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ABSTRACT. In this paper, we study the decomposition of semirings with
a semilattice additive reduct. For, we introduce the notion of principal
left k-radicals A(a) = {x € S | a —l>°° z} induced by the transitive
closure —l>°° of the relation L> which induce the equivalence relation A.
Again non-transitivity of BN yields an expanding family {i)”} of binary
relations which associate subsets Ay (a) for all a € S, which again induces
an equivalence relation A,. We also define A(\p,)-simple semirings, and
characterize the semirings which are distributive lattices of A(\y,)-simple

semirings.
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1. INTRODUCTION

The notion of semirings was introduced by Vandiver [12]. Semiring is a
generalization of both an associative ring as well as of distributive lattices.
Since semiring is a (2, 2) algebra, it has many applications in different areas of
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mathematics, idempotent analysis, physics, computer science etc. The under-
lying semirings in idempotent analysis, syntactic semirings, Max-plus algebra,
Kleene algebra are those whose additive reduct is a semilattice, i.e., idempotent
and commutative. On the other hand the structure of semirings with semilat-
tice additive reduct have been studied by Bhuniya and Mondal in [1, 2, 3, 4],
Mondal [9], Mondal and Hansda [10], Mondal and Bhuniya [11]. Distributive
lattice decomposition of such semirings is one of the most beautiful technique
in the study of structure of semirings. In [2], Bhuniya and Mondal gave the
description of the least distributive lattice congruence on a semiring in three
different ways, where different descriptions produced different types of simpler
structures. All these works are motivated by the idea of the semilattice decom-
positions of the semigroups through the least semilattice congruence given by
A H. Clifford [6]. That has been an elegant technique to give the description
of the structure of different classes of semigroups. In our work we general-
ize the idea of semilattice decomposition of semigroups to distributive lattice
decomposition of semirings.

This paper is a continuation of our study on the structure of semirings in
SLT [2]. Our main aim is to decompose the semirings with semilattice additive
reduct through the least distributive lattice congruence into simpler compo-
nents. The preliminaries and prerequisites are given in section 2, and state

some results from [2, 3]. In section 3, we introduce the notion of principal left
1 !
k-radicals A(a) = {x € S | @ —*° 2z} induced by the transitive closure —°

of the relation L>7 give its some basic characteristics, define an equivalence
relation A induced by the principal left k-radicals. Again non-transitivity of
—L5 leads to give an expanding family —l>" of binary relations which associate
subsets A, (a) for all @ € S, which induces equivalence relation \,. We also
define A(A,)-simplicity of a semiring , and characterize the semirings which are
distributive lattices of A-simple semirings. Finally we give the characterization
of the semirings which are distributive lattices of \,-simple semirings.

2. PRELIMINARIES

A semiring (S,+,-) is an algebra with two binary operations + and - such
that both (S, +) and (.5, -) are semigroups and such that the following distribu-
tive laws hold: for z,y,z € 5,

2(y+2)=zy+axzand (z +y)z =22 + y=.

Any distributive lattice D is a semiring (D, +,+) such that both the additive
reduct (D, +) and the multiplicative reduct (D, -) are semilattices together with
the absorptive law:

z+axy=aforallz,y €S
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Thus the semiring is a generalization of both rings and distributive lattices. By
SL we denote the category of all semirings (S, +, -) with a semilattice additive
reduct. Throughout this paper, unless otherwise stated, .S is always a semiring
inSLT.

Let A be non-empty subset of a semiring S. Then the k-closure of A is
defined by A = {x € S | © + a; = ay, for some aj,a2 € A}, and the k-
radical of A by VA = {x € S| (3n € N)z" € A}. Then A C VA by
definition, and A C A, since (S, +) is a semilattice. Again = + a; = ap implies
r+ay =x+x+a; =x+a; = az. So, one can also write A={r € S|x+a=a
for some a € A}. An ideal I of a semiring S is a k-ideal if I = I. A nonempty
subset A of S is called completely semiprime if for x € S, 22 € A implies x € A.
It can easily be checked that k-ideal I is completely semiprime if and only if
VI=1.

