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ABSTRACT. In this paper, we investigate the generalized Hyers-Ulam
stability of Jordan homomorphisms in Jordan Banach algebras for the
functional equation
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1. INTRODUCTION

A classical question in the theory of functional equations is that “when is it
true that a function which approximately satisfies a functional equation £ must
be somehow close to an exact solution of £”. Such a problem was formulated by
Ulam [34] in 1940 and solved in the next year for the Cauchy functional equation
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by Hyers [14]. It gave rise to the stability theory for functional equations. The
result of Hyers was generalized by Aoki [3] for approximate additive functions
and by Th.M. Rassias [30] for approximate linear functions. The stability phe-
nomenon that was proved by Th.M. Rassias is called the Hyers-Ulam-Rassias
stability or the gemeralized Hyers-Ulam stability of functional equations. In
1994, a generalization of the Th.M. Rassias’ theorem was obtained by Gavruta
[12] as follows: Suppose that (G, +) is an abelian group and F is a Banach space
and that the so-called admissible control function ¢ : G x G — R satisfies

o0
B(x,y) =Y 27"p(2"x,2"y) < o0
n=0

for all z,y € G. If f: G — E is a mapping with

Iz +y) = f(2) = FW)ll < p(2,9)

for all x,y € G, then there exists a unique mapping T : G — FE such that
Tx+y) = T(x)+T(y) and ||f(z) — T'(z)|| < @(x,x) for all z,y € G. If
moreover G is a real normed space and f(tx) is continuous in ¢ for each fixed
z in G, then T is a linear function.

The stability problems of several functional equations have been extensively
investigated by a number of authors and there are many interesting results
concerning this problem (see [4]-[8], [10], [11], [13], [15], [17]-[29], [31]- [33]).

Recently, Eshaghi Gordji et al. [9] defined the following n-dimensional ad-
ditive functional equation

Dy

W

(1.1) in random normed spaces via fixed point method.

Note that a unital algebra A, endowed with the Jordan product x oy =
%(xy + yx) on A, is called a Jordan algebra. A C-linear mapping L of a
Jordan algebra A into a Jordan algebra B is called a Jordan homomorphism if
L(zoy) = (L(z) o L(y)) holds for all z,y € A.

Throughout this paper, let A be a Jordan Banach algebra with norm || - ||
and unit e, and B a Jordan Banach algebra with norm ||cdot||.

In this paper, we prove the generalized Hyers-Ulam stability of Jordan ho-
momorphisms in Jordan Banach algebras for the functional equation (1.1).

2. Main results

We need the following lemma in the proof of our main theorem.

Lemma 2.1. ([9]) A mapping f : A — B with f(0) = 0 satisfies (1.1) if and
only if f: A — B is additive.


math-jahad
Typewriter

math-jahad
Typewriter
RETRACTED

math-jahad
Typewriter


Approximation of Jordan homomorphisms 41

We are going to prove the main result.

Theorem 2.2. Let h : A — B be a mapping with h(0) = 0 for which there
exists a function ¢ : A2 — [0, 00) such that

(X1, X,y 2, W) ZQ Tp(2ay, -y, 272, 29w) < oo, (2.1)
n k k+1 n n n—k+1
22 2 - >k DR DT
k=2i1=2dg=i1+1  ip—k+l=in_g+1l  \i=1,ii1, in_ps1 r=1

+uh <Z x¢> — 2" h(zy) + h(z o w) — h(z) o h(w) (2.2)

=1

< o(x1, .- Tp, 2, W)

forallp e T :={X € C| |\ =1} and x1,... 2y, 2,w € A. Then there exists a
unique Jordan homomorphism L : A — B such that

Ih@) ~ L) < goeg @, 0.0 (2.3)

for all x € A.

