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1. INTRODUCTION

General topology has shown its fruitfulness in both the pure and applied
directions. The theory of generalized topological spaces, which was founded by
Csészdr [1], is one of the most important development of general topology in
recent years. Especially, the author defined some basic operators on generalized
topological spaces. It is observed that a large number of papers is devoted to the
study of generalized open like sets of a topological space containing the class of
open sets and possessing properties more or less similar to those of open sets.
The concept of ideals in topological spaces has been studied by Kuratowski
[10] and Vaidyanathaswamy [18]. Jankovié and Hamlett [9] further studied
ideal topological spaces and their applications to various fields. Levine [11]
introduced the notions of generalized closed sets and a separation axiom called
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T% in topological spaces. Recently, many variations of generalized closed sets
are introduced and investigated. By combining a topological space (X, 7), an
ideal .# on (X,7) and an operation v on 7, Dontchev et al. [6] introduced
the notion of (7,.7,~)-g-closed sets. In [15], the authors called .#-g-closed sets
and investigated the further properties of .#-g-closed sets. In 2008, Renukadevi
and Sivaraj [17] introduced a new class of spaces called .#-normal spaces which
contains the class of all normal spaces and discussed some of their properties.
Jafari and Rajesh [8] introduced and investigated the concept of generalized
closed sets with respect to an ideal. Michael [13] introduced the notion of semi-
open sets in terms of ideals, which generalized the usual notion of semi-open
sets. Nasef et al. [14] introduced the concept of S-open sets with respect to an
ideal ., and also studied some of their properties. In the present paper, we
introduce the concepts of .#,-g-closed sets, .#,-semi-open sets and .#,,-semi-
preopen sets and investigate some of their fundamental properties. Finally,
some characterizations of .#,-nornal spaces and .#,-regular spaces have been
given.

2. PRELIMINARIES

Throughout the paper (X, 7) (or simply X) will always denote a topological
space on which no separation axioms are assumed unless explicitly stated. For a
subset A of X, the closure, interior and complement of A in (X, 7) are denoted
by Cl(A), Int(A) and X — A, respectively. A subset A of a topological space
(X,7) is called preopen [12] if A C Int(CI(A)). An ideal .# on a topological
space (X, 7) is a nonempty collection of subsets of X which satisfies (i) A € .#
and B C A implies B € .# and (ii) A € & and B € . implies AUB € 4.
Let X be a non-empty set, and denote &?(X) the power set of X. We call a
class p C P(X) a generalized topology (briefly, GT) on X if ) € p, and an
arbitrary union of elements of p belongs to p [2]. A set X with a GT p on it
is said to be a generalized topological space (briefly, GTS) and is denoted by
(X, ). For a GTS (X, pu), the elements of p are called p-open sets and the
complements of p-open sets are called p-closed sets. For A C X, we denote
by ¢, (A) the intersection of all p-closed sets containing A and by ¢,(A4) the
union of all y-open sets contained in A [4]. Then, we have ¢, (i, (A)) = i, (A),
culeu(A)) = cu(A), and i, (A) = X — ¢, (X — A). According to [5], for A € X
and z € X, we have z € ¢,(A) if and only if z € M € p implies M N A # 0.
A subset A of a generalized topological space (X, u) is called p-dense [7] if
cu(A) = X. Let pn be a GT on a set X # (). Observe that X € p must not
hold; if all the same X € pu, then we say that the GT p is strong [3]. Let u
be a generalized topology on a topological space (X, 7). Then A C X is called
a generalized p-closed (or simply gpu-closed) set [16] if ¢, (A) € U whenever
A C U € 7. The complement of a gu-closed set is called a generalized p-open
(or simply gu-open) set.
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3. PROPERTIES OF .#, GENERALIZED OPEN SETS
We begin this section by introducing the concept of .#,-g-closed sets.

Definition 3.1. Let u be a generalized topology on an ideal topological space
(X, 7,7). Asubset Aof X is said to be .#,,-g-closed if ¢,(A)—U € .# whenever
U is open and A C U. A subset A of X is said to be .#,-g-open if X — A is
4,-g-closed.

Remark 3.2. Every gu-closed set is .#,-g-closed, but the converse need not be
true, as this may be seen from the following example.

ExXAMPLE 3.3. Let X = {a,b,c} with topology 7 = {0, {a},{a,c}, X}, gener-
alized topology u = {0, {a},{a,c}} and ideal .# = {0, {b}, {c}, {b,c}}. Then,
the set {c} is .#,-g-closed but it is not gu-closed.

