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1. INTRODUCTION

During the last few decades, the prey - predator models have been received
great interest in population dynamics, [1-6]. The dynamics of the prey - preda-
tor models descript the relationships between species and the outer environment
and the connections between different species. These models become famous
from the traditional work given by Lotka [7] and Volterra [8]. Although the
traditional Lotka-Volterra model serves as a basis for many models used today
to analyze population dynamics, it is unfit cannot be neglected. Because it
has an unavoidable limitations to describe many realistic phenomena in biol-
ogy, moreover it is assumed that each individual prey admits the same ability
to be attacked by the predators. This assumption is obviously unrealistic for
many animals because there are many of them have two stages, immature
and mature. So, in order to describe the real biological interactions between
the individuals of prey-predator systems, some mathematical researchers pro-
posed the stage-structured prey-predator models, see for example [9-16] and
the references therein. In general, the time delays in mathematical models of
population dynamics are due to maturation time, gestation time, capturing
time or some other reasons and since in most applications of delay differential
equations in biology, the need for incorporating time delays is often due to the
existence of some stage structures. So, some works of stage-structure prey -
predator models with time delay have been provided in the literatures [17-26].
Bandyopadhyaya and Banerjee in [20], Yuanyuan and Changming in [21], and
Wang et al in [22] proposed three mathematical models of stage-structure prey-
predator involving time delay for gestation, which based on the fact that the
reproduction of predator will not be instantaneous after eating the prey but
mediated by some time delay needed for gestation of predator, in their models,
they supposed that the predator feeds on the immature prey only or mature
prey only, and ignored the predation of the other prey. In nature, the predator
feeds on both of the prey, mature and immature. From this viewpoint and
since the addition of refugees can be controlled on the prey extinction where
it will be out of sight of predators, Naji and Majeed in [16] was proposed the
following mathematical model:

i =ry—62° —dix — Br — v (1 —m)zz,

§ =P — by — day — 72(1 — m)yz,

2 =e1m(1 —m)az+ exye(l — m)yz — 8322 — dsz,
where x(T) represents the population size of the immature prey at time T;
y(T) represents the population size of the mature prey at time T, while z(T)
denotes to the population size of the predator species at time T. Clearly the

above model does not considers the effect of delay on the gestation of predator
further than that it consider the predation from both the prey and the existence
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of refuge as a defenses factor against the predation. In this paper the Naji and
Majeed model is modified so that it involves the delay for the gestation of the
predator, consequently the above model can be written as follows:

& =ry—6a* —dix— Bx—y (1 —m)xz,
§ = Br — 62y° — doy — y2(1 — m)yz,
ery1(1 —m)a(T — 7)2(T — 7) + eay2 (1 = m)y(T — 7)2(T — 7)

— 0322 — dsz.

z

Now, in order to simplify the analysis of the proposed model, the above model
takes the following dimensionless form:

Y1 = a1ys — a2yt — asyi — aay1ys,
Yo = b1y1 — bays — Y2 — bsyays, (1.1)
Ys = y1(t — T)ys(t — 7) + y2(t — T)ys(t — 7) — y3 — bays,

with the dimensionless variables and parameters given by

_ eam(d-m) — e2y2(1-m) _ 9 -
Y1 = d €,Y2 = da Y, Y3 = i'z?t_dQT
_ emr _ 5y _ d1+8 _ m(@d-m)
a1 = 6272d2’a2 - 6171(1—771)’&3 =g M= 03
_ e2720 _ J2 _ y2(1-m) — ds
bl - Bl’yldz ) b2 - 62’)/2(1—'!71) ’ b3 - 53 ’ 4= dg :

2. POSITIVENESS AND BOUNDEDNESS

In this section, we study the positivity and boundedness of the solutions of
system (1.1).

Theorem 2.1. All solutions of system (1.1) are positive for t > 0.

Proof. From the first equation of system (1.1), we have for ¢t > 0
Y1 > —yi(a2ys + asys + az)
Straight forward computation gives that
v > yi(0)eap{ [y (a2p1(5) + asys(s) + az)ds} > 0.
Since y1(0) > 0, we get y1(¢t) > 0 for all ¢ > 0. Similarly we can see that
y2(t) > 0,y5(t) > 0 for all ¢ > 0. Hence the proof of theorem is complete. [

In order to prove the boundedness of system (1.1), we need to recall the
following Lemma from[11].

Lemma 2.2. :Consider the following equations
#(t) = ax(t — 7) — ba(t) — cx?(t),
where a,b,c,7 > 0,z(t) > 0 fort € [—1,0].
(i): if a > b, then limy_, o x(t) = (a — ) /c.
(ii): if a < b, then limy_, 4o z(t) = 0.
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Theorem 2.3. All solutions of system (1.1) with positive initial values are
bounded.

Proof. Given any solution (y1(t),y2(t),ys(t)) of system (1.1) with the initial
condition, y1(0) > 0,42(0) > 0,y3(0) > 0 . Then from the first two equations
of system (1.1) we obtain
L +1y2) +or(yr +y2) < arya(l— w) Fhiyi (1= 1) < o2,
2

a2
2 2
. b .
where o1 = min{1,a3} and 03 = ;- + Tay Moreover by using Gronwall lemma

b,

[18], we get that

0 <yi(t) +y2(t) < (y1(0) +92(0))e™ " + 22 (1 — ™).
Therefore, for ¢ — oo we have 0 < yi1(t) + ya2(t) < 2 = M*. Thus, there
exists a constant 77 > 0 and ,M; > M?* such that for any ¢t > 17 we have
y1(t) < My and y2(t) < M. In addition, from third equation of system (1.1)
with ¢ > T1 + 7 it is easy to verify that

%3 < Miys(t —7) — y3 — bays.
Then by using lemma(2.2), it follows that as ¢ — co we have

ys =0 or y3 < M{ — by := M;.