An equivalence relation p on a semiring S is called a left congruence if for all
a,b,c € S, apbimplies that (a+c¢)p(b+c) and capch. The right congruences are
defined dually. An equivalence relation p on S is called a congruence if it is both
a left and a right congruence on S. A congruence p on S is called a distributive
lattice congruence on S if the quotient semiring S/p is a distributive lattice. If
C is a class of semirings we refer to semirings in C as C-semirings. A semiring
S is called a distributive lattice of C-semirings if there exists a congruence p on
S such that S/p is a distributive lattice and each p-class is a semiring in C.

Lemma 2.1 ([3], 2.1). Let S be a semiring.

(a) For a,b € S the following statements are equivalent:

(i) there are s;,t; € S such that b+ sjaty = sqats;

(i) there are s,t € S such that b+ sat = sat;

(i) there is x € S such that b+ zax = zax.

(b) If a,b,c € S are such that b + xax = zax and ¢ + yay = yay for some
x,y € S, then there is z € S such that b+ zaz = zaz = c+ zaz.

(¢) If a,b,c € S are such that ¢ + rax = xax and ¢ + yby = yby for some
x,y €S, then there is z € S such that ¢ + zaz = zaz and ¢ + zbz = zbz.

Lemma 2.2 ([3], 2.2). For a semiring S and a,b € S the following statements
hold.

(1) SaS is a k-ideal of S.
(2) vSaS =+VS5aS.
(3) b™ € V/SaS for some m € N & bk € \/SaS for all k € N.

In [3], the authors studied the structure of the semirings in S£*, and during
this, the description of the least distributive lattice congruence 7 on a semiring
S was given, where —>°= [J>° | —™ is the transitive closure of — and

n =— N(—>)"1[2]. In [2], for the second description of the least distribu-
tive lattice congruence on a semiring S, Bhuniya and Mondal introduced the
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set M(a), for each a € S defined by
M(a)={x €S |a—>z}.

There, as one of the most important basic characteristics of the set M (a), it
was shown that M (a) is the least completely semiprime k-ideal of S containing
a, and an equivalence relation on S was determined in respect of producing the
same principal completely semiprime k-ideal denoted by M, and was given by:
for a,b € S,

aMb < M(a) = M(b).

Theorem 2.3 (3.6, [2]). Let S be a semiring. Then M is the least distributive
lattice congruence on S.

Definition 2.4 (4.1, [2]). Let p be a binary relation on a semiring S. Then S
is said to be p-simple if p =5 x §.

Thus a semiring S is M-simple if M = S x S. Again M being the least
distributive lattice congruence, if S is M-simple then there will be no other
distributive lattice congruence on S except the universal relation S x S. In the

following theorem characterization of such semirings was given, where we state
only four equivalent conditions.

Theorem 2.5 (4.2, [2]). The following conditions on a semiring S are equiv-
alent:
(1) w= S8 xS is the only distributive lattice congruence on S;
(1) S is n-simple;
(1) S is M-simple;
(1) M(a) =S forallacS.
Definition 2.6 (4.3, [2]). A semiring S is said to be indecomposable if the

universal relation w is the only distributive lattice congruence on S.

Theorem 2.7 (4.5, [2]). Every semiring S is a distributive lattice of indecom-
posable semirings.

For undefined concepts in semigroup theory we refer to [8], for undefined
concepts in semiring theory we refer to [7].

