=0,1,...,c — 1, we define
uw(k) = (ap + arey + ... + ae_16c_1)p" " (0< k < q).
For k =bg+big+ ... +bs¢°, 0 < b; < q, k>0, we set
u(k) = u(bo) + p tuby) + ... + p~Su(bs).

Note that for k,1 > 0, u(k + 1) # u(k) + u(l). However, it is true that for
all 7,s > 0, u(rq®) = p~2u(r), and for r,s > 0,0 < ¢t < ¢°, u(r¢® +1t) =
ulrg®) + u(t) = p~u(r) + u(t).

Then, it is easy to verify that {u(k) : k € No} = {—u(k) : k € No}, {u(k)+u(l) :
k € No} = {u(k) : No}, for a fixed I € Ny and u(n) = 0 if and only if n = 0.

We will denote Xy (n) = Xn for n € Ng. Since U = {a;}2=) be a fixed set of
coset, representatives of 3 in ®. Then every = € K can be expressed uniquely
as

n
x:xo—&—Zakp_k, To €3, ap € U.
k=1

Let K be a local field of positive characteristic p and €g, €1, €3, ..., €c_1 be as
above. we define a character x on K as follows (see [16]) :

i exp(2mi/p), ifv=0andk=1,
x(ep™") = .
1, ifr=1,2,...,c—1lork#1.

Note that x is trivial on ® but nontrivial on 1.

Definition 2.4. We call a function f defined on K integral-periodic if f(x +
u(l)) = f(z) for all | € Ny.

Proposition 2.5. For alll,k € No, xp(u(l)) = 1.
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2.1. Distributions over local fields. We denote . (K) the spaces of all finite
linear combinations of characteristics functions of ball of K. The space .7 (K)
is an algebra of continuous function with compact support that is dense in
LP(K), 1 <p < oo. We observe that the Fourier transform is homeomorphism
of Z(K) onto .#(K). The space .#’(K) of continuous linear functional on
< (K) is called the space of distributions.

The Fourier transform of f € . (K) is denoted by f (&) and defined by the

fe) = [ sie@ids = [ s@igos, € e, (21)
K K
and the inverse Fourier transform by
f@) = [ feraleds, vex (22)
K

The Fourier transform and inverse Fourier transforms of a distributions f €
' (K) is defined by

(f.8) = (f.0), (f¥,0) = (f.8"), for all ¢ € 7 (K). (2.3)

Definition 2.6. Sobolev space H*(K) over local fields.
Let s € R, we denote by H*(K) is the space of all f € ./(K) such that

2 (€)f(€) € L*(K).

Obviously, for any real number s, H*(K) is a linear space. We equip H*(K)
with the inner product

Foaha = 9 = [ 7O OFTEE,
which induces the norm
1B = /K O F(©)[de.

EXAMPLE 2.7. The Dirac distributions ¢ € H*(K) for s < —1.

Theorem 2.8. The space .7 (K) is dense in H*(K)

Proof. For the proof of above theorem see [3]. O

3. MULTIRESOLUTION ANALYSIS ON H?(K)

Pathak and Singh [3] modified the classical definition of multiresolution anal-
ysis on L?(K) and defined as follows.

Definition 3.1. Let s be any real number. A multiresolution analysis on
H*(K) is a sequence {V;} ez of the closed linear subspaces of H*(K) such that
(1) V; € Vig;

(2) Ujez V; = H*(K);

(3) Njez Vj = 0;
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(4) For each j € Z , there exists a function ¢\9) € H*(K) such that {gb%z}keNo,
forms an orthonormal basis of Vj, where

¢) = 2 (p~I. —u(k)), k € Ny and j € Z.

Such function ¢\ are called scaling function or father wavelet. The con-
dition V; C Vj4q; for j € Z is equivalent to the existence of integral-periodic
function m((f )e1? (D) such that the following scale relation holds.

39 (€) = m{ ™ (p€) U+ (pe) (3.1)

these functions mgj 1 are called low pass filter. Define ’(/JT(»j ), jJ € Zand r €
Dy, ={0,1,2,3,4...g — 1}, by the formula

DP(€) =mI*D ()T (pe), .k €Z, 1€ Dy, (3.2)
These function mg,j 1 are called high pass filters.