Hence, all solutions of system (1.1), which initiate in R? are bounded and there-
fore we have finished the proof. O

3. LOCAL STABILITY ANALYSIS AND HOPF BIFURCATION.

In this section, we will study the local stability and Hopf bifurcation of
system (1.1). It is known that the location and number of equilibrium points
do not change with time delay. Accordingly, from [16] system (1.1) have two
boundary equilibrium points, say Ey = (0,0,0) and E; = (y1,92,0), with one
interior equilibrium point given by Es = (v, y5,y3), where

- 1 - -
U1 = a(b2y22 + y2) (3.1)
while g5 is a positive root of
Avys + Agys + Asya + Ay = 0, (3.2)

here, Ay = 202 A, = 2a3b2 Ay — sataghiby g A, — assab
1 1 1 1
And
bz + bs)yz + (1 — b3ba)]y3
et B ST N X
2

while 3 is a positive root of

By + Bays + Bsys + By = 0, (3.4)
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where,
By = ag(by + b3)? + asby (b + b3) > 0,
By = [2a3(ba + b3) + 2a4ba + asbs](1 — bzby) — [azbabs + b2 (a3 + a1)],
Bs = 2a1b1b3 + (ag 4 a4)(1 — bzbg)* 4 by (az — agby)(by + b3)
+ [b1ag — b3(az — agby)])(1 — b3by),
By =bi[az — a1by — azbsby — agbs(1 — b3by)].

Clearly, the equilibrium point Ej always exists, while E; exists uniquely in the
interior of y,yo-plane provided that

az < albl, (35)

However the interior equilibrium point Fy exists uniquely under the following
set of conditions
By < 0 with (BQ >0or By < 0),

yr +ys > by,

bsby — 1 » 1 by . bsbg—1
_— < < —or —< < —.
by +bs 2 b s T2 s

It is well known that, the variational matrix of system (1.1) at any equilibrium

(3.8)

point E = (1,92, §3), takes the form

) —2a2y1 — a3z — 493 ap —a41
J(E) = b —2b22 — 1 — b373 —bsy
gae M gae N (51 + Fo)e ™ — 293 — by
(3.9)
while its associated characteristic equation takes the form
PN +QN)e =0 (3.10)

here P(\) and Q(A) are polynomials of A. Accordingly the local stability prop-
erties of system (1.1) at all feasible equilibrium points are determined by the
roots of the above equation for all 7 > 0.

For the equilibrium point Ey, Eq.(3.9) reduces to

—a3z ai 0
JE)=|0b -1 0 |. (3.11)
0 0 —by
Then the associated characteristic equation of the variational matrix (3.11) is
given by
(A +b4)[A? + (a3 + 1)\ + a3 — a1by] = 0. (3.12)
Clearly, all roots of (3.12) have negative real parts if and only if the following

condition holds:
as > aib;. (313)
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Therefore, Fy is locally asymptotically stable for any 7 > 0 provided that con-
dition (3.13) holds.

For the equilibrium point E7, the variational matrix Eq.(3.9) reduces to

—2a071 — ag a —a41
J(Ey) = b1 —2bayp — 1 —bsy2 = (aiz), (3.14)
0 0 (J1 + G2)e > — by

while its characteristic equation is given by
A+by— (91 + Qg)e_”\T][)\z — (a11 + a22) X + aj1a22 — ajpaz] = 0. (3.15)
Obviously, all roots of the equation
A2 — (a11 + az2) A + ar1a22 — arzas1 =0,
have negative real parts for any 7 > 0 if the following condition holds
(2a291 + a3)(2bage + 1) > ay1by, (3.16)
while all other roots of Eq.(3.15 ) are given by the roots of
A+bs— (f1 +Ga)e™™ =0. (3.17)

Obviously, for 7 = 0, equation (3.17) has only one root given by A = (g1 +
J2) — by, which is negative under the condition

U1+ 7o < by (318)

Consequently, for 7 = 0, E; is locally asymptotically stable under the condi-
tions (3.16) and (3.18). This stability may be lost, as 7 increases, if Eq.(3.17)
has a pair of purely imaginary roots, that cross the imaginary axis.

Now suppose that A = iw(7) is a root of Eq. (3.17), where w(7) is real posi-
tive, then by substituting iw into Eq. (3.17) and separating real and imaginary
parts, we obtain

(91 + 2) coswr = by,

3.19
(71 + J2) sinwr = —w. ( )

Squaring each equation and then adding them, we get that

w = TF\/ (71 + 72)? — b3

Note that, under the condition (3.18), w(7) with 7 > 0 cannot be real, which
contradicts with the assumption. Therefore, the characteristic Eq. (3.17) can’t
have purely imaginary root, and FE; is locally asymptotically stable for all 7 > 0
if the conditions (3.16) and (3.18)hold. We can summarize the above discussion
by the following theorem on the local stability of the boundary equilibrium
points.
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Theorem 3.1. (i): The equilibrium Ey is locally asymptotically stable
for all T > 0 provided that condition (3.13) holds.
(ii): If the equilibrium point Ey exists then it is locally asymptotically
stable for all 7 > 0 provided that conditions (3.16) and (3.18) hold.