3. PRINCIPAL LEFT k-RADICALS AND DISTRIBUTIVE LATTICES OF A-SIMPLE
SEMIRINGS:

In [9], the author introduced the following relations on a semiring S : for
a,bc S, al bifbc Sa,a bifa |; b" for some n € N. In this paper
we define the following: in general, ' is not transitive. Non-transitiveness
of 15 then produces a family of binary relations —l>n for each n € N. For

n+1

n
a,be S, a SN b if there exists # € S such that a —— = — b,n € N and

1. "
a— bifa— b for somen e N.
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Lemma 3.1. Let S be a semiring.
(a) For a,b € S the following statements are equivalent:

(1) there are s; € S such that b+ sja = sqa;

(2) there are s € S such that b+ sa = sa.

(b) If a,b,c € S such that ¢+ xa = xa and d+ yb = yb for some x,y € S, then
there is some z € S such that ¢ + za = za and d + zb = zb.

Proof. (a) (1) = (2) holds for s = s1 + sq, since (S, +) is a semilattice. Other
implication is clear.
(b) z = x4+ y serves our purpose. a

Following the ideas of Ciri¢ and Bogdanovi¢[5], we introduce the following:
For every a € S and n € N

A(a):{xES\a—l>°°x}, An(a):{z€S|a—l>"z}.

For every a € S, A(a) is called the principal left k-radical in S containing a.
Here we present some basic characteristics of these sets.

Lemma 3.2. Let S be a semiring and a,b,c € S. Then
(1) Ai(a) =VS
(2) An(a) CApy (a) SA,(a),n € N.
(3) Ala) =U,enAnla

\_/

1
Proof. (1) Let z € Ai(a). Then a —', i.e. z € v/Sa so that Aq(a) C v/ Sa. If
y € V/Sa, then 2™ € Sa for some n € N. This implies a Lz ez € A (a)
yielding v Sa C A;(a). Consequently, Aq(a) = v Sa.
!

!
(2) Let z € Ap(a). Then a —™ z, and x L together imply a —"*+1 2
This yields z € Ayy1(a), whence A, (a) C Apyi(a).
l l
For the second inclusion, let z € A,41(a). Then a —"! z so that a —"

!
b -1 & for some b € S. Now a —" b and b — x imply b € A, (a) and

x € VSb so that x € \/SA,(a). Thus one gets A,11(a) C 1/ SA,(a).

(3) The proof is straight forward. O
Now we introduce two equivalence relations A and A, on S by: for a,b € S,
aXb < A(a) = A(b) and ar,b < Ay (a) = Ay(b).

These equivalences are generalizations of the well-known Green’s relation L.
A semiring S is said to be A(\y)-simple if A(A,) = S x S. A semiring S is
called a distributive lattice(chains) of A(A,)-simple semirings if there exists a
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congruence p on S such that S/p is a distributive lattice(chain) and each p-class
is a A(\,)-simple semiring.

Lemma 3.3. Suppose S is a distributive lattice D of subsemirings Sq;a € D.
(1) If a € Sa,b € Sp,ax, B € D are such that a LN b, then B8 < a.
1 1
(2) Ifa,b € Sy, a €D, then a —™ b in S implies that a —™ b in S,,.

Proof. Let p be a distributive lattice congruence on S so that S is a distributive
lattice D of subsemirings S, ;a € D.

(1) Now a SIS implies "™ 4+ za = xa for some n € N,z € S, by Lemma 3.1.
Then (a + b)p(a + xa 4+ b™) = (a + za)pa, which gives a4+ 8 = «, i.e, 8 < a.
(2) There are z;(: =1,2,...,n — 1) in S such that a LI LN

Tp—1 b Let x; € Sg,(i = 1,2,..,n—1),8 € D. Then by (1) we get

l
a< fBpo1 < ... < By <P <a, and hence §; = «, i.e, z; € S,. Thus a —"™ b
in S,. (Il

Here we characterize the semirings which are distributive lattices of A-simple
semirings.

Theorem 3.4. The following conditions are equivalent on a semiring S':
(1) S is a distributive lattice of A-simple subsemirings;
(2) for all a,b e S,ab € A(a);
(3) for every a € S,A(a) is the least completely semiprime k-ideal of S
containing a;
(4) X =n, the least distributive lattice congruence on S;
(5) for all a,b € S,b € SaS implies that b € A(a);
(6) for all a,b € S,A(ab) = A(a) NA(D).