We get {¢S},k}jeZ,keNo,reD1 form an orthonormal basis for H*(K), where

v () = a2 (p7. —u(k)),j.k € Z,r € Dy. (3.3)

Theorem 3.2. If s € R, ¢U) € H*(K) then the distribution {q%qb(j)(p*jz —
u(k)),k € Z} are orthonormal in H*(K) if and only if

oo

DT E T uk)V (€ Fuk)? =1 ae. (3-4)

k=0
Moreover, we also have

[0 (p7€)] < D3 (9). (3:5)
Proof. See [3]. O

We will only assume that {g2¢@ (p=7. — u(k) : k € No} is a Riesz basis
of V; in some of our result, which is weaker than being an orthonormal basis.
A sequence of functions {g; : | € Ny} is called a Riesz basis of Sobolev space
(H*(K), ||.|| 7+ (x)). If for any h € H*(K) , there is a sequence {c¢; : [ € No} such
that h =3, c1gr which converges in H*(K) and

A2 el < 1Y aglliem < B> lal, (3.6)

1€Ng 1ENg 1ENg

where the constants A and B satisfy 0 < A < B < oo and independent of A.
A sequence {g; : | € Ny} of element of H*(K) is called a frame of (H*(K), ||.|| 7+ x)),
if there are A, B > 0 (these numbers called frame bounds) such that

ARy < Y Kby gn)* < B2(Ale ) (3.7)

1€Ng

for every h € H*(K).
If we assume {q% ¢ (p~7z —u(k)) : k € No} form a Riesz basis of V; instead of
an orthonormal basis in the definition of MRA. It will follows from theorem 3.2
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that we can find another function (;ng) such that {q%qﬁgj)(p*j. —u(k)): k€ No}
form an orthonormal basis of Vj, j € Z.

Lemma 3.3. Let ¢\ € H*(K) and j € Z. If the family {c{)% = q%¢(j)(p_j —
u(k)) : k€ Np} satisfies the Riesz condition with bounds Aj, Bj , we have
A2 el < 1Y et < B2 lel? (3.8)
keNp keNg keNp

where the constants A;, B; satisfy 0 < A; < B; < oo and are independent of
{Cl}leNo- Let

ol = > P (7 (€ 4 u(k)ED (& + ulk))|*. (3.9)
1eNg
Then,
Aj <ol < Bjae €K (3.10)

Proof. Let X, = {§ € D = Yyep, 2°(077 (€ + u(R))ISV (€ + ulk))]* > p}.
Assume that Xp has positive measure , we shall show that p < B;. Let Qx
denotes characteristic function of the set X. Consider the sequence {c;} €
12(Np) such that

=q7 Z ckXi(§) fora.e £€D. (3.11)
kENg
Then,
I et o6 —uWlmcy = [ 1Y ad xmiO00 (760 (e
K keNo
- / sl S T ORIV (€) 2
keNg
= LI anOF X o+ u)
keNy keNg
|69)(€ + u(k))|*dé

- /X 02 (€)de

P

/X pd§

P

= plXpl
Now by using Parseval’s identity where
1> Ckfb )3y = PIXp =0 Y lexl®. (3.12)
keNg keNg

Therefore by using (3.8) we get p < B; . Hence the set {£ € D : O'(Qi)(j) > o}

has measure zero. Therefore 02 ,) < B; forae. ¢€D.

@)
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Similarly we get left hand inequality of (3.10). Owing the periodicity of o) ,
we obtain the announced inequality. O

Theorem 3.4. Suppose that {q%(b(j)(p_jx—u(k:))_: k € No} form a Riesz basis
of Vj . Then there is a function d)(lJ) such that {q%qﬁgj)(p_jx —u(k)) : k € No}
form an orthonormal basis for V;.

Proof. Tt follows from lemma 3.3. ]

4. CHARACTERIZATION OF SCALING FUNCTION

Now, in the present section, we will characterize those functions that are
scaling functions for an MRA of H*(K) .
A function ¢) € H*(K) , we define the closed subspaces {V} : j € Z} of H*(K)
as follows:

V; = {q?/2¢W (p=i. — u(k)) : k € N}.

If the sequence of closed subspaces {V; : j € Z} constitutes a multiresolu-
tion analysis of H®(K) then we can say that ) is a scaling function for a
multiresolution analysis of H*(K).

Theorem 4.1. A sequence of functions ) € H*(K) are a scaling function
for MRA of H*(K) if and only if

ST e+ ulk)|OD (€ +uk)? =1, ae. £€D (4.1)
keNy
Jim |69 (7)| =77 (), ae. (€K (4.2)

and there ezists integral periodic function méj i L?(D) such that
O (€)= mi ™ (p)FV T (pE), ace. € € K. (4.3)
To prove the above theorem we first prove the following two lemmas .