Now for the interior equilibrium point FEs, the variational matrix given by
Eq.(3.9) reduces to

—(2a2y7 + asy3 + az) ay —a4y]

J(E2) = (cij)3xs = b1 —(2b2y5 + bayz + 1) —b3ys;
Rle_)‘f R1€_>‘T RQB_AT + R3

(3.20)

where, Ry = y3 , Ro = (i +43) >0, Rs = —(yi +v5 +43) <0
However , the associated characteristic equation of (3.20) is given by

A My + MoX + Mz + (N1 A2 4 NoX + N3)e ™7 =0, (3.21)

with
My = —(c11 +co2+ R3) >0,
My = ci1c22 — c12¢01 + R3(c11 + ¢22), M3 = Rs(ci2¢21 — cr1¢22),
N1 =—Ry <0, Ny = Ry(ci1 + ca2) — Ri(c13 + c23),

N3 = Ry(c12c21 — c11¢22) + Ry[(c11 — c12)ca3 + (c22 — c21)cas).

Now , when 7 =0, Eq.(3.21) becomes
N (M 4 N1)A? + (Mg + No)A + M3 + N3 = 0 (3.22)

From [16] Eq.(3.22) has three roote with negative real parts provided the fol-
lowing conditions are satisfied

(2a2y] + asys + a3)(2bays + b3ys + 1) > a1by, (3.23)

Y3 > a1 and y3 > by, (3.24)
Thus , for 7 = 0 the equilibrium point Fs is locally asymptotically stable
provided that the conditions (3.23) and (3.24) are satisfied . On the other
hand for 7 > 0 straightforward computation shows that Eq.(3.21) has at least
a pair of purely imaginary roots represented by A = +iw(w > 0) if in addition
to conditions (3.23)-(3.24) the following condition holds

N3 > M; (3.25)
By substituting A = iw in to Eq(3.21) we obtain that
—iw3 — Myw? 4 iMaw + M3 + (—Nyjw? 4 iNow 4+ N3)(coswT — isinwr) = 0.
Separating the real and imaginary parts, we get
(N3 — Nyw?) coswT + Nowsinwr = Myw? — M,
Now coswT — (N3 — Nyjw?) sinwr = w® — Mow, (3.26)
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Squaring these two equations and then adding them, we get
WO+ hywt 4+ how? + h3 =0 (3.27)

where

hi = M} — N2 —2My = R + 2R Ry + ¢3, + 39 + 212091 > 0,

hy = M3 — N2 — 2M, M3 + 2N; N3,

hy = M3 — Ni = (Ms + N3)(Mz — N3).
Obviously due to conditions (3.23) - (3.25), we have hs < 0. So , according to
Descartes rule of sign there is a unique positive root say wy satisfying Eq.(3.27).
Therefore Eq.(3.21) has a pair of purely imaginary roots represented by +iwy.

Moreover , by substituting wp in Eq.(3.26) and solving the resulting system for
T , we can have
1 1 (NQ—NlMl)OJé—f—(Nng+N1M3—N2M2)W%—N3M3

07 5 N2wi + (N2 — 2N{ N3)w2 + N2

(3.28)
Keeping the above condition in view , we can obtain the following lemma:

Lemma 3.2. : Assume that the conditions (3.23)-(3.25) hold , then when
T € [0,79) all roots of Eq.(3.21) have negative real parts, and when T = T
Eq.(3.21) has a pair of purely imaginary roots +iwy while all other roote has
negative real parts.

Next, in the following lemma, we will show the transversal condition of Hopf
bifurcation of system (1.1) near the interior equilibrium point Es where using
T as bifurcation parameter.

Lemma 3.3. : Suppose that A(7) = a(7) + iw(7) is a oot of Eq.(3.21) sat-
isfying a(m0) = 0 and w(t9) = wy. Then the following transversal condition
holds:

sign[M]T:TU >0, (3.29)
dr
if
M3 — 2M; M3 > N3 — 2N; Ns. (3.30)

Proof. : by using A(7) in Eq.(3.21) and differentiating the resulting equation
with respect to 7, we get that

dX
{3X2 4 2M A + My + (2N A + No)e ™ — 7(N1 A2 4 NoX + Ng)e*“}a

= )\(]\71/\2 + No A + N3)€_>\T. (331)
Thus,
(@)_1 o (3)\2+2M1)\+M2)€)\T + 2N1)\+N2 _Z (3 32)
dT - (Nl)\2+N2)\+N3)>\ (N1A2+N2)\+N3))\ )\ ’
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Since for 7 = 75 and A = iwg, we have

T .70
=2 3.33
N i (3.33)
2N1)\+N2 :N2+2iN1w0, (334)
(N1A% 4 N\ + N3)X = —Nowd + iwo (N3 — Niwd), (3.35)

and
(3X2 + 2M X 4 My)e = (My — 3w + i2Mywp) (cos woTo + 7 sin weTp)
= [(MQ — 3(4}3) COSWoTp — 2M1w0 sinono]

+ i[2Mywg cos wo Ty + (Mo — 3w?) sin woTo].

(3.36)
Then
Re[d()\(T))}_:l _ Re[(leA + No) + (3N + 2M A + Mp)er™ Z]A:w
dr T=To (Nl)\2+N2/\+N3)/\ A °
= Mio[?wg +2(M? — N2 — 2My)ws + (M2 — 2M; M3 + 2N; N3 — N2)w?]
= ‘”i[gwg + 2hiw? + ha).
My
where My = N2wj + w2(N3 — Nywd)? > 0, hy = M? — N2 — 2M; and

hg :M2272M1M3+2N1N37N22 SO, we have
d(ReX(T)) dNT) -1 .
A )1 = signii()),

where, h(w) = 3w?+2h1w+ hy and @w = w? > 0. Since h'(w) = 6w +2h;y > 0.
Hence, we obtain that h(w) monotonously increases in [0, 4+00). Furthermore,

under condition (3.30), we gain h(0) > 0 and hence h(w) > 0 for w > 0.
Consequently, we have the transversal condition (3.29) signifies. This completes

sign| Jr=r, = signRe]

the proof.
a

The transversal condition(3.29) signify that Eq.(3.21) has at least one root
with positive real part for 7 € (79,00). Moreover, a Hopf bifurcation occurs
when 7 passes through the critical value 7.

