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ABSTRACT. Let (X, d) be a metric space and J C (0, 00) be a nonempty
set. We study the structure of the arbitrary intersection of vector-valued
Lipschitz algebras, and define a special Banach subalgebra of N{ Lip~ (X, E) :
~v € J}, where E is a Banach algebra, denoted by ILip;(X, E). Mainly,
we investigate C'—character amenability of ILip; (X, E).
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1. Introduction

Let (X, d) be a metric space and B(X) indicates the Banach space consisting
of all bounded complex valued functions on X, endowed with the norm

[flleo = sup @) (f € B(X)).

Take o € R with o > 0, then Lip, X is a subspace of B(X) consisting of all
bounded complex-valued functions f on X such that

Palf) :zsup{W:x,yeX, x;«éy}<oo. (1.1)
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It is well known that Lip, X endowed with the norm |.||o given by
1flle = pa(f) + [1flloe

and pointwise product is a unital commutative Banach algebra, called Lipschitz
algebra.

In [1], the authors showed that {Lip, X}, is a decreasing net respect to
relation ” C 7. They investigated intersections of Lipschitz algebras and ob-
tained a necessary and sufficient condition for equality of Lipschitz algebras
and B(X). They did a detailed study, concerning the structure of Lipschitz
spaces Lip,X. Moreover, they investigated arbitrary intersections of Lipschitz
algebras, denoted by NyesLipaX, where J is an arbitrary subset of (0, 00).
Then they introduced a special subset of NyejLip, X, denoted by ILip;X,
which is defined as the set of all functions f in NyeyLip, X such that

[ £1l; = sup || flla < oc.
acJ

They proved that if M; = sup{a: « € J} < oo, then I Lipy X = Lipps, X, and
for each f € ILip; X
[1f1l7

UL <7, <3051

In fact ||.|| s defines a norm on I Lip; X, equivalent to the norm ||.||as,. They also
studied NyeyLipa X, for the case where M; = oo and introduced an especial
subspace of NyejLip, X, denoted by Lip,, X, as

LipoX ={f € NaesLipaX : || fllzipx < o0}
Jfor which

[fl|Zipox = sup [ f]la-
a>0

They showed that Lip.X is a Banach space, endowed with the norm ||.||£ip.. x -
Furthermore, they considered Lipschitz spaces as Banach algebras associated
with pointwise product, and studied C'—character amenability of Lipschitz al-
gebras. In [2], they fully investigated the structure of lip, X, for any metric
space (X, d) and a > 0. They showed that if 0 < o < 8 < 00, then

lipg X C LipgX C lipo X C Lipa X, (1.2)

and all these inclusions can be proper. The inclusions (1.2) lead them to
obtain the structure of arbitrary intersections of lip, X, whenever a runs into
J C (0,00). They also introduced and studied Ilip;X and lip., X, analogous
to ILipy X and LipX.

Moreover, Hu, Monfared and Traynor investigated character amenability of
Lipschitz algebras, see [11]. They showed that if X is an infinite compact
metric space and 0 < a < 1, then Lip, X is not character amenable. Moreover,
recently, C'—character amenability of Lipschitz algebras were studied by Dashti,
Nasr Isfahani and Soltani for each a > 0, see [7]. In fact, as a generalization



Some properties of vector-valued Lipschitz algebras 193

of [13], they showed that for > 0 and any, locally compact metric space
X, the algebra Lip,X is C'—character amenable, for some C > 0 if and only
if X is uniformly discrete. In [3] they investigated the extensions of Lipschitz
functions. In fact they found conditions that a function can extend such that its
norm have least increasing. Also they showed that under some conditions every
f € LipaXo (Xo C X), can be extended to a function f € Lip,X, preserving
Lipschitz norm. In another part of the paper they studied the Lipschitz version
of Urysohn‘s lemma.
Let (X,d) be a metric space and (E,||.||) be a Banach space over the scalar
field F(=R or C). For a constant o > 0 and a function f: X — E, set
o @) = fWle