Lemma 4.2. Let {V; : j € Z} be a sequence of closed subspaces of H*(K)
satisfying MRA conditions. Then the following two conditions are equivalent

(1) lim 6O (pi¢) = 5= (€) ,
j—o0o
(2) Ujez V; = H*(K).
Proof. Let f € (Ujez V;)*. So that P; is orthogonal projection from H*(K)

*(
“(6)
)

onto Vj then Pjf =0, forall j € Z. Assume that lim ¢U)(pi¢) =07
Jj—o0

We shall show that f = 0, a.e. Let ¢ > 0. Since .#(K) is dense in H*(K
there exist h € (K) such that

If = hlla=x) <e. (4.4)

)
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Hence for all j € Z ,we have

[1P5h]

mex) = 1P (f — W)=y < If — hllax) <e. (4.5)

{q%qﬁ(j)(p_jx —u(k)) : k € Ng} form a Riesz basis, and hence frame for V;
there exist A;, B; > 0 such that

Al ey < 30 1 VD < Byl fl3e) forall feV;, jeZ. (4.6)
keNg
We have,
> [(h, 6YD? < BylIP A ) - (4.7)
keNy
where
Sl = [ OBOCORIOFS 3 [ 5 i)
keNy

(&SI (PR + p I u(k)) D) (€ + u(k))dE.

= L+ D. (4.8)
Now by using (4.3), we have

|12

IN

/K 7 (©IR(©)I16D) (v7€)| Z 55 (€ +p T u(k)R(E + o~ Tu(k) |69 (b€ + u(k))|de

IN

/K PHOIRE) 3 78 (€ +pTIulbIAE + P~ ulk)lde

Again since h € .%(K) there exists k, 1 such that h(€) is constant on cosets of
P~* and is supported on P!, Now we show that for large j, each term of the
sum that defines T is zero. Let h(€) # 0 then € € P, so €] < ¢'. For j > |
and for any [ € N, we have

pu()] = lu) 2 ¢ >4

Therefore, for j > I, we have |£] # |[p~7u(l)] .
Hence

€+ p~u(k)| = maz(|€], [p~Tu(k)]) > ¢’ > ¢,

That is, £ + p~7u(l) ¢ P~ and hence h(€ + p~7u(l)) =0, V j > I. This shows
that,

lim || = 0. (4.9)
]A)OO

Now, by using (4.7) and (4.9), we have

%% (€)|69) (p7 €)1 R (&) |2dE + Ty < €.
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lim|I3] — 0 as j — oo. (4.10)
Now, by using (4.4), (4.7) and (4.8) we have,

| POV PP < B (4.1

/K 72 ()69 (0 )P (€)[Pde < Bje? — I, (4.12)

Using condition (4.4) and taking lim j — oco. It follows that

IR(E)|zr+ () < BZe. (4.13)
Hence
Il es gy < (14 B?)e. (4.14)

Since € was arbitrary, we get that f =0 a.e.
Assume now

UjEZ‘/} - HS(K)
Consider
F(&) =07 (©)po(€).
Then,
Il ms ey = 1

We have || P; f| gsx) = | fllm=x) =1 as j — oo.
Therefore we have

1Pifllae = D KF 05D (4.15)

keNg

Since {q%qS(j)(p*jx —u(k)) : k € No} is an orthonormal basis of V;. For j large
enough , we have ® C 7. Therefore by using Parseval’s identity, we have

1Pl = S| / 2(€)(€)a 7 00 (1) i (v €) e
keN, YK

= > (€)F(€)a™ 6O (pT€)xi(p7€)de 2
keN, P

(p79€)q2 30 (€)xu () de|?

I
(]
@\
,2
78

::>

/Qq 155 (079 P (p76) 2|00 (€) e

/K ()1F()20° ()69 (ne)
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since ||Pjfllgsx) = 1 as j — o0
Jim [ O ©PP (6 () Pdg = 1. (4.16)
o JK
From Dominated Convergence Theorem ,we get
lim ¢ (p'¢) = 0 (€).
j—o0
(|

Now, we show that the intersection triviality condition in the definition of
MRA follows from the other properties .

