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Abstract. Let G be a bipartite graph. In this paper we consider the

two kind of location problems namely p-center and p-median problems

on bipartite graphs. The p-center and p-median problems ask to find a

subset of vertices of cardinality p, so that respectively the maximum and

sum of the distances from this set to all other vertices in G is minimized.

For each case we present some properties to find exact solutions.
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1. Introduction

The p-center and p-median problems are two important problems in the

location theory. Let G = (V,E) be an undirected graph with vertex set V ,

|V | = n, and edge set E, |E| = m. Each vertex vi has a weight wi and the

edges of graph have positive lengths. In the p-center and p-median problems

we want to find a subset X ⊆ V of cardinality p such that respectively the sum

of the weighted distances from X to all vertices and the maximum weighted

distances from X to all vertices is minimized.

The p-Center and p-median problem has been known to be NP-Hard [8, 9].
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In the case p-center Lan et al. [10] showed a linear-time algorithm for solving

the 1-center problem on weighted cactus graphs. Frederickson [3] solved this

problem for trees in optimal linear-time (without necessarily restricting the

location of the facilities to the vertices of the tree) using parametric search.

Bespamyatnikh et al. [1] gave an O(pn) time algorithm for this problem

on circular-arc graphs. Kariv and Hakimi [8] addressed the p-center prob-

lem on general graphs. In [14], Tamir showed that the weighted and un-

weighted p-center problems in networks can be solved in O(npmplog2n) time

and O(np−1mplog3n) time, respectively.

For the case p-median problem on a tree Kariv and Hakimi [9] showed that

this problem can be solved in O(p2n2) time. Tamir [15] improved the time

complexity to O(pn2). For the case p = 1 Hua et al. [7] and Goldman [5]

presented linear time algorithms. For p = 2 an O(n log n) algorithm was given

by Gavish and Sridhar [4]. Hassin and Tamir [6] proposed an O(pn) algorithm

for the p-median problem on a path with positive weights.

For further literature on the p-center and p-median problems and their ap-

plications the reader is referred to the books of Mirchandani and Francis [12]

and Drezner and Hamacher [2]. Maimani [11] considered the median and center

of a special graph.

In this paper we consider the p-center and p-median problems on bipartite

graphs and present some properties of them to find their solutions.

2. Problem formulation

Let G = (V,E) be a graph, with V the set of vertices, |V | = n, and E the

set of edges. Every edge with the end vertices u and v is presented by euv

and every vertex vi ∈ V has a real weight w(vi) that for simplicity we use wi.

d(u, v) is the length of shortest path between vertices u and v.

In the p-median problem the sum of the weighted distances is minimized

over all X ⊆ V with |X| = p:

F1(X) =
n∑

i=1

wid(X, vi). (2.1)

In the p-center problem the maximum of the weighted distances is minimized

over all X ⊆ V with |X| = p:

F2(X) = max
i=1,...,n

wid(X, vi). (2.2)

In this paper we consider the case that G is a bipartite graph. The graph

G = (V,E) is called a bipartite graph if V can be partitioned into two disjoint

sets S1 and S2 such that if uv ∈ E, then either (u ∈ S1 and v ∈ S2) or (u ∈ S2

and v ∈ S1). A bipartite graph will be denoted by G(S1, S2, E) hereafter. A

bipartite graph is called a complete bipartite graph if for each v ∈ S1 and

u ∈ S2 there exist an edge from v to u. A k-bipartite graph is a graph G
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whose vertex set can be partitioned into k disjoint sets V1, V2, ..., Vk such that

the induced subgraph G[Vi] is the empty graph for i = 1, 2, ..., k. A complete

k-partite graph is a k-bipartite graph in which any vertex of each partite set is

adjacent to all vertices of other partite sets.

A set of pair-wise independent edges in a graph G is called a matching. A

matching is perfect if it is incident with every vertex of G.

3. Some properties

Lemma 3.1. Let G(S1, S2, E) be an unweighted complete bipartite graph and

X = {x1, ..., xp} ⊆ V be an optimal solution for the p-median problem. If

X ∩ Si = ∅, then |Sj | = p, where 1 ≤ i, j ≤ 2 and i 6= j.