Pa,e(f) o Pen
is called the Lipschitz constant of f . For any metric space (X, d), any Banach
algebra E and any « > 0, we define the Lipschitz algebra Lip, (X, E) by

Lipo(X, E) :={f € B(X,E) : pa,p(f) < oo},

with pointwise multiplication and norm

1flla. = Pa,6(f) + || fllcc, -

where
BX,E)={f: X > E : | flloc,p < ¢}
and
[flloo, 2 = sup [[f(z)] 5.
zeX

The Lipschitz algebra lip, (X, E) is the subalgebra of Lip, (X, E) defined by

lipa(X, E) = {f € Lipa(X, E) : W

If X is a locally compact metric space, then lip? (X, E) is the subalgebra of
lipo (X, E) consisting of those functions whose are zero at infinity. In [6], they
showed that lipl (X, E)** = Lip,(X, E**) as Banach algebra, whenever the
linear space generated by character space A(E) in normed-dense in E*. Note
that for every Banach algebra A, A(A) denotes the spectrum (character space)
of A consisting of all nonzero multiplicative linear functionals on A.
It is clear that the Lipschitz algebra Lip, (X, E') contains the space Cons(X, E)
consisting of all constant E—valued functions on X. The Lipschitz algebras
were first considered by [4, 12, 15]. There are valuable works related to some no-
tions of amenability of Lipschitz algebras. Gourdeau [9, 10] discussed amenabil-
ity of vector-valued Lipschitz algebras.

In [5], they studied approximate and character amenability of vector-valued

— 0 as d(z,y) — 0}.

Lipschitz algebras.
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In this paper, we study an arbitrary intersection of vector-valued Lipschitz
algebras, denoted by ILip;(X, E). In fact for an arbitrary subset J of (0, c0)
let

[fll.0.2 = sup||flla,e
acJ

ILips(X,E) :={f € NacsLipa(X,E) : |f

JE <00}
and
Iipy (X, E) :={f € Naecsliva(X,E) : |[fllse < oo}
Now suppose that M; = sup{a : a € J}, then we show that if M; < oo, then

ILip;(X,E) = Lipy, (X, E)
and if M; = oo, then
ILip;(X,E) = Lipo (X, E)
for which
Lipeo (X, E) := {f € NasoLipa(X, E) = ||fllLipec p(x.5) < 00}

,where

£l Lipoo.(x,) = SUD || fll o, -
a>0

We obtain a necessary and sufficient condition for amenability of Lip. (X, E),
as Banach algebra under pointwise multiplication.

Also we state that whenever the Lipschitz algebras are equal. In the rest of the
paper, we show that if E is a Banach algebra and f be an arbitrary function,
then f € Lipoo (X, E) ifand only if 0o f € Lips X for every o € E*. In the last
section we study Lip. (X, E). In fact we show that Lip..(X,FE) = B(X,E)
with equivalent norms if and only if X is e—uniformly discrete, for some € > 1.
Recall that (X, d) is called e—uniformly discrete, for some e > 0, if

d(z,y) > ¢ (r,y € X,z #y).

2. The structure of Lipschitz algebra Lip, (X, E)

Let (X, d) be a metric space and « > 0. It is easy to show that Lip, (X, F),
lipo (X, E) and lip2 (X, E) are vector spaces, Banach space and Banach algebra,
whenever F is so, respectively.

The purpose of this section is studying the structure of Lip, (X, E), where
a > 0. We investigate conditions related to equality of two Lipschitz algebras.
We show that if 0 < a < 3, then

lipB(Xa E) Cc Lipﬁ(X,E) c lipa(Xv E) c Lipa(XvE)'

Also we obtain another criteria for the norms of Lip,(X, E) and B(X, E) by
considering dual space E*. Finally we find a necessary and sufficient condition
for which a function be in Lipschitz algebra Lip, (X, E).
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Lemma 2.1. Let (X, d) be a metric space, E be a Banach algebra and
0 < a,B < 1. Then the following statements are equivalent:

(1) Lipo (X, E) = Lipg(X, E), with equivalent norms.