Lemma 4.3. Let {V; : j € Z} be the sequence of closed subspaces of H*(K)
satisfying condition (1)and(2) of definition (8.1) with there exists a function
o) € H*(K) such that {q%d)(j)(p’j:c —u(k)) : k € Z} form a Riesz basis of
V;, then

mjez Vi = {0}

Proof. Since {q%qb(j)(pﬂx —u(k)) : k € Z} constitute a Riesz basis for V; , so
we can write

A\l € D2 1 OOV < Byl f ey for all f € Vy, j € Z. (417)

keNg
Let f € ﬂjEZVj and € > 0. We shall show that f =0 . Since .(K) is dense
Cen 2 .

in H*(K) . So there exists g € . (K), where g(z) = (272 h(€)) )V, h € L(K)
such that

If =gl <e. (4.18)
Hence for all j € Z
If = Pigllasm) = 1P;(f = 9w < |f = 9l =) <& (4.19)
Therefore
£l ) <&+ [|1Piglla:x)- (4.20)
From (4.17), we have
=1 . 1
1Piglleo < A7 (D g, 00D (4.21)
keNy
Therefore there exist j € Z such that
3" g, 69012 < €24, (4.22)

keNy
Let f € NjezV; . We know that .#(K) is dense in H*(K) so there exists ()
such that,

1f = ¢llms @) < e, where $(€) = (072 (£)A(E))", and ¢(€) € (K). (4.23)
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Now, for all j € Z,
I1f = Pillgs@y = 1P (f — O)llas) S f = Yl x) <e

Therefore,

ey < NP5l as ) + € (4.24)
We only need to show that lim ||sz/1||§{S(K) =0.
j*}OO
Using equations (4.6), (4.15) and Hoélder’s inequality, we get

HoR) = Z</ P19V (p6)Pde)

k=0 YK

(/K P (&4 p I u(k) A +p T u(k)) P60 (7€ + u(k))PdE) 2.

[P

Since h € .7 (K), so there exists a characteristic function ¢, (£ — &y) of the set
€o+P", where r is some integers. Now h can be written as i (€) = ¢% ¢, (£ —&).
If €+ p~Ju(k) € & + BT, then [p~7u(k)| < ¢, hence |u(k)| < ¢~"7. Then
summation index k is bounded by ¢(~"=7). So using this, we get

1Pl < a7 HOIRORID (P
< g [ OB ol

- / I (o) e,
g it

Suppose that £y # 0. For any € > 0, choose J < 0 enough small satisfies the
following two inequalities : ¢7 < |&| = ¢” such that J + p < 0, and

[ reres@pe <. (1.25)
P(=J—p)
We have,

pIg + P I CPET forall j < . (4.26)

Since |p~7&| = ¢¢” < q¢7¢° and Pt C P L.
Hence, ||Pjv||gsx) — 0 as j — —oo. Therefore there exist j such that

|| P

Hs(K) < €.
Hence,

[ f1] s x) < 2e.

Since € was arbitrary we get f =0 a.e..
This shows that NjezV; = {0}. O

Now, we prove the theorem 4.1.
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Proof. Suppose ¢7) is a scaling function for an MRA. Then {¢//2¢) (p~7z —
u(k) : k € Z} forms orthonormal system in H?(K) which is equivalent to equa-
tion (4.1). It follows from theorem 3.2. Since {V; : j € Z} is an MRA for
H?*(K), we have (J;c; V; = H*(K) and hence equality (4.3) holds. Thus on the
other hand equality (4.2) follows from lemma 4.2.

We now prove the converse part of the theorem. Let us assume that (4.1) , (4.2)

and (4.3) are satisfied. The orthogonality of system {¢’/2¢) (p=7. —u(k)) : k € Z}

is equivalent to (4.1). Due to this fact, we get condition (4) of the definition of
MRA.
Consider the closed space of H*(K) as that

V; ={¢2¢0) (p~7. — u(k)) : k € N} (4.27)
for all 7 € Z. We can easily show that for each j € Z,

V; = {f € H3(K) : f(p7¢) = h; (€)W (¢) for some integral periodic h; € LQ(CD)} .

Now we prove the inclusion V; C Vj ;. Thus , using (4.3), we get
F771e) = hy(p 7 €mg (€ (©).

It is clear that the function h; (p*j.)m(()jﬂ)(.) is integral periodic and belongs
to L?(D).Thus the inclusion V; C Vj41 follows from (4.19) .

The property (2) and (3) in the definition of MRA follows from lemmas 4.2
and 4.3 respectively. The proof of theorem 4.1 is completed. (|
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