Proof. Without loss of generality let X ∩S1 = ∅. Suppose to the contrary that

|S2| > p. Since for any a ∈ S2 \X, d(a,X) = 2 then

F1(X) ≥ n1 + 2(n2 − p)

where n1 = |S1| and n2 = |S2|. Let y1 ∈ S1 then for Y = {x2, · · · , xp} ∪ {y1}

we have

F1(Y ) = (n1 − 1) + (n2 − p+ 1) = n1 + n2 − p < F1(X)

contrary to the assumption that X is an optimal solution. �

Similarly we have the following lemma.

Lemma 3.2. Let G(S1, S2, E) be an unweighted complete bipartite graph and

X = {x1, ..., xp} ⊆ V be an optimal solution for the p-center problem. If

X ∩ Si = ∅, then |Sj | = p, where 1 ≤ i, j ≤ 2 and i 6= j.

Proposition 3.3. Let G(S1, S2, E) be an unweighted complete bipartite graph

and p < min{|S1|, |S2|}. Then the optimal solution of the p-median and p-

center problems is a set X = {x1, ..., xp} ⊆ V such that x1 ∈ S1 and x2 ∈ S2.

The other p − 2 medians and centers can be chosen arbitrary from S1 or S2.

The value of objective functions of the p-median and p-center problems are

F1(X) = n− p and F2(X) = 1, respectively.

Proof. Suppose that |S1| = n1, |S2| = n2 and p < min{n1, n2}. Let X =

{x1, ..., xp} ⊆ V be an optimal solution for the p-median problem. If X ⊆ S1,

then S1 \X 6= ∅. Let x1 ∈ S1 \X. It follows that F1(X) ≥ n1 + n2 − p + 1,

since d(x1, X) = 2. Let y1 ∈ S2, and let Y = {x2, ..., xp} ∪ {y1}. Then

F1(Y ) < F1(X), a contradiction. We deduce that X 6⊆ S1. Similarly, X 6⊆ S2.

So X ∩S1 6= ∅ and X ∩S2 6= ∅. Without loss of generality assume that x1 ∈ S1

and x2 ∈ S2. Now it is straightforward to see that the value of the objective

function is n− p. This completes the proof. The proof for p-center problem is

similar, and therefore is omitted. �
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An extension of the Lemma 3.3 can be stated on the complete k-partite

graphs. The proof is similar to the proof of 3.3, and therefore is omitted.

Theorem 3.4. Let G(S1, ..., Sk, E) be an unweighted complete k-partite graph.

Suppose the optimal solution of the p-median and p-center problems is a set

X = {x1, ..., xp} ∈ V , then

(1) if k ≥ p then x1 ∈ S1, x2 ∈ S2, ..., and xp ∈ Sp.

(2) if k < p then x1 ∈ S1, x2 ∈ S2, ..., and xk ∈ Sk. The other p−k medians

and centers can be chosen arbitrary from any Si for i = 1, · · · , k.

The value of objective function of the p-median and p-center problems are

F1(X) = n− p and F2(X) = 1, respectively.

For an unweighted complete bipartite graph G(S1, S2, E) if |Si| = 1 for

i ∈ {1, 2}, then we can easily see that any optimal solution of the p-median

(p-center) problem contains Si. If |Si| = 2 and p > 2, then any solution of

the p-median (p-center) problem contains Si. If |Si| = 2 and p = 2, then for a

solution X of the p-median (p-center) problem |X ∩ Si| ≤ 2.

We next study the p-median and the p-center problem in graphs obtaining

from complete bipartite graphs by removing some perfect matchings.

Proposition 3.5. Let G(S1, S2, E) be an unweighted complete bipartite graph

with min{|S1|, |S2|} ≥ 3, and M be a perfect matching of G. The optimal

solution of the 2-median and 2-center problems on G\M is a set X = {x1, x2} ∈

V such that x1 ∈ S1 and x2 ∈ S2 and ex1x2
∈ M . The value of objective

function of the 2-median and 2-center problems are F1(X) = n−2 and F2(X) =

1, respectively.