(2) lipo(X, E) = lipg(X, E), with equivalent norms.

(3) X is uniformly discrete or o = .

Proof. (1) = (3): Suppose that Lip, (X, E) = Lipg(X,E) and o # 5. We
show that X is uniformly discrete. Without less of generality suppose that
a < . By using [5, Corollary 2.3] we have

Lipg(X, E) Clipa(X, E) C Lip, (X, E) = Lipsg(X, E).

Consequently Lip, (X, E) = lipo(X, E). By using [5, Lemma 2.8], we have
Lipo X = lip,X. Now by using [12, Lemma 2.5], it follows that X is uniformly
discrete space.

(3) = (1,2): It is obtained By using [5, Theorem 2.10].

(2) = (3): Suppose that lip, (X, E) = lipg(X, E) and o # 3. We show that
X is uniformly discrete. Without less of generality, suppose that o < 5. By
using [5, Corollary 2.3] we have

Lipg(X, E) Clipo(X, E) = lipg(X,E) C Lipg(X, E).

Consequently Lipg(X,E) = lipg(X,E). By using [5, Lemma 2.8], we have
Lipg X = lipgX. Now by using [12, Lemma 2.5], it follows that X is uniformly
discrete space. (I

If we eliminate the condition 0 < «a, 3 < 1, then the above lemma is not
valid. For instance note that to the following example:

EXAMPLE 2.2. Let X := R with d(z,y) = |x — y|, for every z,y € R.
a =2, § =3and E := C. Then by using [5, Example 2.5], we have
Lipo (X, E) = Lipg(X, E) but neither & = 8 nor X is uniformly discrete.

Remark 2.3. Note that if (X, d) is a metric space ,with at least two elements,
and 0 < a < 1, then Cons(X) # LipaX. Suppose f : X — C be defined
by f(z) = min{l,d*(z,a0)}, such that ao is a fixed element of X. Then
f € Lipo X — Cons(X). In fact Lip,X separates points of X.

If X is a metric space, then D(X) denotes the set of all cluster points of X.

Lemma 2.4. Let X be a nonzero normed space. Then
(1) D(X) = X,
(2) X is not uniformly discrete,
(3) Lipa(X,E) G B(X, E), for each Banach space E # {0} and a > 0.

Proof. (1): Let x € X and € > 0. Then there exists n € N such that 1/n < e.

Put
Yo

Yy=r+ —.—F+
2n 1+ [lyo
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for some 0 # yo € X. Hence ||z — y|| < €. So z € D(X).
(2), (3) are obtained by definition and [5, Theorem 2.10]. O

By [5, Example 2.5, Theorem 2.10], remark (2.3) and lemma (2.4), the fol-
lowing corollary is immediate.

Corollary 2.5. Let X be a nonzero normed space, 2 be a Banach algebra and
a > 0. Then

(1) If @« > 1, then Lip,(X, E) = Cons(X, E).

(2) If0<a <1, then Cons(X,E) G Lip(X,E) & B(X, E).
Proposition 2.6. Let X be a nonzero normed space and o, 3 be two distinct
positive numbers. Then Lip, X = LipgX if and only if o, § > 1.

Proof. If a, f > 1, then [2, Proposition 2.9] follows that

LipoX = LipgX = Cons(X). Conversely, suppose that Lip,X = LipgX.
Then according to [2, Proposition 2.9] and remark (2.3), we obtain that the
case where one of «,f is less than or equal 1 and another is greater than
1, can not be hold. Also if a,8 < 1, then by lemma (2.1), X is uniformly
discrete. In other hand by lemma (2.4), X is not uniformly discrete. That is a
contradiction. Therefore we must have «, 8 > 1. (]

The following example shows that Proposition (2.6) does not hold for metric
space.

EXAMPLE 2.7. Let X be as defined in [2, Theorem 2.10], « = 4 and § = 3.
Then by [2, Proposition 3.1] and [2, Theorem 2.10],

So Lipy X # LipsX.

