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1. INTRODUCTION

Gr-prime ideals of a commutative graded ring have been introduced and
studied by Refai and Al-Zoubi in [14]. Gr-weakly prime ideals of a commutative
graded ring have been introduced and studied by Atani in [4]. Gr-prime and gr-
weakly prime submodules of graded modules over graded commutative rings
have been studied by various authors; (see, for example [5, 6, 7, 12]). Gr-
2-absorbing and gr-weakly 2-absorbing submodules have been studied by Al-
Zoubi and Abu-Dawwas in [2]. Also, gr-classical prime submodules of graded
modules over graded commutative rings have been introduced and studied by
various authors; (see [3, 8] ). Here we introduce the concept of graded weakly
classical prime (gr-weakly classical prime) submodules. A number of results
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concerning of gr-weakly classical prime submodules are given (see sec. 2).
First, we recall some basic properties of graded rings and modules which will
be used in the sequel. We refer to [9] and [10] for these basic properties and
more information on graded rings and modules. Let G be a group with identity
e. A ring R is said to be G-graded ring if there exist additive subgroups R,
of R such that R = ©4eqRy and R Ry C Ry, for all g,h € G. The elements
of Ry are called homogeneous of degree g and R, (the identity component of
R) is a subring of R and 1 € R.. For © € R, x can be written uniquely as
>_gec Tg Where z4 is the component of z in Ry. Also we write h(R) = Ugec Ry
and supp(R,G) = {g € G: Ry # 0}. Let M be a left R - module. Then M is
a G - graded R - module (shortly, M is gr-R- module) if there exist additive
subgroups M, of M indexed by the elements g € G such that M = ®gzecaM,
and RyM), C Mgy, for all g, h € G. The elements of M, are called homogeneous

of degree g. If x € M, then z can be written uniquely as > x4, where x4 is

G
the component of x in M. Clearly, M, is R, - submodule g? M for all g € G.
Also we write h(M) = UgeaM,. and supp(M,G) ={g € G: M, #0}. Let R
be a G-graded ring and I be an ideal of R. Then [ is called G-graded ideal if
I'=&gec(INRy), le,ifxelanda =3 x4 thenzy €l foralgeqG.
An ideal of a G-graded ring need not be G-graded.

Let M be a G-gr-R-module and N be an R-submodule of M. Then N
is called G-gr-R-submodule if N = @,cq(N N M), ie., if x € N and = =
dec Z4, then z, € N for all g € G. Also, an R-submodule of a G-graded
R-module need not be G-graded.

Let R be a G-graded ring and M a graded R-module. A proper graded
ideal P of R is said to be gr-prime ( resp. gr-weakly prime ) ideal if whenever
r,s € h(R) with rs € P (resp. 0 # rs € P ), then either r € P or s € P.
A proper graded submodule N of a graded module M is said to be gr-prime (
resp. gr-weakly prime ) submodule if whenever r € h(R) and m € h(M) with
rm € N (resp. 0 # rm € N ), then either r € (N :, M) or m € N. A proper
graded submodule NV of M is called a gr-classical prime submodule if whenever
r,s € h(R) and m € h(M) with rsm € N, then either rm € N or sm € N.
Of course, every gr-prime submodule is a gr-classical prime submodule, but
the converse is not true in general (see [3, Example 2.3]). The annihilator of
graded R-module M which is denoted by Anng(M) is (0 : M). Furthermore,
for every m € h(M), (0 : m) is denoted by Anng(m).

2. RESULTS

Definition 2.1. Let R be a G-graded ring, M a graded R-module and N a
proper graded submodule of M. N is said to be graded weakly classical prime
(gr-weakly classical prime) if whenever a,b € h(R) and m € h(M) such that
0 # abm € N, then either am € N or bm € N.
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Proposition 2.2. Let M be a gr-R-module and N be a gr-R-submodule of M.
If (N :m) is a gr-weakly prime ideal of R for every m € h(M) — N, then N is
a gr-weakly classical prime R-submodule of M.

Proof. Let a,b € h(R) and m € h(M) such that 0 # abm € N. If m € N, then
we are done. Suppose m ¢ N. Then 0 # ab € (N : m) and since (N : m) is
a gr-weakly prime ideal, either ¢ € (N : m) or b € (N : m) and then either

am € N or bm € N and hence N is a gr-weakly classical prime R-submodule
of M. O

Proposition 2.3. Let M be a gr-R-module and N be a gr-R-submodule of M.
If N is a gr-weakly classical prime R-submodule of M and m € h(M)— N such
that Anng(m) =0, then (N : m) is a gr-weakly prime ideal of R.