Proof. Let p = 1. Using the relation

(2.4)
fo 3, n) in
(2,
for all z € A. So

h(2 1
C2) o) < e e0.....0) (2.6)
2 PGS N——
n—times
for all x € A. By induction on m, we can show that
h(2™ 1
2"2) _ ) — (2x,22,0,...,0) (2.7)
2m 2 AR

n—times

for all z € A. It follows from (2.1) and (2.7) that the sequence {h(g:m)} is a

Cauchy sequence for all z € A. Since A is complete, the sequence {%}
converges. Thus one can define the mapping L : A — B by

L(z) := lim h2")

m—o0 2m
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forallz € A. Let z=w=0and y=1in (2.2). By (2.1),

< lim %(p (2]x1, 2jxn,0,0) =0

]—)OO

for all z1,---,z, € A. So Dy(z1,--+ ,2,) = 0. By Lemma 2.1, the mapping
L: A — B is additive. Moreover, passing the limit m — oo in (2.7), we get the
inequality (2.3).

Now, let L' : A — B be another additive mapping satisfying (1.1) and (2.3).
Then

IL(xz) = L'(2)]| = %IIL(T‘%) —L'(2")

< 5 (IL@ ) — AE"0) | + 12'(2") - h(2"2)])

p(2Mx,2Mx,0,...,0)
——

S 2m2n—1 ¥

n—times

which tends to zero as m — oo for all z € A. So we can conclude that L(x) =
L'(z) for all z € A. This proves the uniqueness of L.

Let p €T Set z; =2z and 2 =w =2; =0 (i = 2,...,n) in (2.2). Then by
(2.1), we get

12" h(pz) — 2" uh()]| < ¢(=,0,...,0,0,

0)
E Mx ¢ E
]e the rf8ht ha e of thé®abov uality tlds to

m — 00, we have
— uL(x) (2.9)

h(2™px h(2™x
L(uz) = tim_ (Qmu ) :n}iinooﬂ (2mx)
for all 4 € T! and all z € A.

Now let A € C(A # 0) and M an integer greater than 4|A|. Then |A\/M| <
1/4 < 1—-2/3 = 1/3. By Theorem 1 of [16], there exist three elements
fi1, p2, i3 € Tt such that 32 = g +pa+ps. And L(z) = L (3 ) = 3L (32)
for all z € A. So L (3z) = 1 L(z) for all z € A. Thus by (2.9)

M A A M A

- %Lw T pot + pisz) = %(Lmlx) T L(pa) + L))
= S+ g2 1) () = 532 L) = AL()
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for all x € A. Hence
L(¢z1 +nze) = L(Cr1) + L(nze) = (L(21) + nL(z2)

for all (,n € C (¢(,n # 0) and all z1,22 € A. And L(0z) = 0 = 0L(z) for all
z € A
So L : A— B is C-linear.

Let z; =0 (¢ > 0) in (2.2). Then we get

[(z 0 w) = h(z) o h(w)|| < ¢(0,--- 0,2, w)
——
n—times

for all z,w € A. Since

1 1
2—§0(0, U 707 2mz72mw) S —QO(O, e 7072mz72mw)7
22M T e — 2M 7 e —
n—times n—times
1 m m m m 1
Jom [[R(272 0 2™ w) — h(2™2) o h(2™w)]|| < 22—mg0(0, .oy 0,z,w)
n—times
S _QO(07 e ,O,Z,U)),
2m T A —
n—times

which tends to zero as m — oo for all z,w € A. Hence

h (227 (z o w))

for all z,w € A. So the C-linear mapping L : A — B is a Jordan homomorphism
satisfying (2.3). O

Corollary 2.3. Let h : A — B be a mapping with h(0) = 0 for which there
exist constants € > 0 and p € [0,1) such that
k+1 n n n—k+1

iz Y Y > pm- ; i,

k=211=212=11+1 in—k+l=1,_r+1 izl,iiil,---,in_k_*_l

+uh (Z x) — p2" " h(1) + h(z 0 w) = h(z) o h(w)
=1

< e(llzall” + -+ flznl” + (2117 + [lw]?)
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for all p € T' and all x1, 2, ..., 2, 2,w € A. Then there exists a unique Jordan
homomorphism L : A — B such that

() = L) < gy el

for all x € A.