Proposition 2.8. Let (X,d) be a metric space, E be a Banach algebra and
0<a<p. Then

lipg(X,E) C Lipg(X, E) Clipa(X, E) C Lipo (X, E)
and
[flla,e <3l flls,e (f € Lips(X, E)).

Proof. At first, we prove the inequality of norms. Suppose that f € Lipg(X, E).
Consider two following cases:

(i) If d(z,y) > 1, then

1 (x) = FW)lle < 2[|flloo,2d® (z,y) < 2| f]l5.2d" (z,y).
(ii) If d(z,y) < 1, then

1f (@) = fW)lle < pp.e()d’(@,y) < 2| flsmd"(z,y)-



Some properties of vector-valued Lipschitz algebras 197

Therefore in each case we have:

1f(z) = fW)lle
d*(z,y)

Consequently po g (f) < 2|/f||g,z. And finally

[ flla,e < 3[I.flls.6-

<2|fllg.e

By using a similar argument as in [2, Proposition 3.1] one can show that,
Lipg(X, E) C lipo (X, E). Other inclusions are obvious by using definition. O

Lemma 2.9. Let (X,d) be a metric space, E be a Banach algebra, a > 0 and
f: X — FE be an arbitrary function. Then

(1) [Iflloc.z = sup{llo o flloc : 0 € E* and |[o|| < 1}.

(2) pa.e(f) =sup{pa(oo f):0o € E and |of < 1}.

3) [[flle.z = sup{llo o flla : 0 € E* and [lo|| < 1}.
Proof. Suppose that o € E*.

(1) For every =z € X,

oo f(2)| <ol f ()] &-

Therefore whenever o] < 1, we have |0 o fllooc < ||f|lco,5- Conse-
quently
sup{[lo o flloo : [lofl <1} < [[f|o0, -

Conversely if z € X, then by using the Hahn-Banach Theorem [8,
Theorem 5.7], there exists o, € E* such that ||o,|| <1 and
o(f(x)) = ||f(x)||g. Therefore
[flloo,e = sup{[[f(z)lle: =€ X}
= sup{o.(f(z)):z € X}
< sup{|o(f(z))|: [lof| <1 and z € X}
= sup{lloo flle : [lofl <1}

Hence the equality is hold.
(2) Suppose that o > 0. Then we have

a0 f@) —oo S
Paloof) = 1762 d*(z,y)
o (f(z) — f(y))]

S T Eey
ol sup 1 (@) = FW)lle
< ol ey

lol|pa, 2(f)-
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Therefore sup{pa(c o f) : ||o|| < 1} < pa,e(f). Conversely for every
x,y € X there exists 0., € £ such that

0wy (f(2) = f(y)) = £ (z) = f(y)] and [|o [ < 1. Therefore

Pa,e(f) = SHP{W3$¢ZJ}

Tay(f(x) = f(y))

= sup( TSI )
< Sup{|0'(f(a’(.i)(3(; Uy()f(y))| . ||O'|| <1andx 7& y}

= sup{pa(oof):|of| <1}.
(3) By using (1) and (2),
[flla.e = sup{ljoo flla: o€ E o] <1}.

O

By using the principle of uniform boundedness theorem, the following lemma
is immediate.

Lemma 2.10. Let (X,d) be a metric space and E be a Banach algebra. For
every o € E*, define T,

T, : B(X,E) = B(X) (resp. Ty : Lipo (X, E) — Lipo (X))
such that for every f € B(X, E) (resp. Lip,(X, E))
T,(f) =00,

Then {Ts} o<1 is a family of continuous linear functionals such that

sup [T || < oo
lo]l<1

In fact for every o € E*, we have
176 < llo]-

Proposition 2.11. Let (X,d) be a metric space, E be a Banach algebra, o > 0
and f : X — E be an arbitrary function. Then the following statements are
equivalent:

(1) f € B(X,E) (resp. Lipo(X,E)),
(2) oo fe B(X) (resp. Lipo,X), for each o € E*.