Proof. (1) = (2) Let S be a distributive lattice D of subsemirings S;;i € D,

and let a,b € S. Then ab,ba € S; for some ¢ € D. Since 5; is A-simple,
1 l
A(ab) = A(ba) in S;, i.e. ba —° ab in S, and since a L bain S, a —> ab

in S, ie. ab € A(a).
(2) = (3) Let z1,292 € A(a) and s € S be such that s + 1 = x5. Then

!
a —> z2 = (s+ x1) L yields s € A(a). Thus A(a) is a k-set. Let

x,y € A(a). Then a —l>” x and a —l>” y for some n € N. Then by Lemma
3.1, there exist m € N and s, z;,y;(¢ = 1,2,...,n— 1) in S such that z]" + sa =
sa, it + sry = sxi(i = 1,2,...,n — 2),2™ + 52,1 = 52,1 and yi* + sa =
sa,yity +syi = syi(i = 1,2,...,n — 1),y + syn_1 = SYn—1. Multiplying both
sides of y™ + syn—1 = syn—1 by y on the right, we get y™ ' + sy,_1y =
syn_1y. Now by rearranging the terms we have (x + y)™Hl = y™+l + ux +
v + Zle u;xv; for some u,v,u;,v; € S. Adding sy,_1y on both sides one
gets (z + )™ + SYn—1Y = SYn—1y +ux + xv + Zle u;zv;. From this we write


http://dx.doi.org/10.52547/ijmsi.17.1.47
http://ijmsi.com/article-1-1320-en.html

[ Downloaded from ijmsi.com on 2025-10-19 ]

[ DOI: 10.52547/ijmsi.17.1.47 ]

Distributive Lattices of A-simple Semirings 53

(@+y)" P+ (z+y)s(@tyn-1)y(@+y) = (@+y)s(@+yn—1)y(@+y)+(z+y)u(z+
Yn1) (2 49) + (@4 9) (24 yn1)0(b+0)+ iy (24 (+yn 1 )vi(w+y). Now
for w = (z+y)s+y(z+y) + (@ +y)utv@+y)+ i @ +y)u+ 0, vz +
y) + @ +y we obtain (z +y)"*? + w(z + yp-1)w = w(@ + yn-1)w, which
yields (2 + yn—1)w N (x +y). By hypothesis, (z + yn—1) N (T + Yn—1)w,
so that (x + Yn—1) T (z + y). Tterating this implication one gets (z +
a) —l>oo (z4+v1), (x4+11) —l>oo (z+y2), ..., (T+Yyn—2) —l>oo (z4+yn—1), and so
(x+a) T (z+y). Similarly a " ganda -5z give (a+a) 4 (a+z),
ie. a b (a + x). Then by transitivity of L>OO, we get a T (x +y),
that is, + +y € A(a). Let z € A(a) and s € S. Then a ™ 2 and since
z -5 sz oand 2 -5 s, by (2), so xs,sz € A(a). Let z € S such that
22 € A(a). Then a IR BN implies € A(a). Thus A(a) is a completely
semiprime k-ideal of S containing a. Let I be a completely semiprime k-
ideal of S containing a. Then for x € A;(a), one has 2™ + sa = sa for some
n € N, so that 2" + saz = saz € I, which implies € VI = I, since I is
completely semiprime. Therefore Aj(a) C I. Assume that A, (a) C I. Then
SA,(a) € SI C I, 50 Apyi(a) = /SA,(a) € VI = I. Hence by principle
of mathematical induction A(a) = J,,cyy An(a) C I. Hence A(a) is the least
completely semiprime k-ideal of S.

(3) = (4) Since A(a) is the least completely semiprime k-ideal of S, A(a) =
M (a), and so A = 1.