Proposition 3.4. Let p be a generalized topology on an ideal topological space
(X,7,.9). If A is #,,-g-closed and A C B C ¢,(A), then B is Z,-g-closed.

Proof. Suppose that A is .#,-g-closed. Let B C U and U is open. Then
A CU. Since A is F,-g-closed, we have ¢,(A) — U € #. Since B C ¢,(A),
cu(B) C ¢u(A). This implies that ¢,(B) —U C ¢,(A) — U € .# and hence, B
is .7,,-g-closed. O

Remark 3.5. The intersection of two .#,-g-closed sets need not be .#,,-g-closed
as shown by the following example.

EXAMPLE 3.6. Let X = {a,b,c} with topology 7 = {0, {a}, {a,c}, X}, gener-
alized topology u = {0,{a},{a,c}} and ideal .# = {0,{b}}. Then {a,b} and
{a,c} are #,-g-closed sets but their intersection {a} is not .#,-g-closed.

Theorem 3.7. Let u be a generalized topology on an ideal topological space
(X,7,7). A set A is F,-g-open if and only if F — U C i,(A), for some
U e #, whenever FF C A and F is closed.

Proof. Suppose that FF C A and F' is closed. We have X — A C X — F. By
assumption, ¢, (X — A) € (X — F)UU, for some U € .#. This implies

X~ [(X - F)UUIC X ~ [eu(X — A)

and hence, FF — U C i,(A).

Conversely, let G be a open set such that X — A C G. This implies that
X — G C A. By assumption, (X —G) —U C i,(A) = X — ¢, (X — A). This
gives that X — (GUU) € X — ¢, (X — A). Then ¢, (X — A) C GUU, for some
U € .. This shows that ¢, (X — A) — G € .. Therefore, we have X — A is
#,-g-closed and hence, A is .#,-g-open. O

Proposition 3.8. Let p be a generalized topology on an ideal topological space
(X,7,.2). If A is #,,-g-open and i,(A) C B C A, then B is .7,-g-open.
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Proof. Suppose that i,(A) € B C A and A is .#,-g-open. Then X — A C
X-BCcu(X—A)and X — Ais .#,-g-closed. By Proposition 3.4, X — B is
4,-g-closed and so B is .#,-g-open. |

Definition 3.9. Let p be a generalized topology on a topological space (X, 7).
A subset A of X is said to be 7,-semi-open if there exists an open set U such
that U € A C ¢, (U).

Proposition 3.10. Let p be a generalized topology on a topological space
(X, 7). A subset A of X is 1,-semi-open if and only if A C c,,(Int(A)).

Definition 3.11. Let i be a strong generalized topology on an ideal topological
space (X, 7,.#). A subset A of X is said to be .#,-semi-open if there exists a
open set U such that U — A € ¥ and A —¢,(U) € .#. A subset A of X is said
to be .#,,-semi-closed if X — A is .#,,-semi-open.

Remark 3.12. Every 7,-semi-open set is .#,-semi-open, but the converse need
not be true, as this may be seen from the following example.

EXAMPLE 3.13. In Example 3.3, {b} is .#,,-semi-open but it is not 7,-semi-open.

Theorem 3.14. Let p be a generalized topology on an ideal topological space
(X,7,.7). For a subset A of X, the following properties are equivalent:

(1) A is F,-semi-closed.

(2) There exists a closed set F such thati,(F)— A€ % and A—F € 5.

Proof. (1) = (2): Suppose that A is .#,-semi-closed. Then X — A is .7,-
semi-open. There exists an open set V' such that V — (X — A) € # and
(X—A)—cu(V)e &, Since V- (X—-A)=A—(X—-V)and (X —A)—c,(V) =
i, (X —V) — A, we have (2) by choosing the closed set X —V as F'.

(2) = (1): Suppose that (2) hold, then the choice of the openset U = X — F
shows that X — A is .#,-semi-open and so A is .#,-semi-closed. O

Proposition 3.15. Let u be a strong generalized topology on an ideal topologi-
cal space (X, 7,.7). If A and B are Z,,-semi-closed, then so is their intersection

ANB.