Proof. If f = 0, then the conclusion is obvious. Now suppose that f # 0 and
consider two following cases:

(i) If f € B(X,E) and o € E*, then it is obvious that o o f € B(X).
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Conversely, suppose that ¢ € E* such that oo f # 0. Therefore oo f € B(X).
Also let p € X such that f(p) # 0. Define

f(p)
1f)eloo flleo

Therefore by Hahn-Banach Theorem there exists @ € E* such that ||7|| < 1
and 7(z) = 1. Now define the function f : X — E as following:

0#z:= € E.

F(@)i= (00 f(x)z (weX).
Clearly

oo fllscllfP)lE _
Folelloo fle (2.1)

So f € B(X, E). Also obviously we have o f = 0 o f. Consequently by using
lemmas (2.9) and (2.10),

[flloo. e = sup{lloo flloo : o] <1}
= sup{loo f(x)]:|lo]] <1and z € X}

[Flloe.z < lloo fllscllzlle =

< sup{looh(z)|: |lo|| <1,||hllec,e <1and x € X}
= sup{|loohll : [lof <1 and ||Allec,5 < 1}

= sup{||T-(h)]|o : lofl < 1 and [[hljec,z < 1}

< sup{[|T5 |« lofl < 1}

< o0

Therefore f € B(X, E).

(ii) If f € Lipo(X, E) and o € E*, then it is obvious that o o f € Lip, X .
Conversely suppose that o € E*, such that oo f # 0. Therefore oo f € Lip, X.
Also let p € X such that f(p) # 0. Put

f(p)

0 = B
# 2z F@eloo flla
Let o and f be such as case (i). Then:
pan(@) = supl@=FWle

TH#y da(l’,y)
[(o0 0 f(x)).2— (00 f(y)2le
p o
_ ||z||Esup ||0-Of(x)a_o-of(y)”E
= |zlE paloo f).
Thus the inequality (2.1) and equality (2.2) follow that || f||..z < 1. So
f € Lipo(X,E). Clearly as in (i), 7o f = oo f. Since for every o € E*,
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oo f € Lip, X C B(X), thus by using (i), f € B(X, E). Also we have by using
lemmas (2.9) and (2.10),

poslf) = swlpaloof):lol < 1)
= sup{ T Oy and o < 1)
< supI T2 2T o) <1 e < 1 and s )
— sup D L0 o < 4 <1 amd o £0)

sup{pa(T5(h)) : llof <1 and [[kfle,m <1}

< sup{[|To(W)|| : [lo] <1 and [|A]la,r <1}
< sup{[lofllillar ¢ llofl <1 and [[hlla,r < 1}
< 1.
So f € Lipa(X, E). O

3. The structure of the algebra Lip (X, E)

Let (X,d) be a metric space, E be a Banach algebra and J C (0,00) be
a nonempty set. In this section we study the structure and properties of
ILip;(X,E), whenever M; = oo. For this purpose, we define Lip (X, E)
as following. Let

Lipoo (X, E) = {f € NasoLipa (X, E) : ||[fllLip..(x,5) < 00}
where
I fllLipe (x,B) == sup [flla,e = Poo,e(f) + [[flloo,E

such that

Poo,E(f) ‘= sup Pa,E(f)~
a>0

Note that by definition,
Lip(X,E) ={f: X 2 E : [|fllipw(x,m) < o0}

We obtain two necessary and sufficient conditions for that a function be-
longs in Lips (X, E). Also we find conditions related to equality Lip (X, E)
and B(X,E) or Cons(X, E). Finally we show that whenever Lip. (X, E) is
amenable. We begin this section with an elementary proposition.

By a similar argument as used in [1, Theorem 3.3], the following is immediate.

Proposition 3.1. Let (X,d) be a metric space and E be a Banach algebra.
Then Lipo(X, E) is a Banach algebra, endowed with the norm ||.||Lip..(x,E)
and pointwise multiplication.