We summarize the above conclusion on the local stability of interior equilib-
rium point Ey and Hopf bifurcation of system (1.1) by the following theorem.

Theorem 3.4. Assume that the conditions (3.25)-(5.25) and (3.30) hold, then:

e Fy is locally asymptotically stable for T < 1.
o FEy is unstable for T > 9.
e System (1.1) undergoes Hopf bifurcations at Eo for T = 19.

where 1o s defined in equation (3.28).
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4. THE DIRECTION AND STABILITY OF THE HOPF BIFURCATION

In the following the direction of the Hopf bifurcations and the stability of
the periodic solutions, which arising through the occurrence of Hopf bifurcation
around the interior equilibrium point of system (1.1) as the delay parameter
passes through the value 7y, are investigated with the help of normal form
theory and center manifold theorem introduced by Hassard in [27].
Accordingly by normalizing the delay 7 by scaling t — £ and taking Y;(t) =

T

yi(Tt) —y;, 1 =1,2,3 then system(1.1) is transformed to
Vi =rla1(Ya +93) — a2 (Y1 +97)* — as(Y1 + y1) — aa(Y1 + 1) (Y + 93)],
Yo = 7[bi(Y1 +7) — ba(Ya + 93)* — (Yo +y3) — ba(Ya +y3) (Y3 + 43)),
Yy = 7[(Ya(t — 1) + y7)(Ya(t — 1) +93) + (Ya(t — 1) +3)(Ya(t — 1) +43)
= (Vs +y3)” = ba(Ys +y3)]-
So by taking 7=7y 4+ u, and linearize the system around (0,0, 0), we get
V1= (10 + w)e11Yr + c12Ys + ¢13Y3],
Yo = (10 + p)[ca1Ys + oo Yo + ca3Y3),
Ya = (r0 + w)[RaYi(t — 1) + RaYa(t — 1) + RoYa(t — 1) + RaYa(1)].
where ¢;;, R1,R2 and R3 are given in Eq.(3.20) with 7y defined in Eq.(3.28)and

@ € R. Then system(??)is transformed into a functional differential equation
in C =C([-1,0], R?) as

Y = Lu(Ya) + F(,Y2), (4.1)
here Y (¢) = (Y1(t),Y2(t),Y3(t))T € R3, and L, : C - R> | F : Rx C — R?
are given by

Lyu(¢) = (1 + p)[H19(0) + Ha2p(—1)],
And
—a267(0) — as¢1(0)¢3(0)
F(p, ¢) = (10 + 1) —b23(0) — b32(0)¢3(0) )
P1(=1)p3(—1) + ¢2(—1)¢3(—1) — ¢3(0)

where H; and Hy are defined as

C11 Ci2 €13 0 0 0
Hi=1| ca ¢ co3 |, Hy= 0 0 0 ,
0 0 Rs Ry R1 R

while ¢(0) = (61(0), $2(0), ¢3(0))" € C([~1,0], R®).
By the Riesz representation theorem, there exists a matrix 7(6, 1) whose com-
ponents are bounded variation functions such that

0
Lu() = / 6. m)o(0), 0 € C([-10) ),
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In fact we can choose
(0, ) = (1o + p)H16(0) — (70 + 1) H26(6 + 1),
where § in the Dirac delta function. Now, we define

20), 0 €[-1,0),
— o
A = { 1%, dn(s.6(9) = Lu(6), 6 =0,

and
_ 07 RS [_LO);
BWW{ F(u, ), 6=0.

Thus system (4.1) is equivalent to
Y = A(n)Y; + B(n)Ys, (4.2)
T

where Y;(0) = Y (¢+0),0 € [-1,0]. Further for ¢(s) = (v1(s), v2(8), 3(s))
C1([-1,0], R?), we define

S

. _d<p(;)7 s € (0,1],
Alwe = {f ddn (t,0)p(—t), s=0.

Then we define bilinear inner product by

((s), 3(8)) = / / (€~ O)dn(O)s(©)de,  (4.3)

where 1(8) = n(0,0). Then A = A(0) and A* = A*(0) are adjoint operators.
Moreover, for p = 0 it is clear that +iwg7ry are the eigenvalues of A. Thus,
+iwgTy are the eigenvalues of A*. Furthermore the corresponding eigenvectors
are established in the following theorem.

Theorem 4.1. Let q(0) be the eigenvector of A associated with the eigenvalue
iwoTo and g*(0) be the eigenvector of A* associated with the eigenvalue —iwgTy.
Then

q(e) = (17 a1, a2)Tei9ono7
q*(s) = D(1,a}, a5)e™™™,
where,
(c21€13 — €11C23) + iwpcag
(c12€23 — caac13) + iwpcrs
Rl(l + al)e_w‘”o
—(Rg + RQB“‘)OTO — iwo) ’
. (c11 —ci2) +iw
al = T~ .
(ca2 — ca1) +iwp
c13 + 2307
_(RS + R2e’iwo7'0 + ZWO) .

a1 =

Qo =

*
Qg =
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So that the following quantities hold:

(", q) =1,

(¢*,q) =0.

Proof. Suppose that ¢(8) = (1, a1, az)Te?@0m is the eigenvector of A(0) cor-
responding to iwgTy, then

A(0)q(0) = iwoToq(0).