Proof. Define o(z1, -+ &, 2,w) = €(llza][’ + -+ [lzal” + [[2]” + lw[”) and
apply Theorem 2.2. Then we get the desired result. (I

Corollary 2.4. Suppose that h : A — B is mapping with h(0) = 0 satisfying
(2.2). If there exists a function ¢ : A"T2 — [0,00) such that

o0
(1, T,y 2, w) = Z2jg0(2_jx1,---2_jxn,2_jz,2_jw) < oo
3=0

for all z,w,xz; € A (i = 1,...,n), then there exists a unique Jordan homomor-
phism L : A — B such that

1

— < D e
Ih(z) = L)l < o=z P(z, 2, Q... 0)
n—times
for all x € A.
Proof. By the same method as in the proof of Theorem 2.2, one can obtain
th
forghll x € A. I I
e rest of the proof 1s similar to the prootf of Theorem 2.2.

Theorem 2.5. Let h : A — B be a mapping with h(0) = 0 for which there
exists a function
0 A"2 — [0, 00) satisfying (2.1) such that

n k k+1 n n—k+1
3 S DREES SR D DRI Sy
k=2i1=2ip=i1+1  ip—ktl=in_p+1  \i=1,izi1, - in_ki1 r=1
+uh (Z xZ') — 12" h(xy) + h(z o w) — h(z) o h(w) (2.10)
i=1
< (p(xlf"xn?Z?w)
for w=1,i and all 1, ,Tpn,z,w € A. If h(tx) is continuous in t € R for

each fixed x € A, then there exists a unique Jordan homomorphism L : A — B
satisfying (2.3).
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Proof. Put z = w = 0 in (2.10). By the same reasoning as in the proof of
Theorem 2.2, there exists a unique additive mapping L : A — B satisfying
(2.3). The additive mapping L : A — B is given by
h(2™
L(z) = lim (2"z)

m—00 om

for all z € A. By the same reasoning as in the proof of Theorem 2.2 the additive
mapping L : A — B is R-linear.
Putting z; =z2=w=0 (i=2,---,n) and g =4 in (2.10), we get
——
(n+1)—times

for all z € A. So

o Ih(@Mia) —ih@M )| < (@, 0,00 ),
(n+1)—times

which tends to zero as m — oco. Hence
ith(2™mx)

L(iz) = lim h(2"iz) = lim ———= =iL(x)

for all x € A.
For each element A\ € C, A = s 4 it, where s, € R. So

L(A\x) = L(sz+itx) = sL(z) +tL(ix) = sL(x)+itL(x) = (s+it)L(x) = AL(x)
for all x € A. So

z 1) + T3) =
fo € C, #d all . e afitive mappin@L : A i
C-Bhear.
of th® proof M the s hs in th&proo eorem®®.2.

Corollary 2.6. Let h : A — B be a mapping with h(0) = 0 for which there
exist constants € > 0 and p > 1 such that

n k k+1 n n n—k+1
)ID DD DERTEND DI > mmim Y na
k=21i1=21i9=i1+1 in—k+1=tin_r+1 =101, k1 r=1

+ph (Z x> — 12" h(z1) + h(z 0 w) — (h(z) 0 h(w))

<e(fleall” + ozl + 207 + wl?)

for all z,w,r; € A (i =1,2,--- ,n) and all u € T'. Then there exists a unique
Jordan homomorphism L : A — B such that

[h(z) = L(z)|| <

€
[ p
< gl

for all x € A.


math-jahad
Typewriter

math-jahad
Typewriter
RETRACTED


46 M. Eshaghi Gordji, N. Karimipour, C. Park

Proof. Define o(z1, -+ &, 2,w) = €([lza][” + -+ [lzal” + [[2]” + lw[”) and
apply Theorem 2.2. Then we get the desired result. O
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