Such as lemma (2.9) we have the next lemma for Lip. (X, E). Its proof is
obtained by taking supremum over « > 0 by using (3) of that lemma.
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Lemma 3.2. Let (X, d) be a metric space, E be a Banach algebra and
f: X — FE be a function. Then

I £l Lipoo (x,2) = sUP{[|0 © fllLipox : 0 € E* and [lo|| < 1}.

The following lemma is obtained by a similar argument as is used in
[1, Corollary 2.4, Theorem 2.5, Proposition 3.1].

Lemma 3.3. Let (X,d) be a metric space, E be a Banach algebra and
J C (0,400). Then
(1) If My < oo, then:

£,
3

< fllars,e < 311l -
(2) If My = oo, then:
1flle < 1flzipwx.m) < 31 flloE-

And
ﬂaeJLipa(X, E) = Na>oLipa (X, E)

We know state the main result of this section. The following theorem is
immediate by using lemma (3.3).

Theorem 3.4. Let (X,d) be a metric space, E be a Banach algebra and
J C (0,+00). Then:

(1) If My < oo, then:

ILip;(X,E) = Lippy, (X, E),  with equivalent norms.
(2) If My = oo, then:

ILipj(X,FE) = Lipoo (X, E),  with equivalent norms.

The next proposition is very useful in calculating Lip., (X, E). The proof of
two next propositions is similar to [1, Propositions 3.5, 3.7].

Proposition 3.5. Let (X,d) be a metric space and E be a Banach algebra.
Then:

Lipeo(X, E) = {f € B(X, E) : d(z,y) <1= f(z) = f(y)}-
EXAMPLE 3.6. If (X, d) is a metric space such that
diam(X) := sup{d(z,y) : z,ye X} <1
and E is Banach algebra, then Lip. (X, E) = Cons(X, E).

Corollary 3.7. Let (X,d) be a metric space and E be a Banach algebra. Then

(1) If X is o-compact and f € Lipo(X, E), then f has countable range.
(2) If X is compact and f € Lipo (X, E), then f has finite range.
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EXAMPLE 3.8. (1) If X is o-compact, « > 0 and f € Lip,(X, E), then
it is not necessary that f has countable range. Suppose f : R — R
defined by f(x) = x. Then it is obvious that f € Lip;(R) and X is
o—compact, but f has not countable range.

(2) If X is compact, o > 0 and f € Lip,(X, E), then it is not necessary
that f has finite range. Suppose f : [0,1] — R defined by f(x) = «.
Then f € Lip;(R) and X is compact, but f has not finite range.

Proposition 3.9. Let (X,d) be a metric space, E be a Banach algebra and
f: X — FE be a function. Then the following statements are equivalent:

(1) f € Lipo(X, E),

(2) oo f € Lipoo(X) for each o € E*.

Proof. (2)= (1): Suppose that for every 0 € E*, 0o f € Lip,, X. Therefore for
every a > 0, 0 € E* we have o o f € Lip,X. Proposition (2.11) follows that
f € Lipo(X, E) for every a > 0. So f € Ny>oLipa(X, E). Now suppose that
f ¢ Lipeo(X, E), by using Proposition (3.5), there exist x,y € X such that
d(z,y) < 1and f(z) # f(y). Hence by Hahn-Banach theorem, there exists

o9 € E* such that oo(f(z)) # o0(f(y)). By hypothesis, o9 o f € LipsoX,
therefore [1, proposition 3.5] follows that o¢(f(z)) = oo(f(y)). That is a
contradiction. Consequently f(xz) = f(y) and by using proposition (3.5),
f € Lipeo (X, E).

(1)= (2): Suppose that f € Lips(X, F) and o € E*. By definition

f € Lipo(X, E) for every a > 0. Therefore by using proposition (2.11),

oo f € Lip,X for every a > 0. Consequently o o f € NgsoLipaX. Also if
d(x,y) < 1, then by using proposition (3.5), f(z) = f(y). So oo f(x) = oo f(y).
Now [1, proposition 3.5] follows that o o f € LipsX. a

The next theorem provides a necessary and sufficient condition for equality
of Lipso (X, E) with B(X, E).