Proof. Let the given conditions hold. There are closed sets F; and Fy such
that ZM(FI) —A, A—F € .7 and Z#(FQ) —B, B—-—Fye . Put F = F; ﬂFQ,
we have that
i(FiNFy)—ANB Ci,(Fi)Niy(F) —ANB

= [(in(F1) — A) N (F2)] U [(in(F2) — B) Nip(F1)] € 7

and (ANB) — (F1NFy) =[(A—-F)NBJU[(B— Fy)NA] € .#. Therefore,
AN B is 4,-semi-closed. O
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Definition 3.16. Let i be a generalized topology on a topological space (X, 7).
A subset A of X is said to be 7,-semi-preopen if there exists a preopen set U
such that U C A C ¢, (U).

Proposition 3.17. Let p be a generalized topology on a topological space
(X,7). If A is a 7,-semi-preopen set, then A C ¢, (Int(Cl(A))).

The converse of above proposition is not true in general, which follows from
the following example.

EXAMPLE 3.18. Let X = {a,b,c} with topology 7 = {0, {a}, {a,c},{a,b}, X}
and generalized topology p = {0, {a}}. Then {b,c} C ¢,(Int(Cl({b,c}))) but
{b, ¢} is not 7,-semi-preopen.

Definition 3.19. Let p be a generalized topology on an ideal topological
space (X, 7,.#). A subset A of X is said to be .#,-semi-preopen if there exists
a preopen set U such that U — A € ¥ and A — ¢, (U) € #. A subset A of X
is said to be .#,-semi-preclosed if X — A is .#,,-semi-preopen.

Remark 3.20. From the definitions one may deduce the following implications:

p-open == gl-open = .,-g-open
I
T,-Semi-open == ,,-semi-open
4 4

T,-semi-preopen = .¥,-semi-preopen
However, none of these implications is reversible as shown by the following
examples:

EXAMPLE 3.21. Let X = {a, b, ¢} with topology 7 = {0, {a, b}, X } and general-
ized topology p = {0, {a,b},{b,c}, X}. Then, the set {a,c} is 7,-semi-preopen
but it is not 7,-semi-open.

ExAMPLE 3.22. Let X = {a,b, ¢} with topology 7 = {0, {a},{a,c}, X}, gener-
alized topology u = {0, {a},{a,c}} and ideal .# = {0, {b}, {c}, {b,c}}. Then,
the set {a, b} is 7,,-semi-open but it is not p-open. The set {b} is both gu-open
and .#,-semi-preopen but it is neither p-open nor 7,-semi-preopen.

EXAMPLE 3.23. Let X = {a,b,c} with topology 7 = {0}, X}, generalized topol-
ogy n = {0,{a,b},{b,c}, X} and ideal .# = {0}. Then, the set {a,b} is .7,-
semi-preopen but it is not .#,-semi-open.

Theorem 3.24. Let p be a generalized topology on an ideal topological space
(X,7,.7), where every non-empty preopen subset of X is p-dense, and the
collection of preopen subsets of X satisfies the finite intersection property.

(1) If A is F,-semi-preopen and A C B, then B is .9,,-semi-preopen.

(2) If A is F,-semi-preopen, then so is AU B, for any subset B of X.
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(3) If A and B are both .%,-semi-preopen, then so is their intersection
ANB.

Proof. (1) Suppose that A is .#,-semi-preopen, and that A C B. There is a
preopen set U such that U — A € # and A —¢,(U) € #. Since A C B, we
have that U — B C U — A € .; moreover, B—¢,(U) = B—X =0 € .. Thus,
B is .#,,-semi-preopen.

(2) Since A C B < AU B = B, (2) immediately follows from (1).

(3) Suppose that both A and B are .#,,-semi-preopen. By assumption, there
are preopen sets U and V such that U — A, A —¢,(U) € # and V — B,
B —¢,(V) € #. Consider the preopen set U NV, which is non-empty (by the
finite intersection property). Since

(UNV)—(ANB) = [(U-A)nV)]U[UN(V - B))] €7

and (ANB) —¢c,(UNV)=(ANB)—X =0 e .7, it follows that AN B is
#,-semi-preopen. a

Theorem 3.25. Under the condition of Theorem 3.24, we have that A is .7,-
semi-preopen if and only if ¢, (A) is Z,-semi-preopen.

Proof. It A is .#,-semi-preopen, then c,(A) is #,-semi-preopen, by Theorem
3.24(2).