Proof. By [5, Lemma 2.1], (N : m) is a graded ideal of R. Let a,b € h(R)
such that 0 # ab € (N : m). Then since Anng(m) = 0, 0 # abm € N and
since NNV is gr-weakly classical prime, either am € N or bm € N and then either
a € (N :m)orbe (N :m). Hence, (N : m)is a gr-weakly prime ideal of
R. O

Let M and L be two gr-R-modules. A homomorphism of gr-R-module ¢ :
M — L is a homomorphism of R-modules satisfying ¢(M,) C L, for every
g € G(see [10]).

Theorem 2.4. Let R be a G-graded ring and M, L be two gr-R-modules and
¢ : M — L be an epimorphism of gr-modules. If N is a gr-weakly classical
prime R-submodule of M containing Ker(f), then f(N) is a gr-weakly classical
prime R-submodule of L.

Proof. First, we prove that f(NNV) is a graded R-submodule of L. Clearly, f(N)
is an R-submodule of L. Let y € f(N). Then there exists z € N such that
f(z) =y. Let x = I | &, where x4, € My, — 0, g; # g; for i # j. Then
y = Yi, f(zg,). For each 1 < i < n, there exists h; € supp(L,G) with
f(xg,) € Lp, —0and h; # h; for i # j. Let he G. If h # h; for all 1 <¢ <mn,
then y, = 0= f(0) € f(N). If h = h; for some 1 < i < n, then y, = f(xy,).
Since z € N and N is graded, x4, € N and then yj, € f(INV). Hence, f(NV) is a
graded R-submodule of L. Secondly, we prove that f(M,) = L, for all g € G.
Let g € G and let ry € Ly. If ry =0, then ry = 0 = f(0) € f(My). Suppose
rg # 0. Since f is onto, there exists € M — 0 such that f(x) = r,. Suppose
r =Y | x4 where x,, € My, —0, g; # gj fori # j. Thenry, =" | f(zy) =
S flzg, ) where 1 < t; < n and f(zg, ) # 0 for all 1 < ¢ < k. Since
f(xg,,) € Ly, 7 € LgﬂZle Ly, . Thus, g = g1, = ... = g, and hence
k=1and f(z,, )= f(zg) =rg. So, 4 € f(M,) and hence L, C f(M,) and
as f(My) C Ly, f(My) = Ly. Now, let a,b € h(R) and s € h(L) such that
0 # abs € f(N). Since s € h(L), s € L, for some g € G and since L, = f(M,),
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there exists m € M, C h(M) such that f(m) = s and then 0 # f(abm) € f(N),
it follows that there exists n € N N h(M) such that f(abm) = f(n) and then
flabm —n) =0, so abm —n € Ker(f) C N and asn € N, 0 # abm € N.
Since N is gr-weakly classical prime, either am € N or bm € N and then
either as € f(N) or bs € f(IN). Hence, f(N) is a gr-weakly classical prime
R-submodule of L. O

Let M be a G-graded R-module and K be an R-submodule of M. Then
M/K is a graded R-module by putting (M/K), = (M, + K) /K.

Proposition 2.5. Let K and N be two graded proper R-submodules of a gr-R-
module M such that K C N. If K is a gr-weakly classical prime R-submodule
of M and N/K is a gr-weakly classical prime R-submodule of M /K, then N
is a gr-weakly classical prime R-submodule of M.

Proof. Let a,b € h(R) and m € h(M) such that 0 # abm € N. If abm € K,
then as K is gr-weakly classical prime, either am € K C N orbm € K C N
and then we are done. Suppose abm ¢ K. Since m € h(M), m € M, for
some g € G and then m + K € (M, + K) /K = (M/K), C h(M/K). Now,
0 # ab(m + K) € N/K and since N/K is gr-weakly classical prime, either
am + K € N/K or bm+ K € N/K and then either am € N or bm € N.
Hence, N is a gr-weakly classical prime R-submodule of M. O

Proposition 2.6. Let N be a graded R-submodule of a gr-R-module M. If N
is a gr-weakly prime R-submodule of M, then N is a gr-weakly classical prime
R-submodule of M.