Theorem 3.10. Let (X, d) be a metric space, E # {0} be a Banach alge-
bra. Then Lip(X,E) = B(X, E), with equivalent norms if and only if X is
e—uniformly discrete, for some ¢ > 1.

Proof. Suppose that X is not e—uniformly discrete for each € > 1. Thus there
exist two distinct elements xg and x; in X such that d(zg,z1) < 1. Take z to
be a nonzero element of E and define the function g : X — E by

(@) = 0 ifx=uxo
A if © # xg.

Then for each a > 0, we have

lo@) —g@lls - l<llm
o = su > .
Pa(9) = 89 e 2 dlerwo)e
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Consequently
Izl e
Sup Pa >sup ————— = 00,
a>I())p £(9) oc>I()J (d(x1,20))®
and so g ¢ Lips (X, E). Therefore Lips (X, E) & B(X, E). Conversely, sup-
pose that X is e—uniformly discrete, for some £ > 1. Thus for each f € B(X, E)

we have
T) — 2
poo,E(f) = sup sup Hf( ) f(i/)”E < sup Hf”aOO,E < 2||fHoo,E
a>0z#y d(.’ﬂ,y) a>0 3
It follows that f € Lip.(X, FE) and

[ flloo,E < 1 fll Lipoo (x.2) < 3| flloo, -

This completes the proof. ([l
We know state a criteria for amenability of Lip., (X, E).

Theorem 3.11. Let (X,d) be a metric space, E be a Banach algebra with
A(E) # 0 and J C (0,00). Also suppose that ILip;(X, E) separates the points
of X. Then:

(1) If My < o0, then ILip;(X, E) is amenable if and only if E is amenable
and X is uniformly discrete.

(2) If My = oo, then ILip;(X, E) is amenable if and only if E is amenable
and X is e—uniformly discrete for some € > 1.

Proof. (1) Tt is obvious by using Theorem (3.4) and [5, Theorem 4.3].
(2) By using Theorem (3.4), we know that ILip;(X, E) = Lip (X, E).
Suppose Lips (X, E) is amenable and z¢ € X. Define the function
¢ Lipoo(X,E) — E by f — f(xg). Then ¢ is a linear and epimor-
phism. by using [14, Proposition 2.3.1], E is amenable. Suppose that
o € A(E), then for every x € X define ¢, : Lipso(X,E) — C by
¢x(f) = oo f(z). Therefore ¢, is a nonzero linear multiplicative func-
tional. Thus ¢, € A(Lipeo(X, E)). Also since Lip. (X, E) separates
the points of X it follows that ¢, # ¢, whenever = # y. Now [9, Corol-
lary 2] follows that A(Lips (X, F)) is uniformly discrete. Therefore
there exists € > 0 such that 0 < € < ||¢y — pyl|a- and A = Lipo (X, E).
Otherwise for every o > 0,

62(f) = ¢y (NI = loof(z)=aof(y)

leflllf () = f(»)ll
lollpa,2(f)d* (z,y).

[VARVAN

Furthermore for every a > 0,

[flla =sup | fllg.e = IIf|
B>0

a,B > Pa,e(f)-
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Therefore

€ < |¢e = dylla-

Iflla<1

sup |[|o||pa,e(f)d*(z, ).
Iflla<1

Hence for every o > 0, we have

d(z,y) > (

IN

€ 1
7);.
gl
By tending « to infinity, we obtain d(z,y) > 1. Therefore X is e-

uniformly discrete, for some € > 1.
Conversely, since X is uniformly discrete, by theorem (3.10),

Lipoo(X,E) = B(X,E) = B(X)®E.

Since E and B(X) are amenable, therefore Lip. (X, F) is too.
(]

Note that the above theorem is true when we change amenability by char-

acter amenability.

Remark 3.12. All results of this paper are valid for Banach algebras lip, (X, E)
or Ilip;(X, E), except Theorem (3.4) and Proposition (2.6).
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