(4) = (1) Follows from Theorems 2.5 and 2.7.

(1) = (5) Let S be a distributive lattice D = S/p of A-simple semirings
L, = ap,a € D,a € S. Suppose a,b € S be such that b € SaS. Then
b+ sas = sas for some s € S, by Lemma 2.1. Now saspsZapsa implies that
sas,sa € Ly for some o € D. Since L, is A-simple, A(sas) = A(sa). Then
sa —l>°° sas, and so there is n € N such that sa —l>" sas. Then by Lemma
3.1, there are m € N and z, z;,y; in S such that z7* + xsa = xsa, z{} | +v2; =
zxi(i=1,2,...,n —2),(sas)™ + xxp_1 = xTy—1. Now b"™ + (sas)™ = (sas)™.
Adding both sides by zx,,_1, one gets b™+((sas)™)+xx,—1) = (sas)™+xx,_1.
This implies that o™ + xz,,_1 = xT,_1, and so x,_1 LN Similarly from
the remaining equalities we have x,,_o LN Tp_1,Tp_3 LN Ty 2y ey T1 LN
T2, a L 21. From these one gets a ™ b, Thus b € Aa).

(5) = (2) For a,b € S,(ab)? € SaS implies that (ab)? € A(a), that is,
ab (ab)?. Also (ab)? —Ls ab implies that a ™ ab. Thus ab e A(a).

(2) = (6) Let « € A(ab). Then ab 45" 2 so that ab — z for some n € N.
Also there are m € N and x, 7, s in S such that z7" + sab = sab, x| + sx; =
szi(i = 1,2,...,m — 2),2™ + $Tp—1 = S$Tp—1. Now sab € A(sa) implies that

sa - sab for some n € N. Again, there are r € N and y;,u in S such that
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yi+usa = usa, yi  tuy; = uy(i = 1,2, ..., k=2), (sab)" +uyr_1 = uyr—1. Now
one has " + (sab)” = (sab)”. From this one gets 7" +uyr_1 = uyr—1. Thus
we have yr_1 LN r1. Also a LN Y1 LN Y. BN Yr—1 and xy LN To... LN
Tp_1 — . By transitivity of —l>oo,a L>OO x, that is, © € A(a). This yields
A(ab) C A(a). Also A(ab) C A(b) is clear. Thus A(ab) C A(a) N A(b). The
opposite inclusion is easy to check. Consequently, A(ab) = A(a) N A(b).

(2) = (6) Follows easily since A(ab) C A(a). O

Next, in the following two lemmas we find the conditions which make the
relation L>n transitive on S that plays a crucial role in characterizing the
semirings which are distributive lattices of A, -simple semirings and is presented
in Theorem 3.7.

Lemma 3.5. Let S be a semiring and n € N such that A,,(a) C A, (a®). Then

l . .
— 48 transitive on S.

Proof. Let a —l>n+1 b. Then there is # € S such that a —— z #n b, and so

repeated application of the hypothesis one can find that 2 %n b for every

r € N. Also there exist & € N and s € S such that 2¥ + sa = sa, by Lemma

3.1. Let y € S such that 2" — y —" "1 b, if n > 2, and y = bif n = 1.

The there are m € N and ¢ € S such that y™ + tz?" = tz? (assuming 2" > k),
n

. 1 D . l .

ie, y"" 4+ ua = ua for u = ts. Hence a — y, which implies a — b, i.e,
l n+1 ;n [ 1 n+1 1 o .

— C— ,andso — =— =——, Thus — is transitive. O

Lemma 3.6. Let n € N. Then the following are equivalent on a semiring S':
(1) for alla € S, a\,a?;
(2) foralla,be S,a - b=a? -5 b.

Proof. (1) = (2) Trivial.