Proof. Let a,b € h(R) and m € h(M) such that 0 # abm € N. Then since N
is gr-weakly prime, either bm € N or a € (N : M). If bm € N, then we are
done. If a € (N : M), then am € N. Hence, N is a gr-weakly classical prime
R-submodule of M. O

The concept of gr-2-absorbing submodules (respectively, gr-weakly 2-absorbing
submodules) of a graded module over a commutative graded ring is studied in
[2]. A graded proper R-submodule N of a gr-R-module M is said to be gr-2-
absorbing (gr-weakly 2-absorbing) if whenever a,b € h(R) and m € h(M) such
that abm € N (0 # abm € N), then either am € N, bm € N or ab € (N : M).

It is clear that if N is a gr-weakly classical prime R-submodule of M, then
N is a gr-weakly 2-absorbing R-submodule of M. We introduce the following;:

Proposition 2.7. If N is a gr-weakly 2-absorbing R-submodule of M and
(N : M) is a gr-weakly prime ideal of R, then N is a gr-weakly classical prime
R-submodule of M.

Proof. Let a,b € h(R) and m € h(M) such that 0 # abm € N. Then since
N is gr-weakly 2-absorbing, am € N, bm € N or ab € (N : M). If am € N
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or bm € N, then we are done. Suppose ab € (N : M). If ab = 0, then
abm = 0 a contradiction. So, 0 # ab € (N : M) and since (N : M) is gr-weakly
prime, either a € (N : M) or b € (N : M) and then either am € aM C N
or bm € bM C N. Hence, N is a gr-weakly classical prime R-submodule of
M. (I

Proposition 2.8. Let N be a graded R-submodule of a gr-R-module M. If N
is a gr-weakly classical prime R-submodule of M, then Ny is a weakly classical
prime R.-submodule of My for all g € G.

Proof. Let g € G. Let a,b € R. and m € M, such that 0 # abm € N,. Since
R. C h(R) and My C h(M), a,b € h(R) and m € h(M). Since N, C N,
0 # abm € N and since N is gr-weakly classical prime, either am € N or
bm € N. If am € N, then am € R-My;(\N C My(\N = N,. Similarly, if
bm € N, then bm € N,. Hence, N, is a weakly classical prime R.-submodule
of M. O

Let M be an R-module and N be an R-submodule of M. Then for every
a € R, we define (N :py a) = {m € M :am C N}. it is easy to prove that
(N :p a) is an R-submodule of M containing N. Moreover, it is easy top
prove that if N is a graded R-submodule of a gr-R-module M, then (N :js a)
is a graded R-submodule of M.

The next proposition gives a characterization for gr-weakly classical prime
submodules.

Proposition 2.9. Let M be a gr-R-module and N be a graded R-submodule
of M. Then N is a gr-weakly classical prime R-submodule of M if and only if
(N h(M) ab) = (0 h(M) ab) U(N h(M) a) U(N Sh(M) b) fOT’ all a,b S h(R)

Proof. Suppose N is a gr-weakly classical prime R-submodule of M. Let a,b €
h(R) and let m € (N :p(ar) ab). Then abm € N. If abm = 0, then m € (0 :p(ar)
ab). Suppose abm # 0. Since N is gr-weakly classical prime, either am € N
or bm € N and then either m € (N :par) a) or (N :par) b). Conversely, Let
a,b € h(R) and m € h(M) such that 0 # abm € N. Then m € (N :,(a) ab)
and then by assumption, either m € (N ) a) or m € (N :par) b) that
is either am € N or bm € N. Hence, N is a gr-weakly classical prime R-
submodule of M. O

Similarly, we introduce the following:

Proposition 2.10. Let M be a gr-R-module and N be a graded R-submodule
of M. If N is a gr-weakly classical prime R-submodule of M, then (N :j(r)
abm) = (0 :p(ry abm) J(N :pry am) U(N :pry bm) for all a,b € h(R) and
m € h(M).

Proof. Let a,b € h(R) and m € h(M). Assume that r € (N :;(gy abm). Then
rabm € N. If rabm = 0, then r € (0 :;(g) abm). Suppose rabm # 0. Then
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0 # ab(rm) € N and since N is gr-weakly classical prime, either arm € N or
brm € N and then either r € (N :,(g) am) or r € (N :,(g) bm). O

Theorem 2.11. Let My, My be two graded R-modules and N1 be a proper
graded R-submodule of M. Then the following conditions are equivalent:
(1) N = Ny x DM is a gr-weakly classical prime submodule of M = My x Ms.
(2) Ny is a gr-weakly classical prime submodule of My and for each a,b €
h(R) and my € h(M7) we have abmy = 0,amq ¢ N1,bm; ¢ N1 = ab €
Anng(Ma).