So, we obtain
zﬁl(O)q(O)ew“’oT0 = ionoq(O)em“OTo

From the definition of A(0) we have

1wo — C11 —C12 —C13 1 0
To —C21 1wy — €22 —C23 ar | =101,
—Rie7"0oT0  _RjeT ™00 4wy — Rz — Roe™'w070 [e%)) 0

which yields ¢(0) = (1, a1, ag)?, where

(c21€13 — €11€23) + twoCas
. )
(c12¢23 — c22€13) + iwpcis

a1 =

Rl(l + Oél)(:’_ionO
—(R3 + Roe™™0T0 — juyg) '

Qg =

On the other hand, suppose that ¢*(s) = D(1, af, aj)Tet*“o7 is the eigenvector
of A* corresponding to —iwg7y, then

A*q*(s) = —iwoT0q" (5).

From the definition of A* we have

two + C11 C21 R, eiwoTo 1 0
T0 C12 1wy + Ca2 R eiwoTo a*{ = 0 s
C13 C23 iwg + R3 + Rye'070 ol 0

which yields

c13 + c230]
*(Rg =+ RQBiono + iwo) '

(c11 — €c12) + iwo
(c22 — €21) + iwp’

* *
ay = Qg =
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Now to compute the parameter D, and show that (¢*,q) = 1, (¢*,q) = 0,
Eq.(4.3) can be used and then we get

0 0
@ =i a0~ [ [T moaee

0 6
= D(1,a%,a5)(1,a1,a2)T — / D(1,a, aj)e~(E=0)womo 5
-1J¢=0

dn(6)(1, a1, ag)Tei5”°T°d§
0
= D{1+ aja; + asas — / (1, o, a3)0e 00 dn(0) (1, on, az) ™'}
—1
= D{l1+ata; + aag + (1,af,a3) (1 Hae ™0™ (1, a1, 0) T}
= D{]. + a_’{al + 073012 + T()Oé_;(Rl + OélRl + OzzRg)e*i“OTO}
Thus, if we take
D = {1+ atas + aas + 1oas(Ry + a1 Ry + agRy)e 0™}~ 1,
or
D = {1 =+ 041‘021 + a;dg + T()Oé;(Rl + o1 Ry + ngg)ezono}_l,
Then we obtain (¢*,¢) = 1.
Moreover, by using the adjoint property (v, Ad) = (A*p, ¢) it is easy to verify
that
—iwoToq", q)
A*q,q)
q", Aq)

q* B iWOTOQ>

iwoTo(q", q)

=
=
=
=

= —iwoTo(q", 4)-
Therefore, we obtain (¢*,g) = 0, and the proof is complete.
Keeping the above in view, to study the stability of the periodic solutions those
bifurcates as 7 = 7y, we start with computing the coordinate that describes the
center manifold Cy at g = 0. Let vy = (v1¢, V2, v3¢) be the solution of Eq.(4.1)
at u =0 and Z(t) = (¢*,v:). Define

W (t,6) = 0i(6) — Z(H)q(6) — Z(H)a(6) = vi(6) — 2Re{Z(D)q(6)}.  (4.4)

On the center manifold C; we have W (t,0) = W (Z(t), Z(t),0) where

_ 72 _ 72
W(Z,2,0) = Wao(0) 7 + W11 (0) 22 + Woa(6) 5 + .. (4.5)
Z and Z are local coordinates of center manifold C; in the direction of ¢* and
q*. Clearly W is real when v, is real. Hence only real solutions are considered.

According to Eq.(4.4) we have
(@ W) ={q" v — Zqg— Zq) = (¢",v) = Z(t){a",q) — Z(t){q",q) = 0.
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Now for a solution v; € Cy of Eq.(22), with u = 0 and Eq.(25) we have
Z(t) = (", o) = (¢, A(O)vr + B(0)vy)

= <q*? A(O)vt> + <q*’ B<0)Ut>

= (A%¢" ) + (¢", F(O, vr))

= (A", ve) + (¢", F(0,W(Z, Z,0) + 2Re{Z(t)q(0)}))

= ion()(q*, Ut) + q_*TF(Ov W(Z, 27 0) + 2Re{Z(t)Q(0)})

= iworoZ(t) +¢*" fo(Z, 2). (4.6)
Rewrite the above equation as

Z(t) = iwomo Z(t) + g(Z, Z), (4.7)
where
9(2,2) = ¢ (0)fo(Z, Z) = ¢*" (0)F(0,W(Z, Z,0) + 2Re{ Z(t)(0)})
2 72

7 _
=920 +9112Z+9027+... (4.8)

From (4.4), (4.6) and definition of B, the following is obtained
W = 1o — Zq - éq
= Avy + Buy — iworoZq — ¢*" fo(Z, 2)q + iworo Zq — ¢ fo(Z, Z)q
= Avy + Bv, — AZq— AZq — QRe{(j*Tfo(Z, Z)q}
= AW + Bv, — 2Re{q¢*" fo(Z, Z)q}

| AW = 2Re{q*" fo(Z, Z)q}, 0 c[-1,0), (4.9)
AW + fo(Z, Z) — 2Re{q*" fo(Z,Z)q}, 6 =0. '
The above equation can be rewritten as
W =AW + H(Z,Z,0), (4.10)
where
~ 52 B 52
H(Z,Z,0) = Hzo(e)? + Hi1(0)2Z + Hoz(e)? +.. (4.11)