(2) = (1) Let z € Ay(a). Soa N z, and this implies a? 4" x, ie.
x € A(a?). Thus A, (a) C A,(a?). Conversely, let y € A,(a?). So a® 4 Y.
Then by a —l>n a? and Lemma 3.5, we get a —l>n y, i.e. y € Ap(a). Thus
arna®. (]

Theorem 3.7. Let n € N. Then the following conditions are equivalent on a
semiring S':
(1) S is a distributive lattice of \,-simple subsemirings;
(2) for all a,b € S,a)\,a? and a —l>n ab;
(3) for every a € S,A,(a) is the least completely semiprime k-ideal of S
containing a;
(4) A\ =, the least distributive lattice congruence on S.
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Proof. (1) = (2) Let S be a distributive lattice D of \,-simple subsemirings
Si;i € D. Assume a,b € S such that a € S;,b € S;;4,j € D. Then a,a” € S;
implies a\,a? in S;, since S; is A\,-simple, i.e. alpa? in S. Also ab,ba € Sij,
so ba —l>n ab in S;;, by Lemma 3.3. Now a L ba and ba L;' ab yield
a #n ab, by Lemma 3.5.

(2) = (3) By Lemmas 3.5 and 3.6, 1" is transitive on S and so Ay (a) = Aa),
which is the least completely semiprime k-ideal of S containing a, by Theorem
3.4.

(3) = (4) Since A, (a) is the least completely semiprime k-ideal of S, A, (a) =
Y(a) and so A\, = 1.

(4) = (1) Follows from Theorems 2.5 and 2.7. d

ACKNOWLEDGMENTS

I would like to express my deepest thanks to the Editors for taking keen
interest in the paper as well as to the referee for reading the manuscript carefully
and his valuable comments.

REFERENCES

1. A. K. Bhuniya, T. K. Mondal, On Decompositions of Semirings via k-Radicals of Some
Relations, Acta Mathematica Hungarica, 154(2), (2018), 470-479.

2. A. K. Bhuniya, T. K. Mondal, On the Least Distributive Lattice Congruence on a Semir-
ing with a Semilattice Additive Reduct, Acta Mathematica Hungarica, 147(1), (2015),
189-204.

3. A. K. Bhuniya, T. K. Mondal, Distributive Lattice Decompositions of Semirings with a
Semilattice Additive Reduct, Semigroup Forum, 80, (2010), 293-301.

4. A. K. Bhuniya, T. K. Mondal, Semirings Which Are Distributive Lattices of k-Simple
Semirings, Southeast Asian Bulletin of Mathematics, 36, (2012), 309-318.

5. M. Cirié7 S. Bogdanovié, Semilattice Decompositions of Semigroups, Semigroup Forum,
52, (1996), 119-132.

6. A. H. Clifford, Semigroups Admitting Relative Inverses, Ann. Math., 42, (1941), 1037-
1049.

7. U. Hebisch, H. J. Weinert, Semirings: Algebraic Theory and Applications in Computer
Science, World Scientific, Singapore, 1998.

8. J. M. Howie, Fundamentals in Semigroup Theory, Clarendon, Oxford, 1995.

9. T. K. Mondal, Semirings Which Are Distributive Lattices of Weakly Left k-archimedean
Semirings, Quasigroups and Related Systems, 27, (2019), 309-316.

10. T. K. Mondal, K. Hansda, On Characterization of Minimal k-bi-ideals in k-regular and
Completely k-regular Semirings, Novi Sad Journal of Mathematics, 49(1), (2019), 13-22.

11. T. K. Mondal, A. K. Bhuniya, On k-radicals of Green’s Relations in Semirings with a
Semilattice Additive Reduct, Discussiones Mathematicae-General Algebra and Applica-
tions, 33, (2013), 85-93.

12. H. S. Vandiver, Note on a Simple Type of Algebra in which the Cancellation Law of
Addition does not Hold, Bull. Amer. Math. Soc., 40, (1934), 914-920.


http://dx.doi.org/10.52547/ijmsi.17.1.47
http://ijmsi.com/article-1-1320-en.html
http://www.tcpdf.org