Proof. (1) = (2) Suppose that N = N; x M, is a gr-weakly classical prime
submodule of M = M; x Ms. Let a,b € h(R) and m; € h(M;) be such
that 0 # abmy € N;. Then (0,0) # ab(m1,0) € N. Thus a(m,0) € N
or b(m1,0) € N, and so am; € Ny or bm; € N;. Consequently N; is a gr-
weakly classical prime submodule of M;. Now, assume that abm; = 0 for some
a,b € h(R) and my € h(M;) such that am; ¢ Ny and bm; ¢ Ni. Suppose
that ab ¢ Anng(Ms). Therefore there exists mo € h(Ms) such that abms # 0.
Hence (0,0) # ab(mi,ms2) € N, and so a(my,ms) € N or b(mi,ms) € N.
Thus am; € Ny or bmy € N; which is a contradiction. Consequently ab €
Anng(Ms).

(2) = (1) Let a,b € h(R) and (m1,me) € h(M) = h(M; x Ms) be such that
(0,0) # ab(my,ma) € N = Ny x Ms. First assume that abm; # 0. Then by
part (2), am; € Ny or bmy € Ni. So a(mi,mg) € N or b(my,mg) € N, and
thus we are done. If abmy = 0, then abmg # 0. Therefore ab ¢ Anng(Ms),
and so part (2) implies that either am; € Ny or bm; € N;. Again we have
that a(mi,ma) € N or b(my, mg) € N which shows N is a gr-weakly classical
prime submodule of M. (|

The following two propositions have easy verifications.

Proposition 2.12. Let My, M5 be two graded R-modules and N1 be a proper
graded R-submodule of My. Then N = Ny x My is a gr-classical prime sub-
module of M = My x My if and only if Ny is a gr-classical prime submodule of
M;.

Proposition 2.13. Let My, Ms be two graded R-modules and N1, No be two
proper graded R-submodules of My, Ms, respectively. If N = Ny x Ns is a gr-
weakly classical prime (resp. gr-classical prime) submodule of M = My x M,
then Ny is a gr-weakly classical prime (resp. gr-classical prime) submodule of

My and Ny is a gr-weakly classical prime (resp. gr-classical prime) submodule
Of MQ.

Let R; be a commutative graded ring with unity and M; be a graded R;-
module, for ¢ = 1,2. Consider the graded ring R = Ry X Ry. Then M =

M x My is a graded R-module and each graded submodule of M is in the form
of N = N1 x Ny for some graded submodules Ny of M; and Ny of Mo.
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Theorem 2.14. Let R = Ry X Ry be a graded ring and M = My x My be
a graded R-module where My is a graded Ri-module and My is a graded Ro-
module. Suppose that N = Ny x My is a proper graded submodule of M. Then
the following conditions are equivalent:

(1) Ny is a gr-classical prime submodule of My ;

(2) N is a gr-classical prime submodule of M ;

(3) N is a gr-weakly classical prime submodule of M.

Proof. (1) = (2) Let (r1,72)(s1,82)(m1,ma) € N for some (r1,73), (s1,$2) €
h(R) and (mq,ms) € h(M). Then risym; € Nj so either rym; € Ny or
s1my € Ny which shows that either (r1,72)(m1,ms2) € N or (s1,s2)(m1, ms) €
N. Consequently N is a gr-classical prime submodule of M.

(2) = (3) It is clear that every gr-classical prime submodule is a gr-weakly
classical prime submodule.

(3) = (1) Let rsm € N; for some r,s € h(R1) and m € h(M;). We may
assume that 0 # m/ € h(Msz). Therefore 0 # (r,1)(s,1)(m,m’) € N. So either
(r,1)(m,m’) € N or (s,1)(m,m’) € N. Therefore rm € Ny or sm € N;. Hence
N is a gr-classical prime submodule of M;. (I

Let R be a G-graded ring, M be a graded R-module and S C h(R) be a
multiplicatively closed subset of R. Then the ring of fraction S™!R is a graded

ring which is called graded ring of fractions. Indeed, S'R = & (S7'R),
geG

where (S7'R), ={r/s:r € R,s € S and g = (degs)~!(degr)}. The module
of fraction S~'M over a graded ring S™!R is a graded module which is called
module of fractions, if S™I1M = @G(S_lM)g where (S7!M)y = {m/s:m €
ge
M,s € S and g = (degs)~!(degm)}. We write h(S™'R) = gG(S_lR)g and
g
h(S™IM) = LEJG(S*IM)Q, (see[10]).
g
A graded zero-divisor on a graded R-module M is an element r € h(R) for
which there exists m € h(M) such that m # 0 but rm = 0. The set of all
graded zero-divisors on M is denoted by G — Zdvgr(M).