Conversely, suppose that ¢, (A) is .#,-semi-preopen. Then there is a preopen
set U such that U —c,(A) € # and ¢, (A) —c,(U) € . To show that A is .7,-
semi-preopen, consider the p-open set V=U —¢,(A) =UN[X —c,(A)] € 7,
by assumption. We have that V—-A =UN[X —c,(A)|N(X —A) € F, because
of the heredity property; moreover, A — ¢, (V) = A —¢,(UN[X —c,(A)]) =
A— X =0 € 7. This shows that A is .#,-semi-preopen. |

Theorem 3.26. Let i be a generalized topology on an ideal topological space
(X,7,.7). For a subset A of X, the following properties are equivalent:

(1) A is F,-semi-preclosed.
(2) There exists a preclosed set F' such thati,(F)—A€ ¥ and A—F € ..

Proof. The proof is similar to that of Theorem 3.14. O

Proposition 3.27. Let p be a strong generalized topology on an ideal topo-
logical space (X,7,.%). If A and B are .9,-semi-preclosed, then so is their
intersection AN B.

Proof. The proof is similar to that of Proposition 3.15. (]

4. SOME SEPARATION AXIOMS IN IDEAL TOPOLOGICAL SPACES

In this section, we investigate some characterizations of .#,-normal spaces
and .#,-regular spaces.
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Definition 4.1. Let u be a generalized topology on an ideal topological space
(X,7,.#). An ideal generalized topological space (X, p, ) is said to be .7,-
normal if for every pair of disjoint closed sets A and B of X, there exist disjoint
p-open sets U and V such that A—U € .# and B—V € .#.

Theorem 4.2. Let u be a generalized topology on an ideal topological space
(X, 7,.7). Then the following are properties equivalent:

(1) (X,71,H) is I,-normal.
(2) For every closed set F and open set G containing F, there exists a
p-open set V such that F —V € % and ¢,(V) — G € 7.

(3) For each pair of disjoint closed sets A and B, there exists a p-open set
U such that A—U € F and c,(U)NB € ..

Proof. (1) = (2): Let F be closed and G be open such that F C G. Then X -G
is a closed set such that (X — G)NF = (). By hypothesis, there exist disjoint p-
open sets U and V such that (X —G)-U € S and F—V € .. NowUNV =)
implies that ¢, (V) € X —U and so (X —G)Nc¢, (V) C (X —G)N(X —U) which
in turn implies that ¢, (V) -G C (X —G)—U € .# and hence, ¢, (V) -G € 7.

(2) = (3): Let A and B be disjoint closed subsets of X. Then A C X — B
and X — B is open. There exists a p-open set U such that A — U € . and
cu(U) — (X — B) € . which implies that A—U € .# and ¢,(U)NB € ..

(3) = (1): Let A and B be disjoint u-closed subsets of X. Then there exists
a p-open set U such that A—U € # and ¢, (U)NB € . Now ¢,(U)NB € .
implies that B — [X — ¢, (U)] € #. Put V = X —¢,(U), then V is a p-open
set such that B—V € # and UNV =U N [X — ¢,(U)] = 0. This shows that
(X,7,.#) is #,-normal. O

Definition 4.3. Let p be a generalized topology on an ideal topological space
(X,7,.#). An ideal generalized topological space (X, 7,.#) is said to be .7,-
reqular if for each closed set F' and a point x ¢ F, there exist disjoint p-open
sets U and V such that z €e U and FF -V € .¥.

Theorem 4.4. Let u be a generalized topology on an ideal topological space
(X,7,.7). Then the following properties are equivalent:

(1) (X,71,7) is I,-regular.

(2) For each x € X and an open set U containing x, there is a p-open set
V' containing x such that ¢, (V) —-U € J.

(3) For each x € X and closed sets F' not containing x, there is a p-open
set U containing x such that ¢, (V)NF € Z.

Proof. (1) = (2): Let x € X and U be an open set containing z. Then, there
exist disjoint p-open sets V and W such that z € V and (X —U) - W € .#.
Since (X -U)-W e S, X-U CWU[(X-U)-W]. Now VNW = ) implies
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that V C X — W and so ¢, (V) C X —W. Hence,

(V) -UC(X-W)NnWU(X-U)-W)
(X-W)n[(Xx-U)-W]
CX-U)-Wes.

(2) = (3): Let F be a closed subset of X such that ¢ F. Then, there
exists a p-open set V' containing « such that ¢, (V) — (X — F) € # which
implies that ¢, (V)N F € 7.

(3) = (1): Let F be a closed subset of X such that 2 ¢ F. Then, there exists
a p-open set V' containing x such that ¢, (V)NF € . Put W =X —¢,(V),
then W is a p-open set such that F—W € . and VNW = VN (X —¢,(V)) = 0.
This shows that (X, 7,.%) is .#,-regular. O
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