On the other hand , on 1, we know that
W=WyZ+W,Z.
Now by using Eq.(4.5) and Eq.(4.7) in the above equation , we get
W = iworoWao(0) Z* — iwomoWo2(0)Z2 + ...
This equation , together with Eq.(4.5) and Eq.(4.10) , give that

_ ZQ - 72
H(Z, Z, 9) = (inOTQ*A)WQO(a)? *AWll(e)sz (2ZWOT0+A)W02(9)7+
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By comparing the coefficients in the last equation with those in Eq.(4.11) , we

obtain
(A — 2iwom0)Wao(0) = —Hz0(0) (4.12)
AW1(0) = —Hq1(0) (4.13)
(A + 2’@0.)0’7’0)W02 (9) —H02 (9) (414)
Moreover,from (4.8)-(4.10), we have for § € [-1,0)

H(Z,2.0) = —¢*" (0)fo(2, Z)a(0) — ¢ (0)fo(Z, Z)q(0)
—9(2,2)q(0) — (Z, Z)a(0)

7?2 _ 72
= —{9207 +911Z7Z +9027 +...}q(0)
Z? _ 72
- {!?027 + 91127 +§207 +...}q(0).

Again comparing the coefficients with those in Eq.(4.11), gives that

Hj0(0) = —920q(0) — §02q(0), (4.15)
Hy(0) = —g11q(0) — 911Q(9) (4.16)
Hoz(8) = —902q(0) — g20q(). (4.17)

Therefore using definition of A together with (4.12) and (4.15) gives that
Wao(60) = AWao(6) = 2iweroWao(0) — Hao(6)
= 2iwoToWa0(0) + 9209(8) + G02q(0)
= 2iw70Wao(0) + g20q(0)e™° ™% + Goag(0)e 07"

Solving the above equation for Wao(6) gives

W20(9) = ;‘((])272) q(o)eiwome + %Q(O)e’w"me + E162iw0700. (418)

Similarly, Eq.(4.13) and (4.16)give that
Wi1(0) = AW11(0) = g11(0)e™° ™% + g11g(0)e 077

and then we obtain

1911 ¢(0)eio00 4 1g11

q(0)e~womo? L g, (4.19)
woTo woTo

Wi (0) = —

where F4, 5 are both three dimensional arbitrary constant vectors and can be

found by setting § = 0 in H(Z, Z,6).

Now in view of Eq.(4.7), we have
v (t+ ) 1 1 wW(z,7,6)
vt +0) | =Z| ap |01 Z | a |e womip| w®(z 7, 6)
Ug(t+9) (6] Qi W(d)(Z, 2,6‘)
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Thus , we can get that

) _ Z?
- Zeuugrg@ + Zefzwo‘roe + Wz(é) 5 + W(l)ZZ"F W(l)? 4.

. L 72 _ 72
vor = Zay €070 4 Zayemwomol 4 W§§)7 + WP z7 + ng)7 S

and

. _ X ZQ B Z2
var = ZageoT00 4 Za,e~iworol | 14/2(3)7 + w27+ ngﬂ? Fon

Hance it is easy to verify that

_ Z2 _ Z?
0(0)=Z+ 27+ WQ%)(O)7 + w027 + VV(S;)(O)7 S

72 72
$2(0) =Zay + Zay + WD(0 )7+W121( 022 + W2 (0 0)% +

7Z? 7Z?
03(0) =Zay + Za + Wy (0) 5 + W (0022 + W3 (0) 5 + ...
2

$1(—1) =Ze~ w00 4 ZeiwoTo 1 WQ%)(— )% + W1(1 Vzz+ W ( )% + ..
$2(—1) =Zaye” 0T 4 Za e 4 ng)(—l)%2 +W (122

+ 14/0(22)(—1)272 T
$3(—1) =Zage 070 4 Zane™o™ + Wi (~1 )Z; +wWi(-1)22

Z2
+W0<§’)(—1)7 T

724227 + 72 + Wi 0) + 2w (0222 + ...,

¢

2
1
2
b3
2
3

(0)

(0) =2%02 + 20101 22 + Z22a3% + [ WP (0) 4 200 W2 (0)] 22 Z + ...,
(0) =Z203 + 2020227 + Z%a3 + [aa WP (0) + 2a2W1<f>( 0]2%Z + ...,
(

-

$1(0)p3(0) =Z203 + (a2 + G2) ZZ + Z%as + [aa WD (0) + =aa WD (0)
+ %WSO(O) + W3 (0] Z2%Z + ...,
$2(0)p3(0) =Z201 03 + (028 + 1) ZZ + Z2a185 + [0 W P (0)
+ %dQWQ(S)(O) + o W3,(0) + %ale’o(o)}zzz to
D1(—1)¢3(—1) = Z?0e” ™ + (ag + G2) ZZ + Z Gige"0T
+ Jap Wi (~1)e 0T 4 a2W<1>( 1)eiwomo

. X 1 _
+ W (—1)e "o 4 §W20(*1)@WOTO]Z2Z + ..