The following result studies the behavior of gr-weakly classical prime sub-
modules under localization.

Proposition 2.15. Let R be a G-graded ring, M a graded R-module and S C
h(R) a multiplication closed subset of R. Then the following hold:
(1) If N is a gr-weakly classical prime R-submodule of M and (N : M) S =
¢, then STIN is a gr-weakly classical prime R-submodule of S~'M.
(2) If STIN is a gr-weakly classical prime R-submodule of S™'M such
that S(\G — Zdvr(N) = ¢ and S(\G — Zdvgr(M/N) = ¢, then N is
a gr-weakly classical prime R-submodule of M.

Proof. (1) Let N be a gr-weakly classical prime R-submodule of M and
(N : M) S =¢. Suppose0 # 247 € S~ N for some 2, 4 € h(S~'R)

rs t
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and for some 7t € h(M). Then there exists u € S such that upgm € N.
_ . _ O . . . .
If upgm = 0, then 247 = =PI% — 2 a contradiction. Since N is gr-
weakly classical prime and 0 # upgm € N, we conclude that either
_ -1 _ -1
pum € N or qum € N. So, 25t = 2P0t ¢ S™IN or 150 = 2% ¢ §S~IN

. Thus S™'N is a gr-weakly classical prime R-submodule of S~'M.
(2) Suppose STIN is a gr-weakly classical prime R-submodule of S~'M
such that S(\G — Zdvg(N) = ¢ and S(\G — Zdvr(M/N) = ¢. Let

p,q € h(R) and m € h(M) such that 0 # pgm € N. Then £{%

STIN. If P47 =0, then there exists u € S such that upgm = 0 that

contradicts S (G —Zdvr(N) = ¢. Since STLN is a gr-weakly classical

prime R-submodule of S™'M and 0 # 242 € S~'N, we conclude that

either 2™ € S™IN or 47t ¢ S™IN. If B € S™N, then there exists
s € S such that spm € N and since S(G—Zdvr(M/N) = ¢, pm € N.
Similarly, If {5t € S ~IN, then gm € N. Therefore, N is a gr-weakly

classical prime R-submodule of M.

O

Theorem 2.16. Let R be a G-graded ring, M a graded R-module and N a
gr-weakly classical prime submodule of M. Then for each g € My, either Ny is
a classical prime R.-submodule of M, or (Ny :g. M,)?*N, = 0.

Proof. By Proposition 2.8, N, is a weakly classical prime R.-submodule of
M, for every g € M,. It is enough to show that if (N, :p. M,)?N, # 0 for
some g € G, then N is a classical prime R.-submodule of M. Let rsm € N,
where r,s € R, and m € M,. If rsm # 0, then either rm € N, or sm € N,
since Ny is a weakly classical prime R.-submodule of M,. So suppose that
rsm = 0. If rsN, # 0, then there is an element n € N, such that rsn #
0, s0 0 # rs(m +n) = rsn € Ng, so we conclude that r(m + n) € N, or
s(m +n) € Ng. Thus rm € Ny or sm € Ny. So we can assume that rsN, =
0. If r(Ny :r, My)m # 0 then there is an element w € (N, :g, M,) such
that rwm # 0 . Then r(s + w)m # 0 because rsm = 0. Since wm € N,
r(s + w)m € Ny Then rm € Ny or (s + w)m € Ny Hence rm € N, or
sm € Ny. So we can assume that r(Ny :r, My)m = 0. Similarly, we can
assume that s(Ny :r, Mg)m = 0. If »(Ny :g, My)Ng # 0, then rka # 0 for
some k € (N, :r, My) and a € N,. Since rsNy = 0 and r(N, :g, My)m = 0,
we conclude that 0 # r(s + k)(m + a) = rka € Ng. So r(m +a) € N, or
(s+k)(m+a) € Ny. Hence rm € Ny or sm € N,. So we can assume that
r(Ng :r, Mg)Ng = 0. Similarly, we can assume that s(N, :gr, My)N, = 0.
Since we assume that (Ny :gr, My)2N, # 0, there are r1,72 € (Ny :g, M,) and
t € N, such that rirat # 0. Then (r + r1)(s + r2)(m +t) = riret € Ny. So
(r+ri)(m+t) € Ngor (s+rg)(m+t) € Ng. Hence rm € Ny or sm € N,.
Thus Ny is a classical prime R.-submodule of M, 0
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