Proof. Let G1 = G \ M . We state a proof for 2-median. The proof for the

2-center is similar. Let X = {x1, x2} be an optimal solution for the 2-median

problem. If X ∩ S1 = ∅, then we let Y = {x1, y1}, where y1 ∈ S1. Then

F1(Y ) < F1(X). This is a contradiction. So X∩S1 6= ∅, and similarly X∩S2 6=

∅. Suppose that x1 ∈ S1 and x2 ∈ S2. Since M is a perfect matching, there

is a vertex y ∈ S2 such that x1y ∈ M . If y 6= x2, then for Z = {x1, y} we

have F1(Z) < F1(X) which is a contradiction. Hence, y = x2, and the proof is

completed. �

Similarly, the following is verified.

Proposition 3.6. Let G(S1, S2, E) be an unweighted complete bipartite graph

with |S1| = 2, |S2| ≥ 2. Let M be a perfect matching of G. Then any optimal

solution of the 2-median and 2-center problems on G\M is a set X = {x1, x2} ∈

V such that either (1) X = S1, or (2) x1 ∈ S1 and x2 ∈ S2 and ex1x2
∈ M . The

value of objective function of the 2-median and 2-center problems are F1(X) =

n− 2 and F2(X) = 1, respectively.
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Also in the general case we have the following result which its proof is

straightforward.

Theorem 3.7. Let G(S1, S2, E) be an unweighted complete bipartite graph on

n vertices and |S1| ≤ |S2|. Let M1,M2, ...,Ml be l perfect matchings of G,

where l ≤ ⌈ |S1|−1

2
⌉, and let G1 = G \ (∪i=1,...,lMi). Then the optimal solution

of the 2-median (2-center) problem on G1 is a set X = {x1, x2} ∈ V such that

x1 ∈ S1 and x2 ∈ S2 and ex1x2
∈ Mj for some j. Further,

(1) The value of objective function for 2-median problem is F1(X) = n − 2 +

2(l − 1),

(2) The value of objective function for 2-center problem is F2(X) = 1 if l = 1

and F2(X) = 2 otherwise.

Proof. Let X = {x1, x2} ∈ V be a solution for the 2-median problem, where

x1 ∈ S1. If ex1x2
6∈ Mi for some i = 1, 2, .., l, thenX1 = {x1, y1} is a solution for

the 2-median problem on G1, where y1 ∈ S2 and ex1y1
∈ M1. Then F1(X1) <

F1(X), a contradiction. Thus x2 ∈ S2 and ex1x2
∈ Mj for some j. Let x be

a vertex of G1 − X. If x is not adjacent to x1 or x2, then d(x,X) = 2, since

l ≤ ⌈ |S1|−1

2
⌉. This implies that F1(X) = n − 2 + 2(l − 1). The proof for the

2-center problem is similar. �

Example 3.8. Consider the bipartite graph depicted in Figure 1 which all of

its weights are equal to one. Table 1 contains some matchings that can be

deleted from this bipartite graph without losing connectivity for this graph.

S1

S2

v1 v2 v3 v4 v5 v6

v7 v8 v9 v10 v11 v12

Figure 1. The bipartite graph for Example 3.8.

Figure 2 show the bipartite graph after deleting all possible matching. The

results of using Theorem 3.7 after deleting each of matching from the bipartite

graph for the 2-median and 2-center are shown in Table 2.

4. Summary and conclusion

We considered the unweighted p-median and p-center problems on bipartite

graphs. We showed that the solutions of these problems on complete bipartite
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matching edges

M1 {v1v7, v2v8, v3v9, v4v10, v5v11, v6v12}

M2 {v1v8, v2v9, v3v10, v4v11, v5v12, v6v7}

M3 {v1v9, v2v10, v3v11, v4v12, v5v7, v6v8}

Table 1. The perfect matchings.

S1

S2

v1 v2 v3 v4 v5 v6

v7 v8 v9 v10 v11 v12

Figure 2. The bipartite graph after deleting perfect matchings.

deleted matchings X∗ objective function

2-median 2-center

∅ {v1, v7} 10 1

M1 {v1, v7} 10 1

M1,M2 {v1, v7} 12 2

M1,M2,M3 {v1, v7} 14 2

Table 2. The solutions of unweighted problems on bipartite graphs.

graphs can be found in O(1) time. For the case p = 2 the solution also can be

find on any connected subgraph of complete bipartite graphs that obtained by

deleting perfect matchings. As the future works one may extend the considered

problems on line graphs. For the center problem the solution may be computed

by finding diameter of graph. For study of the diameter of line graphs see [13].
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