The dynamical analysis of a delayed prey-predator model with - - - 151
d)g(—l)(ﬁg(—l) = Z2041a2€712w07—0 + ZZOZQC_YQ + 225{1@2612“)07—0
2 — 1 ;
+ [ang(l)(—l)e oo 50&2W2(O)(—1)€ZWOTO

. 1 . _
+ oy Wi (=1)e~ o 4 §071W230(—1)eW°TO]ZQZ +
Therefore the function fy can be expressed as

P 7%+ P27 + P3 2% + Py 2% 7
fo(Z, Z) =170 P5Z2—|—PGZZ+P722+P8ZQZ
PyZ?% + Py ZZ + P11 2% + Py Z%Z

where
Py = —(ag + aga), Po = —[2a2 + (ag + ag)aa], P3 = — (a2 + a4d2),
Py = ~[(an + 53202)W3o(0) + (20 + 200) W (0) + s W31 (0) + SastVE(0)],
Ps = —(aibataiasbs), Ps = —2a1a1bo—(az@ +a1d2)bs, Pr = —(afbe+aydabs),
Py = —[(2a1ba+azbs) W, (0)+aibs W (0)+(0?152+%@2b3)W220(0)+%@153W§o(0)]7
Py = (agtajan)e” 2907 a2 Py = (ag+as+oyds+asa—2azay), Py = —as
+H(ag+ara)e™ 0™, Pry = (Wi (1) + Wi (—1))aze™ P+ (ar +1) Wiy (~1)e o™
g (W2 (1) (1)) a4 (8141 Wi (1)o7~ W30 0) 2037, (0)]
Note that since (T*T(O) =D(1,05,a3),
Then we get
9(2.2) =" (0)fo(2.2)
= 10D[(Py + a{P5 + a5 Py) Z° + (P2 + o Ps + a3 P10) 27
+ (Ps+ i Pr + a5 P Z%) + (Pa+ i Py + a5 Pr2) 2° 7).
Comparing the coefficients in the above equation with those of Eq.(4.8), we
obtain
920 = 270D(Py + o Ps + o Py), (4.20)
911 = 1oD(P2 + o} Ps + a} Pyo), (4.21)
go2 = 270D (Ps + o5 P; + a3 Pr1), (4.22)
g2 = 210D(Py + a}Ps + o} Pya). (4.23)
(4.10)

Now in order to evaluate g;; we need to compute Wyo and Wi;. From (4.10
with 6 = 0, we have

H(Z,2,0) = —2Re{q"" fo(Z, Z)a} + fo(Z, Z)

72 - 72
= _{920? + 91147 +902? +...}¢(0)
2 72

A _ A _
- {%27 +gus”z +§207 +...39(0) + fo(Z, Z).
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Comparing the coefficients here with those in Eq.(4.11) , it shows that

Py
Hs0(0) = —920q(0) — 902q(0) + 270 | P5 |, (4.24)
Py
Py
Hi1(0) = —=g119(0) = gu1g(0) + 70 | P |, (4.25)
Py
Ps
HOQ(O) = —gogq(O) - QQQQ(O) + 2719 P; (426)
Py
According to the definition of A(0),together with Eq.(4.18) and Eq.(4.19), we
obtain
0
/ dn(6)Wao (6) = 2isigmoWao(0) — Hao(0), (4.27)
1
0
[ an@)win6) = ~(0) (4.28)
1
Since Aq(0) = iwgToq(0) and ¢(6) = g(0)e?®~o™  we obtain
0
| an@)a0)e® — iwyq ),
~1
O .
[ n@)a)e " = ~nmq(0).
1
Therefore
0
(iwomal — [ dn(@)e)q(0) =0, (4.29)
-1
and
O .
(—iworol —/ dn(8)e=9“0™)7(0) = 0. (4.30)
—1
Substituting (4.18) and (4.24) into (4.27) and using (4.29), we obtain that
0 ‘ Py
(i?wOTol 7/ d?](@)ezleonO)El = 27’0 P5 s
! P,
9
which gives
12wy — C11 —C12 —c13 BV Py
—C21 i2w0 — C22 —C23 E%Q) =2 P5
_Rle—2i9wom _Rle—QiQwom ZQUJQ _ R2e—219w07'0 _ R3
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Thus, after solving the above equation and letting

12wy — €11 —C12 —C13
Ay = —Ca1 12wp — Ca2 —Ca3
_Rle—219w07'0 _R1€—219w070 iQWO _ R2€—219w0‘ro _ RS

we obtain that

9 P —c12 —c13
E%l) = K P5 i2w0 — (929 —C23
1 Py 7R1672i9w07'0 24w — R2€72i0wo'ro — R
@ 9 2woto —c11 P1 —C13
By = A —C21 Ps —Ca3
1 _Rle—ZiOwom Py  i2woto — R26—2i9w07—0 — R3
@ 2 12woTo — €11 —C12 Py
El = E —C21 ZQOJO — C22 P5

_Rle—QleonO Rle—210w0‘ro Pg

By similar discussion, substituting (4.18) and (4.25) into (4.28) and applying
(4.30), one can obtain

0 Py
(| dnopEe=-m|
-t Py
That is
—c _ _ E(l) P
11 C12 C13 2 2
—C21  —C22 —Ca3 E§2) =2 K |,
—Ry —Ry —Ry—Rs3 Eé?)) Py
Hance, we obtain
1 Py —cy2 —c13
E(l) = Ai Ps  —cao —C23
“|Py —Ri —Ry—Rs
. 1| P, —c13
E; A | e Ps —C23
=R, Py —Ry—R3

-R1 —Ry Py

where
—C11  —Ci12 —C13
Ay =|—co1 —cCa2 —C23

—-Ry —-Ri —R:—Rs3



154 Raid K. Naji, Salam J. Majeed

Therefore, it is easy to verify that W5y and W71 can be determined using
Eq.(4.18) and Eq.(4.19) respectively and hence we can evaluate all g;; with the
help of (4.20) - (4.23).Consequently, we can calculate the following quantities:

i 1
¢i(0) = 2w To (920911 — 2lgn1|* - §|902|2) + 5’2&7
Re{C1(0)}
T T RAN ()Y 4.31
B2 = " RN (o)) (4.31)

BQ = 2R€{Cl (0)},

T2 — _Im{cl(())} + Mglm{)\/ (To)} )
wWoTo

which determine respectively the quantities of bifurcating periodic solutions in
the center manifold at the critical value 7p; While po determines the direction
of the Hopf bifurcation so that for ps > 0(uz < 0) the Hopf bifurcation is
supercritical (subcritical); Further 82 determines the stability of the bifurcating
periodic solutions so that the periodic solutions are stable (unstable) when
B2 < 0(B2 > 0) ; Finally T» determines the period of the bifurcating solutions
so that the periodic increase (decrease) if T5 > 0(72 < 0). then we have the
following theorem.

Theorem 4.2. Assume that the conditions (3.25) and (3.30)hold. then, sys-
tem (1.1)undergoes a stable supercritical Hopf bifurcation as T crosses T
if Re{C1(0)} < 0, white it has unstable subcritical Hopf bifurcation when
Re{Cy(0)} > 0.

5. NUMERICAL ANALYSIS

In this section , numerical simulation of system (1.1) is applied to confirm
our obtained analytical results in the above sections for the following set of
biologically feasible hypothetical parameter values
Sl = {al, as,as,aq, bl, b27 b3, b4 = 3, 0.1, 0.47 0.5, 0.4, 0.1, 0.5, 02}

System (1.1) is solved numerically with the help of Matlab software . It is ob-
served that for the parameter set given by S; with 7 = 0 system (1.1) has a glob-
ally asymptotically stable interior equilibrium point Fs = (0.7483,0.2135,0.7618)
starting from different sets of initial values as show in Fig. (1) . Straight for-
ward computation shows that , for the parameters values given by Sy, Eq.(3.22)
has three roots (eigenvalues) with negative real parts.

Moreover, for 7 > 0 with set of data Si, it is easy to verify that the coeffi-
cient of Eq. (3.26) is given by h; = 7.3388 > 0 and hs = —0.4713 < 0, and
hence Eq. (3.26) has a unique positive root given by wy = 0.2064. Therefore
the characteristic equation (3.21) has a unique pair of purely imaginary roots
wo = 0.2063 with 79 = 5.5428. Consequently, due to theorem (4), the interior
equilibrium point Es is locally asymptotically stable for 7 < 7y , as shown in
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50 100 150 200

50 100 150 200

50 100 150 200
t

FIGURE 1. Trajectories of system (1) approach asymptotically
to the interior equilibrium point Eo = (0.7484,0.2135,0.7618)
for data given by S; and 7 = 0 starting from different initial
values.

the typical figure given by Fig (2) for 7 = 4.5 | while E> is unstable point for
T > 79 as shown in the typical figure given by Fig (3) for 7 = 6.5 and Fig (4)
for 7 = 20 . Obviously, the obtained numerical trajectories of system (1.1) rep-
resented in Fig (2), Fig (3) and Fig (4) confirm our obtained analytical result
given by theorem 4. Indeed the trajectory represented by Fig (3) for 7 = 6.5
approaches asymptotically to periodic attractor and the period becomes larger
with 7 increases as shown in Fig (4) for 7 = 20 which insures of having a
Hopf bifurcation. This confirms our obtained analytical results in lemma 2 and
theorem 4 for which we have h(0) = 10.7546 > 0 and h(w?) = 13.9106 > 0
that indicates to satisfying of transversal condition of Hopf bifurcation. On the
other hand, substituting the values in S; with the value of wy and 7y in Eq.
(4.31) gives that Cq = —0.2318 —1.43114, 82 = —0.4637 < 0, ug = 117.4314 > 0
and Ty = 1.9203 > 0.Therefore due to theorem 6 system (1.1) for 7 > 79 under-
goes a stable supercritical Hopf bifurcation, which is clearly shown in Fig(3)
and Fig(4). Finally increasing the value of 7 further leads to losing of the
stability of periodic dynamics and the trajectory of system (1.1) approaches
asymptotically to chaotic attractor as shown in Fig (5) for 7 = 60.5.
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0 500 1000 0 500 1000

0 500 1000

FIGURE 2. Trajectories of system (1.1) approach
asymptotically to the interior equilibrium point F, =
(0.7484,0.2135,0.7618) for data given by Sy and 7 = 4.5.

25 08
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L 204 |
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0 0
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t t
15
1
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0
0 500 1000

FIGURE 3. Trajectories of system (1.1) approach asymptoti-
cally to the periodic dynamic for data given by S and 7 = 6.5.
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6. D1scussiION AND CONCLUSIONS

In this paper, we imposed a delay factor in the gestation of predator on the
stage-structure prey-predator model given by [16]. Our purpose is to under-
stand the effect of delay on the stability of the model. Stability analysis shows
that the existence of discrete time delay does not effect on the stability of the
boundary equilibrium points Ey and F;. However it is working as a destabi-
lizing factor of the system around the interior equilibrium point, so that the
system still approaches asymptotically to the interior equilibrium point for the
value of 7 less than the critical value 7y . However the system loses its stability
at E5 and the trajectory approaches asymptotically to the periodic dynamics
for 7 > 719 , which indicates to occurrence of Hopf bifurcation at Es for 7 = 7.
Finally, it is observed that increasing the value of 7 further leads to losing
the stability of the periodic dynamics too and the trajectory of system (1.1)
approaches asymptotically to chaotic attractor.

25 15

y,15 Y,

0.5

0
0 500 1000 0 500 1000

0 500 1000

FIGURE 4. Trajectories of system (1.1) approach asymptoti-
cally to the periodic dynamic for data given by S; and 7 = 20.
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0 0
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0.5

0
8000 8500 9000 9500 10000
t

FIGURE 5. Strange attractor of system (1.1) for data given by
S1 with 7 = 60.5.
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